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NON-EQUILIBRIUM STEADY STATE (NESS)

Its a steady-state: no time-dependence.

But it is not in equilibrium: constant flow of heat from hot to cold.

NESSs are the closest we have to thermal equilibrium. 
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But for equilibrium we know the basic properties of the state:

For the NESS, no such statements can be made. 

One needs to know the full dynamical equations.



Clean and natural platform for studying non-equilibrium physics:

Fourier’s law: diffusive vs. ballistic.

Steady-state fluctuation theorems.

Transport of excitations (squeezing, magnetization, etc). 

Connections with quantum information still poorly explored for NESSs:

Information transport and quantum state transfer.

Entanglement dynamics in quench dynamics.

Quantum features of the NESS are now becoming accessible in controlled 
quantum platforms.



CONTROLLED QUANTUM PLATFORMS

M. Brunelli, et. al., Phys. Rev. Lett.., 121, 160604 (2018)

Optomechanics Cavity BECs

D. Husmann, et. al., Science, 350, 1498 (2015).

Bosonic transport in optical lattices

J. P. Brantut, et. al., Science, 342, 713 (2013).

Fermionic transport

A. Bermudez, M. Bruderer and M. B. Plenio, Phys. Rev. Lett., 111, 040601 (2013)

Proposal for trapped ions



OUTLINE

1. Local vs. Global master equations: thermodynamics of repeated interactions.

2. An analytically soluble model for a Gaussian diffusive NESS.

3. Information transport in the NESS.

Work done in collaboration with:
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THERMODYNAMICS OF REPEATED INTERACTIONS
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LOCAL VS. GLOBAL DILEMA
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+✏(a†1a2 + a1a
†
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J. Onam González, L. A. Correa, G. Nocerino, J. P. Palao,  D. Alonso,  G. Adesso, Open Systems & Inf. Dyn, 24, 1740010 (2017).

Seem to violate the 2nd law.

Microscopic derivation yields a global ME. But this also has unphysical properties.

A. Levy, R. Kosloff, Europhys.Lett.107, 20004 (2014)

M. T. Mitchison and M. B. Plenio, NJP, 20, 033005 (2018).



BE WISE, DISCRETIZE
The LME generates a valid CPTP-semigroup evolution. 

Is there any physical scenario who is described by a LME?

S

environment E

Usual approach

environment E

S

Repeated interactions 
(collision model/conveyor belt)

RI continuous-time limit always generates local dissipators.

This is a physically realization scenario: LMEs have physical realizations!

P. Strasberg, G. Schaller, T. Brandes, M. Esposito, Phys. Rev. X, 7, 021003 (2017)



FUNDAMENTAL WORK COST
In general there will be a work cost associated with turning the interactions 
on and off: 

External agent has to pull S and E apart.

�W = hV i � hV i0
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F. Barra, Scientific Reports, 5, 14873 (2015)

� τ
�

λ(�)

HSEn(t) = HS +HEn + �(t)VSEn
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The exception is when S+E is a thermal operation.

F. Brandão,  M. Horodecki, J. Oppenheim, J. Renes, R. Spekkens, Phys. Rev. Lett., 111,250404 (2013).

[HS +HE , V ] = 0
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Operator version of detailed balance.

Can be neatly formulated in terms of eigenoperators.



RECONCILIATION WITH THERMODYNAMICS

environment E2

environment E1

S1

S2

[HSi +HEi , Vi] = 0
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Local detailed balance is satisfied:

In this case there will 
be a work cost.

[HI , Vi] 6= 0
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But global detailed balance is 
broken due to interactions.

HSE(t) =
NX

i=1

HSi +H int
S1,...,SN

+
NX

i=1

HEi + �(t)
NX

i=1

VSEi
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THE HARMONIC CHAIN WITH  
SELF-CONSISTENT RESERVOIRS



QUANTUM HARMONIC CHAIN

H = i�
X

i

(a†iai+1 � a†i+1ai),
<latexit sha1_base64="ei0p1RJAlrL0ZiPquRAIeQPkkCA="></latexit><latexit sha1_base64="ei0p1RJAlrL0ZiPquRAIeQPkkCA="></latexit><latexit sha1_base64="ei0p1RJAlrL0ZiPquRAIeQPkkCA="></latexit><latexit sha1_base64="ei0p1RJAlrL0ZiPquRAIeQPkkCA="></latexit>

+�iNi


a†i⇢ai �

1

2
{aia†i , ⇢}

�
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Di(⇢) = �i(Ni + 1)
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2
{a†iai, ⇢}

�
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1 L2 L-1T1 TL

This model can be solved analytically for arbitrary L:

Z. Rieder, J. L. Lebowitz and E. Lieb,  J.. Math. Phys., 8, 1073 (1967)
M. Žnidarič, J. Stat. Mech, L05002 (2010)
A.  Asadian, D. Manzano, M. Tiersch and H. J. Briegel, Phys. Rev. E., 87, 012109 (2013)
F. Nicacio, A. Ferraro, A. Imparato, M. Paternostro, F. L. Semião, PRE, 91, 042116 (2015)

d⇢

dt
= �i[H, ⇢] +D1(⇢) +DL(⇢)
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Ji,i+1 = 2�haia†i+1 + a†i+1aii
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SELF-CONSISTENT BATHS

1 L2 L-1T1 TL

We consider instead a modified MEq. of the form

D̃i(⇢) = �(Ñi + 1)D[ai] + �ÑiD[a†i ]
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d⇢

dt
= �i[H, ⇢] +D1(⇢) +DL(⇢) +

LX

i=1

D̃i(⇢)
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Ñi = ha†iaiiNESS
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A.  Asadian, D. Manzano, M. Tiersch and H. J. Briegel, Phys. Rev. E., 87, 012109 (2013)  
M. Bolsterli, M. Rich, W. M. Visscher, Phys. Rev. A., 1, 1086 (1970)

Gives the same 2nd moments as a dephasing model, but has a Gaussian NESS.



NOISE SOURCES ARE RELEVANT

We see that for any non-zero 𝚪 
the current always scales as 1/L.

Diffusive behavior.
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4�2 + �2 + ��(L� 1)
(NL �N1).
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ha†iaii =
N1 +NL

2
+

1

2

�(N1 �NL)

4�2 + �2 + ��(L� 1)
�(L� 2i+ 1)
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INFORMATION TRANSPORT IN THE NESS

arXiv 
1809.09931



ENTANGLEMENT DYNAMICS AND QUANTUM STATE TRANSFER

When excitations propagate through a chain (e.g. after a quench), they 
carry information from one part to the other.

V. Alba and P. Calabrese, PNAS, 114, 7947 (2017)

When excitations propagate through a chain (e.g. after a quench), they 
carry information from one part to the other.

S. Bose, PRL, 91, 207901 (2003)



INFORMATION TRANSPORT IN THE NESS

1 L2 L-1T1 TL

Entanglement dynamics and quantum state transfer are both instances of 
information transport. 

It should be possible to formulate an analogous question for NESSs.

Heat currents also carry information.

But the NESS is fundamentally different: its a steady-state; no dynamics. 



REPEATED INTERACTIONS SCENARIO
The repeated interactions scenario is remarkably similar to quantum state 
transfer. 

In fact, it is also remarkably similar to a noisy communications channel.

1 L2 L-1⇢L
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⇢0R
<latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit>

⇢0R
<latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit>

p(y|x)
<latexit sha1_base64="iUhGRTCTCNKlJ3t8UaKiAP0BLmk=">AAACE3icbVDLTgIxFO3gC/GFunTTSExwQ2aMiSxJ3LjERB4JENIpd6DSdiZtxzgZ+Qc3LvRX3Bm3foB/4tICsxDwJE1Ozrm3PT1+xJk2rvvt5NbWNza38tuFnd29/YPi4VFTh7Gi0KAhD1XbJxo4k9AwzHBoRwqI8Dm0/PH11G89gNIslHcmiaAnyFCygFFirNSMysnT43m/WHIr7gx4lXgZKaEM9X7xpzsIaSxAGsqJ1h3PjUwvJcowymFS6MYaIkLHZAgdSyURoHvpLO0En1llgINQ2SMNnql/N1IitE6EbycFMSO97E3Ffz1fLLycSkYhUIQu5TFBtZcyGcUGJJ3HCWKOTYinBeEBU0ANTywhVDH7I0xHxF5jbI0FW5W3XMwqaV5UPLfi3V6WatWstDw6QaeojDx0hWroBtVRA1F0j57RK3pzXpx358P5nI/mnGznGC3A+foF1vWetg==</latexit><latexit sha1_base64="iUhGRTCTCNKlJ3t8UaKiAP0BLmk=">AAACE3icbVDLTgIxFO3gC/GFunTTSExwQ2aMiSxJ3LjERB4JENIpd6DSdiZtxzgZ+Qc3LvRX3Bm3foB/4tICsxDwJE1Ozrm3PT1+xJk2rvvt5NbWNza38tuFnd29/YPi4VFTh7Gi0KAhD1XbJxo4k9AwzHBoRwqI8Dm0/PH11G89gNIslHcmiaAnyFCygFFirNSMysnT43m/WHIr7gx4lXgZKaEM9X7xpzsIaSxAGsqJ1h3PjUwvJcowymFS6MYaIkLHZAgdSyURoHvpLO0En1llgINQ2SMNnql/N1IitE6EbycFMSO97E3Ffz1fLLycSkYhUIQu5TFBtZcyGcUGJJ3HCWKOTYinBeEBU0ANTywhVDH7I0xHxF5jbI0FW5W3XMwqaV5UPLfi3V6WatWstDw6QaeojDx0hWroBtVRA1F0j57RK3pzXpx358P5nI/mnGznGC3A+foF1vWetg==</latexit><latexit sha1_base64="iUhGRTCTCNKlJ3t8UaKiAP0BLmk=">AAACE3icbVDLTgIxFO3gC/GFunTTSExwQ2aMiSxJ3LjERB4JENIpd6DSdiZtxzgZ+Qc3LvRX3Bm3foB/4tICsxDwJE1Ozrm3PT1+xJk2rvvt5NbWNza38tuFnd29/YPi4VFTh7Gi0KAhD1XbJxo4k9AwzHBoRwqI8Dm0/PH11G89gNIslHcmiaAnyFCygFFirNSMysnT43m/WHIr7gx4lXgZKaEM9X7xpzsIaSxAGsqJ1h3PjUwvJcowymFS6MYaIkLHZAgdSyURoHvpLO0En1llgINQ2SMNnql/N1IitE6EbycFMSO97E3Ffz1fLLycSkYhUIQu5TFBtZcyGcUGJJ3HCWKOTYinBeEBU0ANTywhVDH7I0xHxF5jbI0FW5W3XMwqaV5UPLfi3V6WatWstDw6QaeojDx0hWroBtVRA1F0j57RK3pzXpx358P5nI/mnGznGC3A+foF1vWetg==</latexit><latexit sha1_base64="iUhGRTCTCNKlJ3t8UaKiAP0BLmk=">AAACE3icbVDLTgIxFO3gC/GFunTTSExwQ2aMiSxJ3LjERB4JENIpd6DSdiZtxzgZ+Qc3LvRX3Bm3foB/4tICsxDwJE1Ozrm3PT1+xJk2rvvt5NbWNza38tuFnd29/YPi4VFTh7Gi0KAhD1XbJxo4k9AwzHBoRwqI8Dm0/PH11G89gNIslHcmiaAnyFCygFFirNSMysnT43m/WHIr7gx4lXgZKaEM9X7xpzsIaSxAGsqJ1h3PjUwvJcowymFS6MYaIkLHZAgdSyURoHvpLO0En1llgINQ2SMNnql/N1IitE6EbycFMSO97E3Ffz1fLLycSkYhUIQu5TFBtZcyGcUGJJ3HCWKOTYinBeEBU0ANTywhVDH7I0xHxF5jbI0FW5W3XMwqaV5UPLfi3V6WatWstDw6QaeojDx0hWroBtVRA1F0j57RK3pzXpx358P5nI/mnGznGC3A+foF1vWetg==</latexit>

X1, X2, . . . , Xn
<latexit sha1_base64="hrya2H9KxoLSCqKT1TDoZpc7SSc=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBdsOtMOQyWTa0DyGJCOUoR/jxoX+ijtx4cbvcGnazsK2XgicnHPvzcmJUka1cd0vZ2Nza3tnt7RX3j84PDqunJx2tcwUJh0smVR+hDRhVJCOoYYRP1UE8YiRXjS+m+m9J6I0leLRTFIScDQUNKEYGUuFlXM/9GrQDxs1OGCxNHp2sXzVrbvzguvAK0AVFNUOKz+DWOKME2EwQ1r3PTc1QY6UoZiRaXmQaZIiPEZD0rdQIE50kM/tT+GVZWKYSGWPMHDO/p3IEdd6wiPbyZEZ6VVtRv6rRXzp5VxQTBKF8IofkzSDnIo0M0TghZ0kY9BIOEsMxlQRbNjEAoQVtT+CeITsGmNzLduovNVg1kG3UffcuvdwU201i9BK4AJcgmvggVvQAvegDToAgxw8g1fw5rw4786H87lo3XCKmTOwVM73L6u1o6s=</latexit><latexit sha1_base64="hrya2H9KxoLSCqKT1TDoZpc7SSc=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBdsOtMOQyWTa0DyGJCOUoR/jxoX+ijtx4cbvcGnazsK2XgicnHPvzcmJUka1cd0vZ2Nza3tnt7RX3j84PDqunJx2tcwUJh0smVR+hDRhVJCOoYYRP1UE8YiRXjS+m+m9J6I0leLRTFIScDQUNKEYGUuFlXM/9GrQDxs1OGCxNHp2sXzVrbvzguvAK0AVFNUOKz+DWOKME2EwQ1r3PTc1QY6UoZiRaXmQaZIiPEZD0rdQIE50kM/tT+GVZWKYSGWPMHDO/p3IEdd6wiPbyZEZ6VVtRv6rRXzp5VxQTBKF8IofkzSDnIo0M0TghZ0kY9BIOEsMxlQRbNjEAoQVtT+CeITsGmNzLduovNVg1kG3UffcuvdwU201i9BK4AJcgmvggVvQAvegDToAgxw8g1fw5rw4786H87lo3XCKmTOwVM73L6u1o6s=</latexit><latexit sha1_base64="hrya2H9KxoLSCqKT1TDoZpc7SSc=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBdsOtMOQyWTa0DyGJCOUoR/jxoX+ijtx4cbvcGnazsK2XgicnHPvzcmJUka1cd0vZ2Nza3tnt7RX3j84PDqunJx2tcwUJh0smVR+hDRhVJCOoYYRP1UE8YiRXjS+m+m9J6I0leLRTFIScDQUNKEYGUuFlXM/9GrQDxs1OGCxNHp2sXzVrbvzguvAK0AVFNUOKz+DWOKME2EwQ1r3PTc1QY6UoZiRaXmQaZIiPEZD0rdQIE50kM/tT+GVZWKYSGWPMHDO/p3IEdd6wiPbyZEZ6VVtRv6rRXzp5VxQTBKF8IofkzSDnIo0M0TghZ0kY9BIOEsMxlQRbNjEAoQVtT+CeITsGmNzLduovNVg1kG3UffcuvdwU201i9BK4AJcgmvggVvQAvegDToAgxw8g1fw5rw4786H87lo3XCKmTOwVM73L6u1o6s=</latexit><latexit sha1_base64="hrya2H9KxoLSCqKT1TDoZpc7SSc=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBdsOtMOQyWTa0DyGJCOUoR/jxoX+ijtx4cbvcGnazsK2XgicnHPvzcmJUka1cd0vZ2Nza3tnt7RX3j84PDqunJx2tcwUJh0smVR+hDRhVJCOoYYRP1UE8YiRXjS+m+m9J6I0leLRTFIScDQUNKEYGUuFlXM/9GrQDxs1OGCxNHp2sXzVrbvzguvAK0AVFNUOKz+DWOKME2EwQ1r3PTc1QY6UoZiRaXmQaZIiPEZD0rdQIE50kM/tT+GVZWKYSGWPMHDO/p3IEdd6wiPbyZEZ6VVtRv6rRXzp5VxQTBKF8IofkzSDnIo0M0TghZ0kY9BIOEsMxlQRbNjEAoQVtT+CeITsGmNzLduovNVg1kG3UffcuvdwU201i9BK4AJcgmvggVvQAvegDToAgxw8g1fw5rw4786H87lo3XCKmTOwVM73L6u1o6s=</latexit>

Y1, Y2, . . . , Yn
<latexit sha1_base64="8j9yjA1GOaPUAApRfqqz0UCC420=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBfuiHYZMJtOG5jEkGaEM/Rg3LvRX3IkLN36HS9N2Frb1QuDknHtvTk6YMKqN6345G5tb2zu7hb3i/sHh0XHp5LStZaowaWHJpOqGSBNGBWkZahjpJoogHjLSCcd3M73zRJSmUjyaSUJ8joaCxhQjY6mgdN4LvArsBbUKHLBIGj27WL7sVt15wXXg5aAM8moGpZ9BJHHKiTCYIa37npsYP0PKUMzItDhINUkQHqMh6VsoECfaz+b2p/DKMhGMpbJHGDhn/05kiGs94aHt5MiM9Ko2I//VQr70ciYoJrFCeMWPiet+RkWSGiLwwk6cMmgknCUGI6oINmxiAcKK2h9BPEJ2jbG5Fm1U3mow66Bdq3pu1Xu4KTfqeWgFcAEuwTXwwC1ogHvQBC2AQQaewSt4c16cd+fD+Vy0bjj5zBlYKuf7F7DYo64=</latexit><latexit sha1_base64="8j9yjA1GOaPUAApRfqqz0UCC420=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBfuiHYZMJtOG5jEkGaEM/Rg3LvRX3IkLN36HS9N2Frb1QuDknHtvTk6YMKqN6345G5tb2zu7hb3i/sHh0XHp5LStZaowaWHJpOqGSBNGBWkZahjpJoogHjLSCcd3M73zRJSmUjyaSUJ8joaCxhQjY6mgdN4LvArsBbUKHLBIGj27WL7sVt15wXXg5aAM8moGpZ9BJHHKiTCYIa37npsYP0PKUMzItDhINUkQHqMh6VsoECfaz+b2p/DKMhGMpbJHGDhn/05kiGs94aHt5MiM9Ko2I//VQr70ciYoJrFCeMWPiet+RkWSGiLwwk6cMmgknCUGI6oINmxiAcKK2h9BPEJ2jbG5Fm1U3mow66Bdq3pu1Xu4KTfqeWgFcAEuwTXwwC1ogHvQBC2AQQaewSt4c16cd+fD+Vy0bjj5zBlYKuf7F7DYo64=</latexit><latexit sha1_base64="8j9yjA1GOaPUAApRfqqz0UCC420=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBfuiHYZMJtOG5jEkGaEM/Rg3LvRX3IkLN36HS9N2Frb1QuDknHtvTk6YMKqN6345G5tb2zu7hb3i/sHh0XHp5LStZaowaWHJpOqGSBNGBWkZahjpJoogHjLSCcd3M73zRJSmUjyaSUJ8joaCxhQjY6mgdN4LvArsBbUKHLBIGj27WL7sVt15wXXg5aAM8moGpZ9BJHHKiTCYIa37npsYP0PKUMzItDhINUkQHqMh6VsoECfaz+b2p/DKMhGMpbJHGDhn/05kiGs94aHt5MiM9Ko2I//VQr70ciYoJrFCeMWPiet+RkWSGiLwwk6cMmgknCUGI6oINmxiAcKK2h9BPEJ2jbG5Fm1U3mow66Bdq3pu1Xu4KTfqeWgFcAEuwTXwwC1ogHvQBC2AQQaewSt4c16cd+fD+Vy0bjj5zBlYKuf7F7DYo64=</latexit><latexit sha1_base64="8j9yjA1GOaPUAApRfqqz0UCC420=">AAACJHicbVDLSgMxFM34rPVVFVdugkVwUcpMEeyy4MZlBfuiHYZMJtOG5jEkGaEM/Rg3LvRX3IkLN36HS9N2Frb1QuDknHtvTk6YMKqN6345G5tb2zu7hb3i/sHh0XHp5LStZaowaWHJpOqGSBNGBWkZahjpJoogHjLSCcd3M73zRJSmUjyaSUJ8joaCxhQjY6mgdN4LvArsBbUKHLBIGj27WL7sVt15wXXg5aAM8moGpZ9BJHHKiTCYIa37npsYP0PKUMzItDhINUkQHqMh6VsoECfaz+b2p/DKMhGMpbJHGDhn/05kiGs94aHt5MiM9Ko2I//VQr70ciYoJrFCeMWPiet+RkWSGiLwwk6cMmgknCUGI6oINmxiAcKK2h9BPEJ2jbG5Fm1U3mow66Bdq3pu1Xu4KTfqeWgFcAEuwTXwwC1ogHvQBC2AQQaewSt4c16cd+fD+Vy0bjj5zBlYKuf7F7DYo64=</latexit>
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<latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit><latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit><latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit><latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit>
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<latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit><latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit><latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit><latexit sha1_base64="ctyee2spS3uM2US81lvdVREWdO0=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOPCRQX7gHYomTTTxuYxJBmhDP0HNy70V9yJWz/AP3Fp2o7QFj0QOJxzb3JywphRbTzvy8ltbG5t7+R3C3v7B4dHxeOTlpaJwqSJJZOqEyJNGBWkaahhpBMrgnjISDscX8/89iNRmkpxbyYxCTgaChpRjIyVWj01kv3bfrHku94c0HNrFpVyRmo+/LVKIEOjX/zuDSROOBEGM6R11/diE6RIGYoZmRZ6iSYxwmM0JF1LBeJEB+k87RReWGUAI6nsEQbO1eWNFHGtJzy0kxyZkV73ZuKfXshXXk4FxSRSCK/lMVE1SKmIE0MEXsSJEgaNhLOC4IAqgg2bWIKwovZHEI+QvcbYGgvLVf1PWleu77n+XblUr2al5cEZOAeXwAcVUAc3oAGaAIMH8ARewKvz7Lw5787HYjTnZDunYAXO5w+kiJ82</latexit>
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<latexit sha1_base64="tpLIuuSp8egI2UcLACFyS5oE+PU=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OLBQwX7gHYp2TTbhuaxJFmhLP0RXjzoX/EmXr37Tzyatiu0RQcCw8z3JZMJY0a18bwvJ7exubW9k98t7O0fHB4Vj09aWiYKkyaWTKpOiDRhVJCmoYaRTqwI4iEj7XB8M/Pbj0RpKsWDmcQk4GgoaEQxMlZq99RI9u8u+8WS73pzQM+tWVTKGan58NcqgQyNfvG7N5A44UQYzJDWXd+LTZAiZShmZFroJZrECI/RkHQtFYgTHaTzuFN4YZUBjKSyRxg4V5c3UsS1nvDQTnJkRnrdm4l/eiFfeTkVFJNIIbyWx0TVIKUiTgwReBEnShg0Es4aggOqCDZsYgnCitofQTxC9hpjeywsV/U/aV27vuf69+VSvZqVlgdn4BxcAR9UQB3cggZoAgzG4Am8gFfn2Xlz3p2PxWjOyXZOwQqczx8M4Z9n</latexit><latexit sha1_base64="tpLIuuSp8egI2UcLACFyS5oE+PU=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OLBQwX7gHYp2TTbhuaxJFmhLP0RXjzoX/EmXr37Tzyatiu0RQcCw8z3JZMJY0a18bwvJ7exubW9k98t7O0fHB4Vj09aWiYKkyaWTKpOiDRhVJCmoYaRTqwI4iEj7XB8M/Pbj0RpKsWDmcQk4GgoaEQxMlZq99RI9u8u+8WS73pzQM+tWVTKGan58NcqgQyNfvG7N5A44UQYzJDWXd+LTZAiZShmZFroJZrECI/RkHQtFYgTHaTzuFN4YZUBjKSyRxg4V5c3UsS1nvDQTnJkRnrdm4l/eiFfeTkVFJNIIbyWx0TVIKUiTgwReBEnShg0Es4aggOqCDZsYgnCitofQTxC9hpjeywsV/U/aV27vuf69+VSvZqVlgdn4BxcAR9UQB3cggZoAgzG4Am8gFfn2Xlz3p2PxWjOyXZOwQqczx8M4Z9n</latexit><latexit sha1_base64="tpLIuuSp8egI2UcLACFyS5oE+PU=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OLBQwX7gHYp2TTbhuaxJFmhLP0RXjzoX/EmXr37Tzyatiu0RQcCw8z3JZMJY0a18bwvJ7exubW9k98t7O0fHB4Vj09aWiYKkyaWTKpOiDRhVJCmoYaRTqwI4iEj7XB8M/Pbj0RpKsWDmcQk4GgoaEQxMlZq99RI9u8u+8WS73pzQM+tWVTKGan58NcqgQyNfvG7N5A44UQYzJDWXd+LTZAiZShmZFroJZrECI/RkHQtFYgTHaTzuFN4YZUBjKSyRxg4V5c3UsS1nvDQTnJkRnrdm4l/eiFfeTkVFJNIIbyWx0TVIKUiTgwReBEnShg0Es4aggOqCDZsYgnCitofQTxC9hpjeywsV/U/aV27vuf69+VSvZqVlgdn4BxcAR9UQB3cggZoAgzG4Am8gFfn2Xlz3p2PxWjOyXZOwQqczx8M4Z9n</latexit><latexit sha1_base64="tpLIuuSp8egI2UcLACFyS5oE+PU=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OLBQwX7gHYp2TTbhuaxJFmhLP0RXjzoX/EmXr37Tzyatiu0RQcCw8z3JZMJY0a18bwvJ7exubW9k98t7O0fHB4Vj09aWiYKkyaWTKpOiDRhVJCmoYaRTqwI4iEj7XB8M/Pbj0RpKsWDmcQk4GgoaEQxMlZq99RI9u8u+8WS73pzQM+tWVTKGan58NcqgQyNfvG7N5A44UQYzJDWXd+LTZAiZShmZFroJZrECI/RkHQtFYgTHaTzuFN4YZUBjKSyRxg4V5c3UsS1nvDQTnJkRnrdm4l/eiFfeTkVFJNIIbyWx0TVIKUiTgwReBEnShg0Es4aggOqCDZsYgnCitofQTxC9hpjeywsV/U/aV27vuf69+VSvZqVlgdn4BxcAR9UQB3cggZoAgzG4Am8gFfn2Xlz3p2PxWjOyXZOwQqczx8M4Z9n</latexit>
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⇢R
<latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit>

⇢R
<latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit>

⇢R
<latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit><latexit sha1_base64="8a5QbhLy1joOPCkfJ0IlMdbqnSI=">AAACE3icdVDLSgMxFM3UV62vqks3wSK4Gmak0HZXcOOyin1AO5RMmmlj8xiSjFCG/oMbF/or7sStH+CfuDRtR2iLHggczrk3OTlhzKg2nvfl5DY2t7Z38ruFvf2Dw6Pi8UlLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377kShNpbg3k5gEHA0FjShGxkqtnhrJ/l2/WPJdbw7ouTWLSjkjNR/+WiWQodEvfvcGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdJ52Ci+sMoCRVPYIA+fq8kaKuNYTHtpJjsxIr3sz8U8v5Csvp4JiEimE1/KYqBqkVMSJIQIv4kQJg0bCWUFwQBXBhk0sQVhR+yOIR8heY2yNheWq/ietK9f3XP+2XKpXs9Ly4Aycg0vggwqogxvQAE2AwQN4Ai/g1Xl23px352MxmnOynVOwAufzB66Enzw=</latexit>

⇢0R
<latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit>

⇢0R
<latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit><latexit sha1_base64="OxuKQtqfBIDR8m9FIFwWPiSOJrQ=">AAACFHicdVBLSwMxGMzWV62vqkcvwSJ6Wnal0PZW8OKxin1Au5Rsmm1D81iSrFCW/ggvHvSveBOv3v0nHk3bFdqiA4Fh5vuSyYQxo9p43peT29jc2t7J7xb29g8Oj4rHJy0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL6Z+e1HojSV4sFMYhJwNBQ0ohgZK7V7aiT795f9Ysl3vTmg59YsKuWM1Hz4a5VAhka/+N0bSJxwIgxmSOuu78UmSJEyFDMyLfQSTWKEx2hIupYKxIkO0nncKbywygBGUtkjDJyryxsp4lpPeGgnOTIjve7NxD+9kK+8nAqKSaQQXstjomqQUhEnhgi8iBMlDBoJZw3BAVUEGzaxBGFF7Y8gHiF7jbE9Fpar+p+0rl3fc/27cqlezUrLgzNwDq6ADyqgDm5BAzQBBmPwBF7Aq/PsvDnvzsdiNOdkO6dgBc7nDxbjn20=</latexit>

⇢0LSR = U(⇢L ⌦ ⇢S ⌦ ⇢R)U
†
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We now define the NESS map:

Joint unitary of each RI stroke:

In the NESS:

trLR

⇢
U(⇢L ⌦ ⇢S ⌦ ⇢R)U

†
�

= ⇢S
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⇢0R = �(⇢L) = trLS

⇢
U(⇢L ⌦ ⇢S ⌦ ⇢R)U

†
�
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This is exactly like the noisy channel scenario.

I don’t think the thermodynamic/transport property of this type of map 
has ever been explored. 



SHARED INFORMATION BETWEEN DISTANT PARTS

The heat currents transmit information from one part of the chain to the 
other. A CB

The total information can be quantified by the total correlations:

T (⇢) =
LX

i=1

S(⇢i)� S(⇢) = S(⇢||⇢1 . . . ⇢L)
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For connected parts, shared information can also be quantified by the 
Mutual Information.

A B
I(A :B) = S(⇢A) + S(⇢B)� S(⇢AB)
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J. Goold, C. Gogolin, S. R. Clark, J. Eisert, A. Scardicchio, and A. Silva, Phys. Rev. B, 92, 180202 (2015)



HARMONIC CHAIN WITH SELF-CONSISTENT BATHS
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CONDITIONAL MUTUAL INFORMATION

For disconnected parts, however, the MI is not adequate.

Instead, the correct quantifier of this is the Conditional Mutual 
Information (CMI):

A CB

I(A :C|B) = S(⇢AB) + S(⇢BC)� S(⇢B)� S(⇢ABC)
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E. Lieb and Mary B. Ruskai, J. Math. Phys., 14, 1938-1941 (1973)



CLASSICAL MARKOV CHAIN
We usually write the Markovianity condition as:

X Y Z

P (z|x, y) = P (z|y)
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Non-Markovianity can thus be viewed as the ability of the past to 
communicate information to the future, through the present.

But this is equivalent to:
P (x, z|y) = P (z|y)P (x|y)
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Markovianity: Past and future are independent, given the present.

But this does not mean that past and future are (unconditionally) 
independent:

P (x, z) =
X

y

P (z|y)P (x|y)P (y)
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Past and future are dependent because they share a common ignorance 
about the present.



In a Markovian chain the MI is not zero:

In fact, a CMI = 0 can be taken as a definition of Markovianity.

For a multi-time chain, the CMI as a function of the “size” of the present 
also quantifies the degree of non-Markovianity (Markov Chain order).

M. Papapetrou, D. Kugiumtzis, Physica A, 392, 1593 (2013)

I(X1, . . . , Xk :Xk+`, . . . , Xn|Xk+1, . . . , Xk+`�1)
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I(X :Z) =
X

x,z

p(x, z) ln
p(x, z)

p(x)p(z)
6= 0
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But the CMI is zero:

I(X :Z|Y ) =
X

x,y,z

p(x, y, z) ln
p(x, y, z)p(y)

p(x, y)p(y, z)
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=
X

x,y,z

p(x, y, z) ln
p(x, z|y)

p(x|y)p(z|y) = 0
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QUANTUM MARKOV CHAIN

A NESS density matrix can be viewed as a quantum Markov chain (this 
chain has no causal order).

In the quantum case it can be shown that:

P. Hayden, R. Jozsa, D. Petz and A. Winter,  Comm. Math. Phys., 246, 359 (2004)
O. Fawzi and R. Renner, Comm. Math. Phys., 340, 575 (2015)

1 2 … L

I(A :C|B) = 0 () ⇢ABC = EBC(⇢AB ⌦ |0ih0|C)
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HARMONIC CHAIN WITH SELF-CONSISTENT RESERVOIRS
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I(A :C|B) =
u

(v + �L)2b+2
<latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit><latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit><latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit><latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit>



LOCAL THERMALIZATION 1 2 … L ⇢1...L
<latexit sha1_base64="q5vQS9SrA/COUUUTxQCPVJh/1As=">AAACCnicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHHhooJ9QBPCZDJph84jzEyUEvoH/oJb3bsTt/6EW7/EaZuFth64cDjnXs7lxBmj2njel7Oyura+sVnZqm7v7O7tu7WDjpa5wqSNJZOqFyNNGBWkbahhpJcpgnjMSDceXU/97gNRmkpxb8YZCTkaCJpSjIyVIrcWqKGMCh8GLJFGw9tJ5Na9hjcDXCZ+SeqgRCtyv4NE4pwTYTBDWvd9LzNhgZShmJFJNcg1yRAeoQHpWyoQJzosZq9P4IlVEphKZUcYOFN/XxSIaz3msd3kyAz1ojcV//VivpBs0suwoCLLDRF4HpzmDBoJp73AhCqCDRtbgrCi9neIh0ghbGx7VVuKv1jBMumcNXyv4d+d15tXZT0VcASOwSnwwQVoghvQAm2AwSN4Bi/g1Xly3px352O+uuKUN4fgD5zPHzG5mjA=</latexit><latexit sha1_base64="q5vQS9SrA/COUUUTxQCPVJh/1As=">AAACCnicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHHhooJ9QBPCZDJph84jzEyUEvoH/oJb3bsTt/6EW7/EaZuFth64cDjnXs7lxBmj2njel7Oyura+sVnZqm7v7O7tu7WDjpa5wqSNJZOqFyNNGBWkbahhpJcpgnjMSDceXU/97gNRmkpxb8YZCTkaCJpSjIyVIrcWqKGMCh8GLJFGw9tJ5Na9hjcDXCZ+SeqgRCtyv4NE4pwTYTBDWvd9LzNhgZShmJFJNcg1yRAeoQHpWyoQJzosZq9P4IlVEphKZUcYOFN/XxSIaz3msd3kyAz1ojcV//VivpBs0suwoCLLDRF4HpzmDBoJp73AhCqCDRtbgrCi9neIh0ghbGx7VVuKv1jBMumcNXyv4d+d15tXZT0VcASOwSnwwQVoghvQAm2AwSN4Bi/g1Xly3px352O+uuKUN4fgD5zPHzG5mjA=</latexit><latexit sha1_base64="q5vQS9SrA/COUUUTxQCPVJh/1As=">AAACCnicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHHhooJ9QBPCZDJph84jzEyUEvoH/oJb3bsTt/6EW7/EaZuFth64cDjnXs7lxBmj2njel7Oyura+sVnZqm7v7O7tu7WDjpa5wqSNJZOqFyNNGBWkbahhpJcpgnjMSDceXU/97gNRmkpxb8YZCTkaCJpSjIyVIrcWqKGMCh8GLJFGw9tJ5Na9hjcDXCZ+SeqgRCtyv4NE4pwTYTBDWvd9LzNhgZShmJFJNcg1yRAeoQHpWyoQJzosZq9P4IlVEphKZUcYOFN/XxSIaz3msd3kyAz1ojcV//VivpBs0suwoCLLDRF4HpzmDBoJp73AhCqCDRtbgrCi9neIh0ghbGx7VVuKv1jBMumcNXyv4d+d15tXZT0VcASOwSnwwQVoghvQAm2AwSN4Bi/g1Xly3px352O+uuKUN4fgD5zPHzG5mjA=</latexit><latexit sha1_base64="q5vQS9SrA/COUUUTxQCPVJh/1As=">AAACCnicbVDLSsNAFJ34rPWV6tLNYBFclUQEXbgouHHhooJ9QBPCZDJph84jzEyUEvoH/oJb3bsTt/6EW7/EaZuFth64cDjnXs7lxBmj2njel7Oyura+sVnZqm7v7O7tu7WDjpa5wqSNJZOqFyNNGBWkbahhpJcpgnjMSDceXU/97gNRmkpxb8YZCTkaCJpSjIyVIrcWqKGMCh8GLJFGw9tJ5Na9hjcDXCZ+SeqgRCtyv4NE4pwTYTBDWvd9LzNhgZShmJFJNcg1yRAeoQHpWyoQJzosZq9P4IlVEphKZUcYOFN/XxSIaz3msd3kyAz1ojcV//VivpBs0suwoCLLDRF4HpzmDBoJp73AhCqCDRtbgrCi9neIh0ghbGx7VVuKv1jBMumcNXyv4d+d15tXZT0VcASOwSnwwQVoghvQAm2AwSN4Bi/g1Xly3px352O+uuKUN4fgD5zPHzG5mjA=</latexit>

K. Kato, F. Brandão,  1609.06636

Kato-Brandão theorem on approximate Quantum Markov Chains:

I(1, . . . , k � 1:k + 1, . . . , L|k)  ✏, 8k
<latexit sha1_base64="2qVM/QlsOsVV1X/aGIQE3uZ7f2U="></latexit><latexit sha1_base64="2qVM/QlsOsVV1X/aGIQE3uZ7f2U="></latexit><latexit sha1_base64="2qVM/QlsOsVV1X/aGIQE3uZ7f2U="></latexit><latexit sha1_base64="2qVM/QlsOsVV1X/aGIQE3uZ7f2U="></latexit>
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<latexit sha1_base64="GJEEtce5X+1m+ZFCeSEKM5chGSU="></latexit><latexit sha1_base64="GJEEtce5X+1m+ZFCeSEKM5chGSU="></latexit><latexit sha1_base64="GJEEtce5X+1m+ZFCeSEKM5chGSU="></latexit><latexit sha1_base64="GJEEtce5X+1m+ZFCeSEKM5chGSU="></latexit>

then
[hi,i+1, hj,j+1] 6= 0

<latexit sha1_base64="FeyJ5Pp8c6c+nYrPau4HlmFkdoU=">AAACFnicbZDLSsNAFIZP6q3WW9SlCINFECwlEcEuC25cVrAXaEOYTKfttJNJnJkIJXTlS/gKbnXvTty6deuTOG2z0NYfBj7+cw7nzB/EnCntOF9WbmV1bX0jv1nY2t7Z3bP3DxoqSiShdRLxSLYCrChngtY105y2YklxGHDaDEbX03rzgUrFInGnxzH1QtwXrMcI1sby7eP2wE9ZiZ27kxIyOCwNDXqoI+g9cny76JSdmdAyuBkUIVPNt7873YgkIRWacKxU23Vi7aVYakY4nRQ6iaIxJiPcp22DAodUeensGxN0apwu6kXSPKHRzP09keJQqXEYmM4Q64FarE3Nf2tBuLBZ9ypeykScaCrIfHEv4UhHaJoR6jJJieZjA5hIZm5HZIAlJtokWTChuIsRLEPjouw6Zff2slitZPHk4QhO4AxcuIIq3EAN6kDgEZ7hBV6tJ+vNerc+5q05K5s5hD+yPn8AFCGdsQ==</latexit><latexit sha1_base64="FeyJ5Pp8c6c+nYrPau4HlmFkdoU=">AAACFnicbZDLSsNAFIZP6q3WW9SlCINFECwlEcEuC25cVrAXaEOYTKfttJNJnJkIJXTlS/gKbnXvTty6deuTOG2z0NYfBj7+cw7nzB/EnCntOF9WbmV1bX0jv1nY2t7Z3bP3DxoqSiShdRLxSLYCrChngtY105y2YklxGHDaDEbX03rzgUrFInGnxzH1QtwXrMcI1sby7eP2wE9ZiZ27kxIyOCwNDXqoI+g9cny76JSdmdAyuBkUIVPNt7873YgkIRWacKxU23Vi7aVYakY4nRQ6iaIxJiPcp22DAodUeensGxN0apwu6kXSPKHRzP09keJQqXEYmM4Q64FarE3Nf2tBuLBZ9ypeykScaCrIfHEv4UhHaJoR6jJJieZjA5hIZm5HZIAlJtokWTChuIsRLEPjouw6Zff2slitZPHk4QhO4AxcuIIq3EAN6kDgEZ7hBV6tJ+vNerc+5q05K5s5hD+yPn8AFCGdsQ==</latexit><latexit sha1_base64="FeyJ5Pp8c6c+nYrPau4HlmFkdoU=">AAACFnicbZDLSsNAFIZP6q3WW9SlCINFECwlEcEuC25cVrAXaEOYTKfttJNJnJkIJXTlS/gKbnXvTty6deuTOG2z0NYfBj7+cw7nzB/EnCntOF9WbmV1bX0jv1nY2t7Z3bP3DxoqSiShdRLxSLYCrChngtY105y2YklxGHDaDEbX03rzgUrFInGnxzH1QtwXrMcI1sby7eP2wE9ZiZ27kxIyOCwNDXqoI+g9cny76JSdmdAyuBkUIVPNt7873YgkIRWacKxU23Vi7aVYakY4nRQ6iaIxJiPcp22DAodUeensGxN0apwu6kXSPKHRzP09keJQqXEYmM4Q64FarE3Nf2tBuLBZ9ypeykScaCrIfHEv4UhHaJoR6jJJieZjA5hIZm5HZIAlJtokWTChuIsRLEPjouw6Zff2slitZPHk4QhO4AxcuIIq3EAN6kDgEZ7hBV6tJ+vNerc+5q05K5s5hD+yPn8AFCGdsQ==</latexit><latexit sha1_base64="FeyJ5Pp8c6c+nYrPau4HlmFkdoU=">AAACFnicbZDLSsNAFIZP6q3WW9SlCINFECwlEcEuC25cVrAXaEOYTKfttJNJnJkIJXTlS/gKbnXvTty6deuTOG2z0NYfBj7+cw7nzB/EnCntOF9WbmV1bX0jv1nY2t7Z3bP3DxoqSiShdRLxSLYCrChngtY105y2YklxGHDaDEbX03rzgUrFInGnxzH1QtwXrMcI1sby7eP2wE9ZiZ27kxIyOCwNDXqoI+g9cny76JSdmdAyuBkUIVPNt7873YgkIRWacKxU23Vi7aVYakY4nRQ6iaIxJiPcp22DAodUeensGxN0apwu6kXSPKHRzP09keJQqXEYmM4Q64FarE3Nf2tBuLBZ9ypeykScaCrIfHEv4UhHaJoR6jJJieZjA5hIZm5HZIAlJtokWTChuIsRLEPjouw6Zff2slitZPHk4QhO4AxcuIIq3EAN6kDgEZ7hBV6tJ+vNerc+5q05K5s5hD+yPn8AFCGdsQ==</latexit>

j = i� 1, i+ 1
<latexit sha1_base64="IyW+IGowvMtz2tIRl7+gyJMP2b4=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBEEtUxE0IVCwY3LCvYB7VAyaaaNTSZDkhHK0J2/4Fb37sStP+LWLzF9LLT1wIXDOfdyLidMBDfW97+8hcWl5ZXV3Fp+fWNza7uws1szKtWUVakSSjdCYpjgMatabgVrJJoRGQpWD/s3I7/+yLThKr63g4QFknRjHnFKrJOaD+ga8VN8wo9xu1D0S/4YaJ7gKSnCFJV24bvVUTSVLLZUEGOa2E9skBFtORVsmG+lhiWE9kmXNR2NiWQmyMYvD9GhUzooUtpNbNFY/X2REWnMQIZuUxLbM7PeSPzXC+VMso0ug4zHSWpZTCfBUSqQVWjUB+pwzagVA0cI1dz9jmiPaEKtay3vSsGzFcyT2lkJ+yV8d14sX03rycE+HMARYLiAMtxCBapAQcEzvMCr9+S9ee/ex2R1wZve7MEfeJ8/AgOWJw==</latexit><latexit sha1_base64="IyW+IGowvMtz2tIRl7+gyJMP2b4=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBEEtUxE0IVCwY3LCvYB7VAyaaaNTSZDkhHK0J2/4Fb37sStP+LWLzF9LLT1wIXDOfdyLidMBDfW97+8hcWl5ZXV3Fp+fWNza7uws1szKtWUVakSSjdCYpjgMatabgVrJJoRGQpWD/s3I7/+yLThKr63g4QFknRjHnFKrJOaD+ga8VN8wo9xu1D0S/4YaJ7gKSnCFJV24bvVUTSVLLZUEGOa2E9skBFtORVsmG+lhiWE9kmXNR2NiWQmyMYvD9GhUzooUtpNbNFY/X2REWnMQIZuUxLbM7PeSPzXC+VMso0ug4zHSWpZTCfBUSqQVWjUB+pwzagVA0cI1dz9jmiPaEKtay3vSsGzFcyT2lkJ+yV8d14sX03rycE+HMARYLiAMtxCBapAQcEzvMCr9+S9ee/ex2R1wZve7MEfeJ8/AgOWJw==</latexit><latexit sha1_base64="IyW+IGowvMtz2tIRl7+gyJMP2b4=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBEEtUxE0IVCwY3LCvYB7VAyaaaNTSZDkhHK0J2/4Fb37sStP+LWLzF9LLT1wIXDOfdyLidMBDfW97+8hcWl5ZXV3Fp+fWNza7uws1szKtWUVakSSjdCYpjgMatabgVrJJoRGQpWD/s3I7/+yLThKr63g4QFknRjHnFKrJOaD+ga8VN8wo9xu1D0S/4YaJ7gKSnCFJV24bvVUTSVLLZUEGOa2E9skBFtORVsmG+lhiWE9kmXNR2NiWQmyMYvD9GhUzooUtpNbNFY/X2REWnMQIZuUxLbM7PeSPzXC+VMso0ug4zHSWpZTCfBUSqQVWjUB+pwzagVA0cI1dz9jmiPaEKtay3vSsGzFcyT2lkJ+yV8d14sX03rycE+HMARYLiAMtxCBapAQcEzvMCr9+S9ee/ex2R1wZve7MEfeJ8/AgOWJw==</latexit><latexit sha1_base64="IyW+IGowvMtz2tIRl7+gyJMP2b4=">AAACAnicbVDLSgMxFL3js9ZX1aWbYBEEtUxE0IVCwY3LCvYB7VAyaaaNTSZDkhHK0J2/4Fb37sStP+LWLzF9LLT1wIXDOfdyLidMBDfW97+8hcWl5ZXV3Fp+fWNza7uws1szKtWUVakSSjdCYpjgMatabgVrJJoRGQpWD/s3I7/+yLThKr63g4QFknRjHnFKrJOaD+ga8VN8wo9xu1D0S/4YaJ7gKSnCFJV24bvVUTSVLLZUEGOa2E9skBFtORVsmG+lhiWE9kmXNR2NiWQmyMYvD9GhUzooUtpNbNFY/X2REWnMQIZuUxLbM7PeSPzXC+VMso0ug4zHSWpZTCfBUSqQVWjUB+pwzagVA0cI1dz9jmiPaEKtay3vSsGzFcyT2lkJ+yV8d14sX03rycE+HMARYLiAMtxCBapAQcEzvMCr9+S9ee/ex2R1wZve7MEfeJ8/AgOWJw==</latexit>

I(A :C|B) =
u

(v + �L)2b+2
<latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit><latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit><latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit><latexit sha1_base64="XFQx1xOMRJJLGrZoQKKc8NGgcg8="></latexit>

Diffusive case: I(A :C|B = b) ⇠ L�4
<latexit sha1_base64="FVulL79UkV4qBnDWUJC96kUk4N8="></latexit><latexit sha1_base64="FVulL79UkV4qBnDWUJC96kUk4N8="></latexit><latexit sha1_base64="FVulL79UkV4qBnDWUJC96kUk4N8="></latexit><latexit sha1_base64="FVulL79UkV4qBnDWUJC96kUk4N8="></latexit>

In the thermodynamic limit, the system 
becomes locally thermal.

I(A :C|B = b) ⇠ L0
<latexit sha1_base64="H8e3oKnfTYdvd1F/xyM6ytlXRq4=">AAACIHicbVDLSsNAFJ3UV62vqEs3U4tYNyURwSII1W4UXFSwD2himUyn7dCZJMxMhBL7Cf6Ev+BW9+7EpS79EidtFlo9cOFwzr3ce48XMiqVZX0Ymbn5hcWl7HJuZXVtfcPc3GrIIBKY1HHAAtHykCSM+qSuqGKkFQqCuMdI0xtWE795R4SkgX+jRiFxOer7tEcxUlrqmPsOR2qAEYsvx8UzJw9PoJOvwnt4Dk+hdwAdSTm8urU6ZsEqWRPAv8ROSQGkqHXML6cb4IgTX2GGpGzbVqjcGAlFMSPjnBNJEiI8RH3S1tRHnEg3njw0hnta6cJeIHT5Ck7UnxMx4lKOuKc7k/PlrJeI/3oen9msemU3pn4YKeLj6eJexKAKYJIW7FJBsGIjTRAWVN8O8QAJhJXONKdDsWcj+EsahyXbKtnXR4VKOY0nC3bALigCGxyDCrgANVAHGDyAJ/AMXoxH49V4M96nrRkjndkGv2B8fgMzeaAp</latexit><latexit sha1_base64="H8e3oKnfTYdvd1F/xyM6ytlXRq4=">AAACIHicbVDLSsNAFJ3UV62vqEs3U4tYNyURwSII1W4UXFSwD2himUyn7dCZJMxMhBL7Cf6Ev+BW9+7EpS79EidtFlo9cOFwzr3ce48XMiqVZX0Ymbn5hcWl7HJuZXVtfcPc3GrIIBKY1HHAAtHykCSM+qSuqGKkFQqCuMdI0xtWE795R4SkgX+jRiFxOer7tEcxUlrqmPsOR2qAEYsvx8UzJw9PoJOvwnt4Dk+hdwAdSTm8urU6ZsEqWRPAv8ROSQGkqHXML6cb4IgTX2GGpGzbVqjcGAlFMSPjnBNJEiI8RH3S1tRHnEg3njw0hnta6cJeIHT5Ck7UnxMx4lKOuKc7k/PlrJeI/3oen9msemU3pn4YKeLj6eJexKAKYJIW7FJBsGIjTRAWVN8O8QAJhJXONKdDsWcj+EsahyXbKtnXR4VKOY0nC3bALigCGxyDCrgANVAHGDyAJ/AMXoxH49V4M96nrRkjndkGv2B8fgMzeaAp</latexit><latexit sha1_base64="H8e3oKnfTYdvd1F/xyM6ytlXRq4=">AAACIHicbVDLSsNAFJ3UV62vqEs3U4tYNyURwSII1W4UXFSwD2himUyn7dCZJMxMhBL7Cf6Ev+BW9+7EpS79EidtFlo9cOFwzr3ce48XMiqVZX0Ymbn5hcWl7HJuZXVtfcPc3GrIIBKY1HHAAtHykCSM+qSuqGKkFQqCuMdI0xtWE795R4SkgX+jRiFxOer7tEcxUlrqmPsOR2qAEYsvx8UzJw9PoJOvwnt4Dk+hdwAdSTm8urU6ZsEqWRPAv8ROSQGkqHXML6cb4IgTX2GGpGzbVqjcGAlFMSPjnBNJEiI8RH3S1tRHnEg3njw0hnta6cJeIHT5Ck7UnxMx4lKOuKc7k/PlrJeI/3oen9msemU3pn4YKeLj6eJexKAKYJIW7FJBsGIjTRAWVN8O8QAJhJXONKdDsWcj+EsahyXbKtnXR4VKOY0nC3bALigCGxyDCrgANVAHGDyAJ/AMXoxH49V4M96nrRkjndkGv2B8fgMzeaAp</latexit><latexit sha1_base64="H8e3oKnfTYdvd1F/xyM6ytlXRq4=">AAACIHicbVDLSsNAFJ3UV62vqEs3U4tYNyURwSII1W4UXFSwD2himUyn7dCZJMxMhBL7Cf6Ev+BW9+7EpS79EidtFlo9cOFwzr3ce48XMiqVZX0Ymbn5hcWl7HJuZXVtfcPc3GrIIBKY1HHAAtHykCSM+qSuqGKkFQqCuMdI0xtWE795R4SkgX+jRiFxOer7tEcxUlrqmPsOR2qAEYsvx8UzJw9PoJOvwnt4Dk+hdwAdSTm8urU6ZsEqWRPAv8ROSQGkqHXML6cb4IgTX2GGpGzbVqjcGAlFMSPjnBNJEiI8RH3S1tRHnEg3njw0hnta6cJeIHT5Ck7UnxMx4lKOuKc7k/PlrJeI/3oen9msemU3pn4YKeLj6eJexKAKYJIW7FJBsGIjTRAWVN8O8QAJhJXONKdDsWcj+EsahyXbKtnXR4VKOY0nC3bALigCGxyDCrgANVAHGDyAJ/AMXoxH49V4M96nrRkjndkGv2B8fgMzeaAp</latexit>

Local states are therefore not necessarily thermal.

In the ballistic case:



CONCLUSIONS

Plenty to explore in Quantum NESSs: physics is still not fully understood.

I’m particularly interested in this notion of information transport.

Information transport offers a bridge between non-equilibrium physics and 
quantum information.
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