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ENTROPY PRODUCTION AND THE 2ND LAW



IRREVERSIBLE PROCESSES

The basic laws of physics (Schrödinger’s equation, Newton’s law) are all 
reversible. 

However, the phenomena that emerge from them are generally not.

Special thanks to Eric Lutz, for showing me these videos.



HOW TO QUANTIFY IRREVERSIBILITY?

Understanding the emergence of irreversibility is a fundamental problem in 
physics. 

Quantifying it is crucial for several applications:

Engines, power plants, biological motors, electronic devices, &c.

In thermodynamics, irreversibility is quantified by the entropy production. 

Thermodynamic processes obey the Clausius inequality:
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The difference is called the entropy production:
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It is always non-negative and zero iff the process is reversible.

It is more common to work with rates:
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� = � 1

T

dQ

dt
<latexit sha1_base64="v3pv85byKjPWCU+yUgBjmj3GOZw=">AAACMXicbVDLSgMxFM34rPU16tJNaBHcWGZE0IVCwY3LFvqCTimZTKYNzWSGJCOUMHu/xo0L/ZXuxK0/4NJMOwvbeiBwOOfem3uPnzAqlePMrI3Nre2d3dJeef/g8OjYPjntyDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNefPOZ+95kISWPeUtOEDCI04jSkGCkjDe2K1xhT+ACvoBcKhLWb6Va2oAFsZjpQ2dCuOjVnDrhO3IJUQYHG0P7xghinEeEKMyRl33USNdBIKIoZycpeKkmC8ASNSN9QjiIiB3p+SwYvjBLAMBbmcQXn6t8OjSIpp5FvKiOkxnLVy8V/PT9a+llzikl+58o+KrwbaMqTVBGOF+uEKYMqhnl8MKCCYMWmhiAsqLkI4jEyY5QJuWyicleDWSed65rr1NzmTbV+X4RWAuegAi6BC25BHTyBBmgDDF7AK3gHH9abNbM+ra9F6YZV9JyBJVjfv+9Yqh4=</latexit><latexit sha1_base64="v3pv85byKjPWCU+yUgBjmj3GOZw=">AAACMXicbVDLSgMxFM34rPU16tJNaBHcWGZE0IVCwY3LFvqCTimZTKYNzWSGJCOUMHu/xo0L/ZXuxK0/4NJMOwvbeiBwOOfem3uPnzAqlePMrI3Nre2d3dJeef/g8OjYPjntyDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNefPOZ+95kISWPeUtOEDCI04jSkGCkjDe2K1xhT+ACvoBcKhLWb6Va2oAFsZjpQ2dCuOjVnDrhO3IJUQYHG0P7xghinEeEKMyRl33USNdBIKIoZycpeKkmC8ASNSN9QjiIiB3p+SwYvjBLAMBbmcQXn6t8OjSIpp5FvKiOkxnLVy8V/PT9a+llzikl+58o+KrwbaMqTVBGOF+uEKYMqhnl8MKCCYMWmhiAsqLkI4jEyY5QJuWyicleDWSed65rr1NzmTbV+X4RWAuegAi6BC25BHTyBBmgDDF7AK3gHH9abNbM+ra9F6YZV9JyBJVjfv+9Yqh4=</latexit><latexit sha1_base64="v3pv85byKjPWCU+yUgBjmj3GOZw=">AAACMXicbVDLSgMxFM34rPU16tJNaBHcWGZE0IVCwY3LFvqCTimZTKYNzWSGJCOUMHu/xo0L/ZXuxK0/4NJMOwvbeiBwOOfem3uPnzAqlePMrI3Nre2d3dJeef/g8OjYPjntyDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNefPOZ+95kISWPeUtOEDCI04jSkGCkjDe2K1xhT+ACvoBcKhLWb6Va2oAFsZjpQ2dCuOjVnDrhO3IJUQYHG0P7xghinEeEKMyRl33USNdBIKIoZycpeKkmC8ASNSN9QjiIiB3p+SwYvjBLAMBbmcQXn6t8OjSIpp5FvKiOkxnLVy8V/PT9a+llzikl+58o+KrwbaMqTVBGOF+uEKYMqhnl8MKCCYMWmhiAsqLkI4jEyY5QJuWyicleDWSed65rr1NzmTbV+X4RWAuegAi6BC25BHTyBBmgDDF7AK3gHH9abNbM+ra9F6YZV9JyBJVjfv+9Yqh4=</latexit><latexit sha1_base64="v3pv85byKjPWCU+yUgBjmj3GOZw=">AAACMXicbVDLSgMxFM34rPU16tJNaBHcWGZE0IVCwY3LFvqCTimZTKYNzWSGJCOUMHu/xo0L/ZXuxK0/4NJMOwvbeiBwOOfem3uPnzAqlePMrI3Nre2d3dJeef/g8OjYPjntyDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNefPOZ+95kISWPeUtOEDCI04jSkGCkjDe2K1xhT+ACvoBcKhLWb6Va2oAFsZjpQ2dCuOjVnDrhO3IJUQYHG0P7xghinEeEKMyRl33USNdBIKIoZycpeKkmC8ASNSN9QjiIiB3p+SwYvjBLAMBbmcQXn6t8OjSIpp5FvKiOkxnLVy8V/PT9a+llzikl+58o+KrwbaMqTVBGOF+uEKYMqhnl8MKCCYMWmhiAsqLkI4jEyY5QJuWyicleDWSed65rr1NzmTbV+X4RWAuegAi6BC25BHTyBBmgDDF7AK3gHH9abNbM+ra9F6YZV9JyBJVjfv+9Yqh4=</latexit>

entropy production 
rate

entropy flux 
rate

Rate of change of 
the entropy



EXAMPLE: ELECTRICAL CIRCUIT

The simplest example is an RL circuit connected to a bath and a battery.
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In the long-time limit, this system will reach a non-equilibrium steady state:

dS

dt
= 0

<latexit sha1_base64="mUDDzDti1COPUDaYOv1mMcQP3Tw=">AAACInicbVBNS8MwGE7n15xf1R29BIfgabQi6EFh4MXjRPcBWxlpmm5hSVqSVCilv8WLB/0r3sST4A/xaLr14DZfSHh4nvdNnvfxY0aVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddFSUSkw6OWCT7PlKEUUE6mmpG+rEkiPuM9PzpbaH3nohUNBKPOo2Jx9FY0JBipA01suvDUCKcBfAhN5fO4Q10RnbDaTqzgqvALUEDlNUe2T/DIMIJJ0JjhpQauE6svQxJTTEjeW2YKBIjPEVjMjBQIE6Ul83M5/DUMAEMI2mO0HDG/p3IEFcq5b7p5EhP1LJWkP9qPl/4ORMUk2LZJT86vPIyKuJEE4HndsKEQR3BIi8YUEmwZqkBCEtqNoJ4gswz2qRaM1G5y8Gsgu5503Wa7v1Fo3VdhlYFx+AEnAEXXIIWuANt0AEYpOAZvII368V6tz6sz3lrxSpn6mChrO9fdEqjow==</latexit><latexit sha1_base64="mUDDzDti1COPUDaYOv1mMcQP3Tw=">AAACInicbVBNS8MwGE7n15xf1R29BIfgabQi6EFh4MXjRPcBWxlpmm5hSVqSVCilv8WLB/0r3sST4A/xaLr14DZfSHh4nvdNnvfxY0aVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddFSUSkw6OWCT7PlKEUUE6mmpG+rEkiPuM9PzpbaH3nohUNBKPOo2Jx9FY0JBipA01suvDUCKcBfAhN5fO4Q10RnbDaTqzgqvALUEDlNUe2T/DIMIJJ0JjhpQauE6svQxJTTEjeW2YKBIjPEVjMjBQIE6Ul83M5/DUMAEMI2mO0HDG/p3IEFcq5b7p5EhP1LJWkP9qPl/4ORMUk2LZJT86vPIyKuJEE4HndsKEQR3BIi8YUEmwZqkBCEtqNoJ4gswz2qRaM1G5y8Gsgu5503Wa7v1Fo3VdhlYFx+AEnAEXXIIWuANt0AEYpOAZvII368V6tz6sz3lrxSpn6mChrO9fdEqjow==</latexit><latexit sha1_base64="mUDDzDti1COPUDaYOv1mMcQP3Tw=">AAACInicbVBNS8MwGE7n15xf1R29BIfgabQi6EFh4MXjRPcBWxlpmm5hSVqSVCilv8WLB/0r3sST4A/xaLr14DZfSHh4nvdNnvfxY0aVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddFSUSkw6OWCT7PlKEUUE6mmpG+rEkiPuM9PzpbaH3nohUNBKPOo2Jx9FY0JBipA01suvDUCKcBfAhN5fO4Q10RnbDaTqzgqvALUEDlNUe2T/DIMIJJ0JjhpQauE6svQxJTTEjeW2YKBIjPEVjMjBQIE6Ul83M5/DUMAEMI2mO0HDG/p3IEFcq5b7p5EhP1LJWkP9qPl/4ORMUk2LZJT86vPIyKuJEE4HndsKEQR3BIi8YUEmwZqkBCEtqNoJ4gswz2qRaM1G5y8Gsgu5503Wa7v1Fo3VdhlYFx+AEnAEXXIIWuANt0AEYpOAZvII368V6tz6sz3lrxSpn6mChrO9fdEqjow==</latexit><latexit sha1_base64="mUDDzDti1COPUDaYOv1mMcQP3Tw=">AAACInicbVBNS8MwGE7n15xf1R29BIfgabQi6EFh4MXjRPcBWxlpmm5hSVqSVCilv8WLB/0r3sST4A/xaLr14DZfSHh4nvdNnvfxY0aVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddFSUSkw6OWCT7PlKEUUE6mmpG+rEkiPuM9PzpbaH3nohUNBKPOo2Jx9FY0JBipA01suvDUCKcBfAhN5fO4Q10RnbDaTqzgqvALUEDlNUe2T/DIMIJJ0JjhpQauE6svQxJTTEjeW2YKBIjPEVjMjBQIE6Ul83M5/DUMAEMI2mO0HDG/p3IEFcq5b7p5EhP1LJWkP9qPl/4ORMUk2LZJT86vPIyKuJEE4HndsKEQR3BIi8YUEmwZqkBCEtqNoJ4gswz2qRaM1G5y8Gsgu5503Wa7v1Fo3VdhlYFx+AEnAEXXIIWuANt0AEYpOAZvII368V6tz6sz3lrxSpn6mChrO9fdEqjow==</latexit>

⇧ss = �ss =
E2

RT
<latexit sha1_base64="mlgku8OGYYlExWOaQK6pkrDGxjA="></latexit><latexit sha1_base64="mlgku8OGYYlExWOaQK6pkrDGxjA="></latexit><latexit sha1_base64="mlgku8OGYYlExWOaQK6pkrDGxjA="></latexit><latexit sha1_base64="mlgku8OGYYlExWOaQK6pkrDGxjA="></latexit>

but

dS

dt
=

R

L

1

e2Rt/L � 1
<latexit sha1_base64="/Iwg6dOpbafS3thMcV+TSfZRQag="></latexit><latexit sha1_base64="/Iwg6dOpbafS3thMcV+TSfZRQag="></latexit><latexit sha1_base64="/Iwg6dOpbafS3thMcV+TSfZRQag="></latexit><latexit sha1_base64="/Iwg6dOpbafS3thMcV+TSfZRQag="></latexit>

⇧(t) =
E2

RT
(1� e�Rt/L)2 +

R

L

e�2Rt/L

e2Rt/L � 1
<latexit sha1_base64="RDCgIaAlhDNxd8Kqa16NULUA9ns="></latexit><latexit sha1_base64="RDCgIaAlhDNxd8Kqa16NULUA9ns="></latexit><latexit sha1_base64="RDCgIaAlhDNxd8Kqa16NULUA9ns="></latexit><latexit sha1_base64="RDCgIaAlhDNxd8Kqa16NULUA9ns="></latexit>

� = ⇧� dS

dt
<latexit sha1_base64="P9ZGK5kisl7p0TWAONCIYc1rzU0=">AAACK3icbVC7TsMwFHXKq5RXgBEGiwqJhSpBSHRBqsTCGAR9SE1UOY7TWnWcyHaQqigLX8PCAL/CBGLlHxhx2gy05Uq2js65177n+AmjUlnWh1FZWV1b36hu1ra2d3b3zP2DjoxTgUkbxywWPR9JwignbUUVI71EEBT5jHT98U2hdx+JkDTmD2qSEC9CQ05DipHS1MA8dp0RhdfQdSg8h24oEM4CeJ/rS+UDs241rGnBZWCXoA7KcgbmjxvEOI0IV5ghKfu2lSgvQ0JRzEhec1NJEoTHaEj6GnIUEellUxc5PNVMAMNY6MMVnLJ/JzIUSTmJfN0ZITWSi1pB/qv50dzPGaeYFEYX9lFh08soT1JFOJ6tE6YMqhgWwcGACoIVm2iAsKDaEcQjpJ9ROt6ajspeDGYZdC4attWw7y7rrWYZWhUcgRNwBmxwBVrgFjigDTB4As/gFbwZL8a78Wl8zVorRjlzCObK+P4Fo/GmyA==</latexit><latexit sha1_base64="P9ZGK5kisl7p0TWAONCIYc1rzU0=">AAACK3icbVC7TsMwFHXKq5RXgBEGiwqJhSpBSHRBqsTCGAR9SE1UOY7TWnWcyHaQqigLX8PCAL/CBGLlHxhx2gy05Uq2js65177n+AmjUlnWh1FZWV1b36hu1ra2d3b3zP2DjoxTgUkbxywWPR9JwignbUUVI71EEBT5jHT98U2hdx+JkDTmD2qSEC9CQ05DipHS1MA8dp0RhdfQdSg8h24oEM4CeJ/rS+UDs241rGnBZWCXoA7KcgbmjxvEOI0IV5ghKfu2lSgvQ0JRzEhec1NJEoTHaEj6GnIUEellUxc5PNVMAMNY6MMVnLJ/JzIUSTmJfN0ZITWSi1pB/qv50dzPGaeYFEYX9lFh08soT1JFOJ6tE6YMqhgWwcGACoIVm2iAsKDaEcQjpJ9ROt6ajspeDGYZdC4attWw7y7rrWYZWhUcgRNwBmxwBVrgFjigDTB4As/gFbwZL8a78Wl8zVorRjlzCObK+P4Fo/GmyA==</latexit><latexit sha1_base64="P9ZGK5kisl7p0TWAONCIYc1rzU0=">AAACK3icbVC7TsMwFHXKq5RXgBEGiwqJhSpBSHRBqsTCGAR9SE1UOY7TWnWcyHaQqigLX8PCAL/CBGLlHxhx2gy05Uq2js65177n+AmjUlnWh1FZWV1b36hu1ra2d3b3zP2DjoxTgUkbxywWPR9JwignbUUVI71EEBT5jHT98U2hdx+JkDTmD2qSEC9CQ05DipHS1MA8dp0RhdfQdSg8h24oEM4CeJ/rS+UDs241rGnBZWCXoA7KcgbmjxvEOI0IV5ghKfu2lSgvQ0JRzEhec1NJEoTHaEj6GnIUEellUxc5PNVMAMNY6MMVnLJ/JzIUSTmJfN0ZITWSi1pB/qv50dzPGaeYFEYX9lFh08soT1JFOJ6tE6YMqhgWwcGACoIVm2iAsKDaEcQjpJ9ROt6ajspeDGYZdC4attWw7y7rrWYZWhUcgRNwBmxwBVrgFjigDTB4As/gFbwZL8a78Wl8zVorRjlzCObK+P4Fo/GmyA==</latexit><latexit sha1_base64="P9ZGK5kisl7p0TWAONCIYc1rzU0=">AAACK3icbVC7TsMwFHXKq5RXgBEGiwqJhSpBSHRBqsTCGAR9SE1UOY7TWnWcyHaQqigLX8PCAL/CBGLlHxhx2gy05Uq2js65177n+AmjUlnWh1FZWV1b36hu1ra2d3b3zP2DjoxTgUkbxywWPR9JwignbUUVI71EEBT5jHT98U2hdx+JkDTmD2qSEC9CQ05DipHS1MA8dp0RhdfQdSg8h24oEM4CeJ/rS+UDs241rGnBZWCXoA7KcgbmjxvEOI0IV5ghKfu2lSgvQ0JRzEhec1NJEoTHaEj6GnIUEellUxc5PNVMAMNY6MMVnLJ/JzIUSTmJfN0ZITWSi1pB/qv50dzPGaeYFEYX9lFh08soT1JFOJ6tE6YMqhgWwcGACoIVm2iAsKDaEcQjpJ9ROt6ajspeDGYZdC4attWw7y7rrWYZWhUcgRNwBmxwBVrgFjigDTB4As/gFbwZL8a78Wl8zVorRjlzCObK+P4Fo/GmyA==</latexit>

GTL, T. Tomé and M. J. de Oliveira,  J. Phys. A, 46, 395001 (2013)
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WHY ENTROPY PRODUCTION MATTERS

The entropy production directly influences the efficiency of a heat engine.

Q̇h
<latexit sha1_base64="kziTTSAbeFwrAacqCMaYTquqmvo=">AAACFnicbVA9TwJBFNzDL8Qv1NLmIjGxInfGRAsLEhtLSAQ0cCF7yzvYsLt32X1nQi78ChsL/St2xtbWf2LpAlcIOMkmk5k3u28nTAQ36HnfTmFtfWNzq7hd2tnd2z8oHx61TJxqBk0Wi1g/hNSA4AqayFHAQ6KBylBAOxzdTv32E2jDY3WP4wQCSQeKR5xRtNJjtx9j1pj0hr1yxat6M7irxM9JheSo98o/NstSCQqZoMZ0fC/BIKMaORMwKXVTAwllIzqAjqWKSjBBNlt44p5Zpe9GsbZHoTtT/yYyKo0Zy9BOSopDs+xNxX+9UC68nCnOINKULe2D0XWQcZWkCIrN14lS4WLsTjty+1wDQzG2hDLN7Y9cNqT2GrRNlmxV/nIxq6R1UfW9qt+4rNRu8tKK5IScknPikytSI3ekTpqEEUmeySt5c16cd+fD+ZyPFpw8c0wW4Hz9AtfxoF0=</latexit><latexit sha1_base64="kziTTSAbeFwrAacqCMaYTquqmvo=">AAACFnicbVA9TwJBFNzDL8Qv1NLmIjGxInfGRAsLEhtLSAQ0cCF7yzvYsLt32X1nQi78ChsL/St2xtbWf2LpAlcIOMkmk5k3u28nTAQ36HnfTmFtfWNzq7hd2tnd2z8oHx61TJxqBk0Wi1g/hNSA4AqayFHAQ6KBylBAOxzdTv32E2jDY3WP4wQCSQeKR5xRtNJjtx9j1pj0hr1yxat6M7irxM9JheSo98o/NstSCQqZoMZ0fC/BIKMaORMwKXVTAwllIzqAjqWKSjBBNlt44p5Zpe9GsbZHoTtT/yYyKo0Zy9BOSopDs+xNxX+9UC68nCnOINKULe2D0XWQcZWkCIrN14lS4WLsTjty+1wDQzG2hDLN7Y9cNqT2GrRNlmxV/nIxq6R1UfW9qt+4rNRu8tKK5IScknPikytSI3ekTpqEEUmeySt5c16cd+fD+ZyPFpw8c0wW4Hz9AtfxoF0=</latexit><latexit sha1_base64="kziTTSAbeFwrAacqCMaYTquqmvo=">AAACFnicbVA9TwJBFNzDL8Qv1NLmIjGxInfGRAsLEhtLSAQ0cCF7yzvYsLt32X1nQi78ChsL/St2xtbWf2LpAlcIOMkmk5k3u28nTAQ36HnfTmFtfWNzq7hd2tnd2z8oHx61TJxqBk0Wi1g/hNSA4AqayFHAQ6KBylBAOxzdTv32E2jDY3WP4wQCSQeKR5xRtNJjtx9j1pj0hr1yxat6M7irxM9JheSo98o/NstSCQqZoMZ0fC/BIKMaORMwKXVTAwllIzqAjqWKSjBBNlt44p5Zpe9GsbZHoTtT/yYyKo0Zy9BOSopDs+xNxX+9UC68nCnOINKULe2D0XWQcZWkCIrN14lS4WLsTjty+1wDQzG2hDLN7Y9cNqT2GrRNlmxV/nIxq6R1UfW9qt+4rNRu8tKK5IScknPikytSI3ekTpqEEUmeySt5c16cd+fD+ZyPFpw8c0wW4Hz9AtfxoF0=</latexit><latexit sha1_base64="kziTTSAbeFwrAacqCMaYTquqmvo=">AAACFnicbVA9TwJBFNzDL8Qv1NLmIjGxInfGRAsLEhtLSAQ0cCF7yzvYsLt32X1nQi78ChsL/St2xtbWf2LpAlcIOMkmk5k3u28nTAQ36HnfTmFtfWNzq7hd2tnd2z8oHx61TJxqBk0Wi1g/hNSA4AqayFHAQ6KBylBAOxzdTv32E2jDY3WP4wQCSQeKR5xRtNJjtx9j1pj0hr1yxat6M7irxM9JheSo98o/NstSCQqZoMZ0fC/BIKMaORMwKXVTAwllIzqAjqWKSjBBNlt44p5Zpe9GsbZHoTtT/yYyKo0Zy9BOSopDs+xNxX+9UC68nCnOINKULe2D0XWQcZWkCIrN14lS4WLsTjty+1wDQzG2hDLN7Y9cNqT2GrRNlmxV/nIxq6R1UfW9qt+4rNRu8tKK5IScknPikytSI3ekTpqEEUmeySt5c16cd+fD+ZyPFpw8c0wW4Hz9AtfxoF0=</latexit>

Q̇c
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The efficiency in the steady-state reads:

Entropy production is the reason why the efficiency is smaller than Carnot’s.

⌘ = � Ẇ

Q̇h

= 1 +
Q̇c

Q̇h

= 1� Tc

Th
� Tc

Q̇h

⇧
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= Q̇h + Q̇c + Ẇ = 0
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The 1st and 2nd laws in the steady-state, read:



THEORETICAL FRAMEWORKS FOR ENTROPY 
PRODUCTION



SCHNAKENBERG’S APPROACH
Consider a discrete state system described by the classical master 
equation:

dpn
dt

=
X

m

⇢
W (n|m)pm �W (m|n)pn

�

Schnakenberg, Rev. Mod. Phys., 48, 571 (1976)

We now look at the evolution of the Shannon entropy: 

S = �
X

n

pn ln pn
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We also assume detailed balance for simplicity (his result is actually more 
general):

W (n|m)

W (m|n) =
peqn
peqm

= e��(En�Em)
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dS

dt
=

1

T

dQ

dt
+⇧
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Schnakenberg showed that

where

We can rewrite this formula in a neat way in terms of the relative entropy 
(Kullback-Leibler divergence): 

⇧ = � d

dt
S(p(t)||peq)
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QUANTUM MASTER EQUATIONS

The entropy production for certain master equations can be formulated in 
an analogous way. 

H. Spohn, J. Math. Phys., 19, 1227 (1978).

d⇢

dt
= �(1� f)


��⇢�+ � 1

2
{�+��, ⇢}

�
+ �f


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2
{���+, ⇢}
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This equation falls under a category known as Davies map. 

The entropy production can be shown to be:

⇧ = �dS(⇢||⇢eq)
dt
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Consider, for instance
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=
X
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�
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Davies maps select the energy basis as a preferred basis (einselection).

This means the populations                     will evolve according to pn = hn|⇢|ni
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We can now split 

S(⇢||⇢eq) = S(p||peq) + C(⇢)
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C(⇢) = S(p)� S(⇢)
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(relative entropy of coherence)

⇧ = �dS(p||peq)

dt
� dC

dt
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This yields:

Coherence does not affect the entropy flux. 

But decoherence is irreversible and thus affects the entropy production.

J. P. Santos, L. Céleri, GTL, M. Paternostro, to appear in Nature Quantum Information (arXiv 1707.08946)



ENTROPY PRODUCTION IN QUANTUM PHASE 
SPACE

Jader P. Santos, GTL and Mauro Paternostro, Phys. Rev. Lett, 118, 220601 (2017), 
(arXiv 1706.01145)



TROUBLE @ T = 0

An optical cavity with leaky photons is well described by a Lindblad 
dissipator of the form

D(⇢) = �(N + 1)


a⇢a† � 1

2
{a†a, ⇢}

�
+ �N


a†⇢a� 1

2
{aa†, ⇢}

�
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This is equivalent to a zero temperature dissipator, as it never creates 
excitations, but only destroys them. 

D(⇢) = �


a⇢a† � 1

2
{a†a, ⇢}

�
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If we apply the standard results of thermodynamics, both the entropy flux 
and the entropy production diverge:

dS

dt
= ⇧+

Q̇

T
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⇧ = � d

dt
S(⇢||⇢eq)
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EXAMPLE: EVOLUTION OF A COHERENT STATE

Consider the evolution of a harmonic oscillator subject only to:

⇢(0) = |µihµ|
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And assume the initial state is a coherent 
state:
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Then the state will remain a coherent 
state throughout:

⇢(t) = |µtihµt|
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The entropy is always zero. But Π and Φ will be infinite.



NON-EQUILIBRIUM BATHS
The leaky cavity is not an equilibrium bath. It is engineered.

This divergence is not physical: we are applying a thermodynamic result 
to a non-thermodynamic scenario.

Motivation: to extend the theory of entropy production to non-
equilibrium environments. e.g.

leaky cavities

squeezed baths

dephasing baths

spontaneous emission.



WIGNER FUNCTION

In our approach we formulate the problem in quantum phase space
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QUANTUM FOKKER-PLANCK EQUATION

The Lindblad equation (no Hamiltonian for simplicity),

d⇢

dt
= D(⇢) = �(N + 1)
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then becomes the Fokker-Planck equation

@tW =
�

2

⇢
@↵(↵W ) + @↵⇤(↵⇤W )

�
+ �(N + 1/2)@↵@↵⇤W

<latexit sha1_base64="X54MX4PJfE+JNy+QbzSDUZarLJs="></latexit><latexit sha1_base64="X54MX4PJfE+JNy+QbzSDUZarLJs="></latexit><latexit sha1_base64="X54MX4PJfE+JNy+QbzSDUZarLJs="></latexit><latexit sha1_base64="X54MX4PJfE+JNy+QbzSDUZarLJs="></latexit>

This has the typical form of a diffusion equation
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WIGNER CURRENTS

The QFP may always be written as a continuity equation

@tW = @↵J(W ) + @↵⇤J⇤(W )
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where J(W) are quasi-probability currents
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Why this matters: equilibrium is the only state where the currents are zero.

J(Weq) = 0
<latexit sha1_base64="bfK627U8yubJqV3n68LdHcTBKxQ=">AAACIXicbVDLSgMxFM3UV62vWpdugkWomzIjgt0IBTfiqoJthbaUTHpHQzOZMbkjLUN/xY0L/RV34k78EZemj4VtPRA4nHNvcnL8WAqDrvvlZFZW19Y3spu5re2d3b38fqFhokRzqPNIRvrOZwakUFBHgRLuYg0s9CU0/f7l2G8+gTYiUrc4jKETsnslAsEZWqmbL1yXmt02wgBTeByd0AvqdvNFt+xOQJeJNyNFMkOtm/9p9yKehKCQS2ZMy3Nj7KRMo+ASRrl2YiBmvM/uoWWpYiGYTjrJPqLHVunRINL2KKQT9e9GykJjhqFvJ0OGD2bRG4v/en4493KqBIdAM76QB4NKJxUqThAUn8YJEkkxouO6aE9o4CiHljCuhf0R5Q/MXoO21JytylssZpk0TsueW/ZuzorVyqy0LDkkR6REPHJOquSK1EidcDIgz+SVvDkvzrvz4XxORzPObOeAzMH5/gV+A6Me</latexit><latexit sha1_base64="bfK627U8yubJqV3n68LdHcTBKxQ=">AAACIXicbVDLSgMxFM3UV62vWpdugkWomzIjgt0IBTfiqoJthbaUTHpHQzOZMbkjLUN/xY0L/RV34k78EZemj4VtPRA4nHNvcnL8WAqDrvvlZFZW19Y3spu5re2d3b38fqFhokRzqPNIRvrOZwakUFBHgRLuYg0s9CU0/f7l2G8+gTYiUrc4jKETsnslAsEZWqmbL1yXmt02wgBTeByd0AvqdvNFt+xOQJeJNyNFMkOtm/9p9yKehKCQS2ZMy3Nj7KRMo+ASRrl2YiBmvM/uoWWpYiGYTjrJPqLHVunRINL2KKQT9e9GykJjhqFvJ0OGD2bRG4v/en4493KqBIdAM76QB4NKJxUqThAUn8YJEkkxouO6aE9o4CiHljCuhf0R5Q/MXoO21JytylssZpk0TsueW/ZuzorVyqy0LDkkR6REPHJOquSK1EidcDIgz+SVvDkvzrvz4XxORzPObOeAzMH5/gV+A6Me</latexit><latexit sha1_base64="bfK627U8yubJqV3n68LdHcTBKxQ=">AAACIXicbVDLSgMxFM3UV62vWpdugkWomzIjgt0IBTfiqoJthbaUTHpHQzOZMbkjLUN/xY0L/RV34k78EZemj4VtPRA4nHNvcnL8WAqDrvvlZFZW19Y3spu5re2d3b38fqFhokRzqPNIRvrOZwakUFBHgRLuYg0s9CU0/f7l2G8+gTYiUrc4jKETsnslAsEZWqmbL1yXmt02wgBTeByd0AvqdvNFt+xOQJeJNyNFMkOtm/9p9yKehKCQS2ZMy3Nj7KRMo+ASRrl2YiBmvM/uoWWpYiGYTjrJPqLHVunRINL2KKQT9e9GykJjhqFvJ0OGD2bRG4v/en4493KqBIdAM76QB4NKJxUqThAUn8YJEkkxouO6aE9o4CiHljCuhf0R5Q/MXoO21JytylssZpk0TsueW/ZuzorVyqy0LDkkR6REPHJOquSK1EidcDIgz+SVvDkvzrvz4XxORzPObOeAzMH5/gV+A6Me</latexit><latexit sha1_base64="bfK627U8yubJqV3n68LdHcTBKxQ=">AAACIXicbVDLSgMxFM3UV62vWpdugkWomzIjgt0IBTfiqoJthbaUTHpHQzOZMbkjLUN/xY0L/RV34k78EZemj4VtPRA4nHNvcnL8WAqDrvvlZFZW19Y3spu5re2d3b38fqFhokRzqPNIRvrOZwakUFBHgRLuYg0s9CU0/f7l2G8+gTYiUrc4jKETsnslAsEZWqmbL1yXmt02wgBTeByd0AvqdvNFt+xOQJeJNyNFMkOtm/9p9yKehKCQS2ZMy3Nj7KRMo+ASRrl2YiBmvM/uoWWpYiGYTjrJPqLHVunRINL2KKQT9e9GykJjhqFvJ0OGD2bRG4v/en4493KqBIdAM76QB4NKJxUqThAUn8YJEkkxouO6aE9o4CiHljCuhf0R5Q/MXoO21JytylssZpk0TsueW/ZuzorVyqy0LDkkR6REPHJOquSK1EidcDIgz+SVvDkvzrvz4XxORzPObOeAzMH5/gV+A6Me</latexit>

Weq =
1

⇡(N + 1/2)
e�

|↵|2
N+1/2

<latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="aJjFSX014eVNlKCuJLrLGrVaZUE=">AAAB/3icbZDLSgMxGIX/qbc6Vq1rN8EiuCozbnQpuHFZwV6gHUom808bmmSGJFMoQ1/AhRtfxZ34IL6JS9PLwrb+EDick8vJF+eCGxsE315lb//g8Kh67J/U/NOz83qtY7JCM2yzTGS6F1ODgitsW24F9nKNVMYCu/HkcZF3p6gNz9SLneUYSTpSPOWMWme1hvVG0AyWQ3ZFuBYNWM+w/jNIMlZIVJYJakw/DHIblVRbzgTO/UFhMKdsQkfYd1JRiSYqlzXn5No5CUkz7ZayZOn+PVFSacxMxm6npHZstrOF+W8Wy42XS8UZppqyrT42vY9KrvLComKrOmkhiM3IggxJuEZmxcwJyjR3PyJsTN011vHzHalwm8uu6Nw2w6AZPgdQhUu4ghsI4Q4e4Ala0AYGCbzCu/fmfXifK6IVb432AjbG+/oFqlaZ7g==</latexit><latexit sha1_base64="/+jEKnvOZeU1gyYtrndQ3/DkHPE="></latexit><latexit sha1_base64="/+jEKnvOZeU1gyYtrndQ3/DkHPE="></latexit><latexit sha1_base64="JnkYh/zfqfVNmAUigqGMa7SE5PI="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit><latexit sha1_base64="kl5Dc785/bkCVW7rvuGuJ+c3B1g="></latexit>

This is detailed balance.



WIGNER ENTROPY AND RÉNYI-2

Instead of using the von Neumann entropy, we adopt the entropy of the 
Wigner function:

S = �
Z

d2↵ W lnW
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This will be real for Gaussian states (because then W > 0).

Adesso, Girolami, Serafini, PRL, 109, 190502 (2012) 

S2 = � ln tr⇢2
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The Wigner entropy therefore has an operational interpretation, in terms 
of the purity of a Gaussian state.

Moreover, for Gaussian states it turns out to coincide with the Rényi-2 
entropy



For non-Gaussian states, one may use instead the Wehrl entropy for the 
Husimi function:

SQ = �
Z

d2↵ Q lnQ
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A. Wehrl, “General Properties of Entropy,”, Rev. Mod. Phys. , 50, 221 (1978)

It can be interpreted as a sampling entropy, related to phase space 
measurements.

V. Buzek, C. Keitel and. P. Knight,  Phys. Rev. A., 51, 2575 (1995)

Can also be extended to spin systems using spin coherent states.

J. P. Santos, L. Céleri, F. Brito, GTL, M. Paternostro, Phys. Rev. A. 97, 052123 (2018)
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WIGNER Π AND Φ
We can now exploit the extensive literature in entropy production for 
classical Fokker-Planck equations.

@tW = @↵J(W ) + @↵⇤J⇤(W )
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S = �
Z

d2↵ W lnW
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U. Seifert, Rep. Prog. Phys., 75, 126001 (2012)

A straightforward calculation shows that dS

dt
=

Q̇

!(N + 1/2)
+⇧
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⇧ =
4

�(N + 1/2)

Z
d2↵

|J(W )|2

W
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where



The entropy production may also be written as 

⇧ = �dS(W ||Weq)

dt
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S(W ||Weq) =

Z
d2↵ W ln

W

Weq
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But now bot remain finite at T = 0. 

!(n+ 1/2) ' TAt high temperatures                          which leads to � = � Q̇

T
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Jader P. Santos, GTL and Mauro Paternostro, Phys. Rev. Lett, 118, 220601 (2017), 
(arXiv 1706.01145)

The extension to other reservoirs is now identical: squeezing, dephasing, 
&c.

The entropy flux is � = � Q̇

!(N + 1/2)
=

�

N + 1/2


ha†ai �N

�
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NON-EQUILIBRIUM STEADY-STATES (NESS)

William B. Malouf, Jader P. Santos, Luis A. Correa, Mauro Paternostro and GTL
Wigner entropy production and heat transport in linear quantum lattices
arXiv 1901.03127 



BOUNDARY DRIVEN SYSTEMS (LOCAL M-EQUATION)

We now consider a chain of bosonic modes coupled to 2 baths at the end 
points:

The corresponding Fokker-Planck equation is 

@tW = U(W ) +
X

i=1,L

@↵iJi(W ) + @↵⇤
i
J⇤
i (W )
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d⇢

dt
= �i[H, ⇢] +D1(⇢) +DL(⇢)
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The entropy balance equations now read 

dS

dt
=

X

i=1,L

(⇧i � �i)
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Allows us to quantify flux and production to each individual dissipation channel.



The entropy flux rate is now trivially generalized:

�i = � Q̇i

!i(Ni + 1/2)
=

�i
Ni + 1/2


ha†iaii �Ni

�
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The entropy production rate is also apparently trivial:

⇧i =
4

�i(Ni + 1/2)

Z
d2↵

|Ji(W )|2

W
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There is a subtlety, however: it is no longer simply a relative entropy,

⇧ =
X

i

⇧i = �dS(W ||Weq)

dt
�

Z
d2↵ U(W ) lnWeq
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Unitary terms now contribute. In fact, in the NESS they are absolutely 
essential:

They are the terms that allow for a current to flow from one bath to 
the other.



EXPERIMENTAL DETERMINATION OF THE ENTROPY 
PRODUCTION IN MESOSCOPIC QUANTUM SYSTEMS 

M. Brunelli, L. Fusco, R. Landig,  W.  Wieczorek,  J. Hoelscher-Obermaier, GTL, F Semião,  A. Ferraro,   
N. Kiesel, T. Donner, G. De Chiara, and M. Paternostro.
Phys. Rev. Lett., 121, 160604 (2018)



OPTOMECHANICS

A thin membrane is allowed to vibrate in contact 
with radiation trapped in a cavity:

Aspelmeyer group
Viena

H = !ca
†a+

✓
p2

2m
+

1

2
m!2

mx2

◆

�ga

†
ax+ ✏(a†e�i!pt + ae

i!pt)

d⇢

dt
= �i[H, ⇢] +Dc(⇢) +Dm(⇢)

Groeblacher, et. al., Nature Communications, 6, 7606 (2015)

Dc(⇢) = 2


a⇢a† � 1

2
{a†a, ⇢}

�



DRIVEN-DISSIPATIVE BEC

BEC in an optical lattice, inside a high-finesse optical cavity

Esslinger group
ETH

H = !ca
†a+

!0

2
(b†1b1 � b†0b0) +

2�p
N

(a+ a†)(b†0b1 + b†1b0)

b0 and b1 are bosonic operators 
of the ground-state and first 
excited state of the BEC

Baumann, et. al.,Nature, 464,1301 (2010)

d⇢

dt
= �i[H, ⇢] +Dc(⇢) +DBEC(⇢)
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GAUSSIANIZATION

Both models can be Gaussianized for large drive and converted into an 
effective system of two harmonic oscillators

H = !aa
†a+ !bb

†b+ g(a+ a†)(b+ b†)

For the BEC, the mode b is a collective (Schwinger) mode of the atomic 
system.

von Neumann formalism gives diverging results due to the leaky cavity 
dissipator.

The Wigner framework is therefore the only framework capable of 
describing entropy production in these systems.



RESULTS

optomechanics

Π increases with optomechanical coupling.
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BEC

Π diverges at the Dicke critical point.
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CONCLUSIONS

Irreversibility in quantum systems: Understand and quantify.

Bridge between non-equilibrium physics and quantum information.

Phase space formalism provides new physical insight (understand).

And is the only available alternative at the moment for certain 
experimentally relevant problems (quantify).
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