
THERMODYNAMIC UNCERTAINTY RELATIONS AND THEIR 
CONNECTION WITH FLUCTUATION THEOREMS

Gabriel T. Landi
Instituto de Física da Universidade de São Paulo

Quantum Africa 5 - Cape Town, South Africa
September 6th, 2019 www.fmt.if.usp.br/~gtlandi



arXiv 1904.07574

I. Entropy production.

II. Thermodynamic uncertainty 
relations (TURs).

III. TURs and fluctuation 
theorems.

IV. Applications to quantum heat 
engines.



Entropy production and the 2nd law
1st and 2nd laws for a system coupled to two baths:

Entropy production is therefore the reason the efficiency is smaller than Carnot:
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The efficiency of the engine may then be written as

⌘ = � Ẇ
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2nd law



Thermodynamic Uncertainty Relations (TURs)

A. C. Barato, U. Seifert, “Thermodynamic Uncertainty Relation for Biomolecular Processes”, 
Physical Review Letters, 114, 158101 (2015)
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• Proved for classical Markov 
processes.

• Physical origins are rather 
obscure.

• Regime of validity not fully 
understood.

• Quantum effects?



Implications for mesoscopic engines

P. Pietzonka and U. Seifert, Phys. Rev. Lett., 120, 190602 (2017)

In an autonomous engine the quantity of interest is the output power    .Ẇ
<latexit sha1_base64="C3nPJ6nxox17PMw82SBxutgHk7c=">AAACFHicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgj0WvHisYLtCu5Rs+rYNzWaXJCuUpT/Ciwf9K97Eq3f/iUfTdg+2dSAwzLxJXiZMBdfGdb+d0sbm1vZOebeyt39weFQ9PunoJFMM2ywRiXoMqUbBJbYNNwIfU4U0DgX64fh25vtPqDRP5IOZpBjEdCh5xBk1VvJ7g8Tk/rRfrbl1dw6yTryC1KBAq1/9sUmWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT5fd0ourDIgUaLskYbM1b+JnMZaT+LQTsbUjPSqNxP/9cJ46eVccoaRomxlHxM1gpzLNDMo2WKdKBPEJGTWEBlwhcyIiSWUKW5/RNiI2muM7bFiq/JWi1knnau659a9++tas1GUVoYzOIdL8OAGmnAHLWgDgzE8wyu8OS/Ou/PhfC5GS06ROYUlOF+/RSWfhA==</latexit><latexit sha1_base64="C3nPJ6nxox17PMw82SBxutgHk7c=">AAACFHicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgj0WvHisYLtCu5Rs+rYNzWaXJCuUpT/Ciwf9K97Eq3f/iUfTdg+2dSAwzLxJXiZMBdfGdb+d0sbm1vZOebeyt39weFQ9PunoJFMM2ywRiXoMqUbBJbYNNwIfU4U0DgX64fh25vtPqDRP5IOZpBjEdCh5xBk1VvJ7g8Tk/rRfrbl1dw6yTryC1KBAq1/9sUmWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT5fd0ourDIgUaLskYbM1b+JnMZaT+LQTsbUjPSqNxP/9cJ46eVccoaRomxlHxM1gpzLNDMo2WKdKBPEJGTWEBlwhcyIiSWUKW5/RNiI2muM7bFiq/JWi1knnau659a9++tas1GUVoYzOIdL8OAGmnAHLWgDgzE8wyu8OS/Ou/PhfC5GS06ROYUlOF+/RSWfhA==</latexit><latexit sha1_base64="C3nPJ6nxox17PMw82SBxutgHk7c=">AAACFHicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgj0WvHisYLtCu5Rs+rYNzWaXJCuUpT/Ciwf9K97Eq3f/iUfTdg+2dSAwzLxJXiZMBdfGdb+d0sbm1vZOebeyt39weFQ9PunoJFMM2ywRiXoMqUbBJbYNNwIfU4U0DgX64fh25vtPqDRP5IOZpBjEdCh5xBk1VvJ7g8Tk/rRfrbl1dw6yTryC1KBAq1/9sUmWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT5fd0ourDIgUaLskYbM1b+JnMZaT+LQTsbUjPSqNxP/9cJ46eVccoaRomxlHxM1gpzLNDMo2WKdKBPEJGTWEBlwhcyIiSWUKW5/RNiI2muM7bFiq/JWi1knnau659a9++tas1GUVoYzOIdL8OAGmnAHLWgDgzE8wyu8OS/Ou/PhfC5GS06ROYUlOF+/RSWfhA==</latexit><latexit sha1_base64="C3nPJ6nxox17PMw82SBxutgHk7c=">AAACFHicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgj0WvHisYLtCu5Rs+rYNzWaXJCuUpT/Ciwf9K97Eq3f/iUfTdg+2dSAwzLxJXiZMBdfGdb+d0sbm1vZOebeyt39weFQ9PunoJFMM2ywRiXoMqUbBJbYNNwIfU4U0DgX64fh25vtPqDRP5IOZpBjEdCh5xBk1VvJ7g8Tk/rRfrbl1dw6yTryC1KBAq1/9sUmWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT5fd0ourDIgUaLskYbM1b+JnMZaT+LQTsbUjPSqNxP/9cJ46eVccoaRomxlHxM1gpzLNDMo2WKdKBPEJGTWEBlwhcyIiSWUKW5/RNiI2muM7bFiq/JWi1knnau659a9++tas1GUVoYzOIdL8OAGmnAHLWgDgzE8wyu8OS/Ou/PhfC5GS06ROYUlOF+/RSWfhA==</latexit>

The TUR in this case then reads
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But                          , which gives h⌃̇i = hQ̇hi
Tc
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⌘ = ⌘C � Tc
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Finally, we note that                . Whence⌘ = � hẆ i
hQ̇hi

<latexit sha1_base64="Xk/453P2pRUT2HlMZXbrGZ6E5Fs=">AAACUHicbVFNSwMxEJ2tX7V+VT16CRbBi2VXBL0IihePCtYKbinZdLYNZrNLMiuUpb/HX+PFg+I/6U3TWsVWB0Je3ptMZl6iTElLvv/ulebmFxaXysuVldW19Y3q5tatTXMjsCFSlZq7iFtUUmODJCm8ywzyJFLYjB4uRnrzEY2Vqb6hfoathHe1jKXg5Kh29TxE4uyUHYSx4aIIFdddhSzspFQ0Byw04/NgWrgetHs/Urta8+v+ONhfEExADSZx1a4OXRGRJ6hJKG7tfeBn1Cq4ISlcvUqYW8y4eOBdvHdQ8wRtqxiPOmB7jumwODVuaWJj9veNgifW9pPIZSacenZWG5H/alEy9XKhpcCRJTP9UHzSKqTOckItvtqJc8UoZSN3WUcaFKT6DnBhpJuIiR53Zcj9QcVZFcwa8xfcHtYDvx5cH9XOTiamlWEHdmEfAjiGM7iEK2iAgCd4hld48168ofdR8r5Sv3fYhqkoVT4BD3a1ng==</latexit><latexit sha1_base64="Xk/453P2pRUT2HlMZXbrGZ6E5Fs=">AAACUHicbVFNSwMxEJ2tX7V+VT16CRbBi2VXBL0IihePCtYKbinZdLYNZrNLMiuUpb/HX+PFg+I/6U3TWsVWB0Je3ptMZl6iTElLvv/ulebmFxaXysuVldW19Y3q5tatTXMjsCFSlZq7iFtUUmODJCm8ywzyJFLYjB4uRnrzEY2Vqb6hfoathHe1jKXg5Kh29TxE4uyUHYSx4aIIFdddhSzspFQ0Byw04/NgWrgetHs/Urta8+v+ONhfEExADSZx1a4OXRGRJ6hJKG7tfeBn1Cq4ISlcvUqYW8y4eOBdvHdQ8wRtqxiPOmB7jumwODVuaWJj9veNgifW9pPIZSacenZWG5H/alEy9XKhpcCRJTP9UHzSKqTOckItvtqJc8UoZSN3WUcaFKT6DnBhpJuIiR53Zcj9QcVZFcwa8xfcHtYDvx5cH9XOTiamlWEHdmEfAjiGM7iEK2iAgCd4hld48168ofdR8r5Sv3fYhqkoVT4BD3a1ng==</latexit><latexit sha1_base64="Xk/453P2pRUT2HlMZXbrGZ6E5Fs=">AAACUHicbVFNSwMxEJ2tX7V+VT16CRbBi2VXBL0IihePCtYKbinZdLYNZrNLMiuUpb/HX+PFg+I/6U3TWsVWB0Je3ptMZl6iTElLvv/ulebmFxaXysuVldW19Y3q5tatTXMjsCFSlZq7iFtUUmODJCm8ywzyJFLYjB4uRnrzEY2Vqb6hfoathHe1jKXg5Kh29TxE4uyUHYSx4aIIFdddhSzspFQ0Byw04/NgWrgetHs/Urta8+v+ONhfEExADSZx1a4OXRGRJ6hJKG7tfeBn1Cq4ISlcvUqYW8y4eOBdvHdQ8wRtqxiPOmB7jumwODVuaWJj9veNgifW9pPIZSacenZWG5H/alEy9XKhpcCRJTP9UHzSKqTOckItvtqJc8UoZSN3WUcaFKT6DnBhpJuIiR53Zcj9QcVZFcwa8xfcHtYDvx5cH9XOTiamlWEHdmEfAjiGM7iEK2iAgCd4hld48168ofdR8r5Sv3fYhqkoVT4BD3a1ng==</latexit><latexit sha1_base64="Xk/453P2pRUT2HlMZXbrGZ6E5Fs=">AAACUHicbVFNSwMxEJ2tX7V+VT16CRbBi2VXBL0IihePCtYKbinZdLYNZrNLMiuUpb/HX+PFg+I/6U3TWsVWB0Je3ptMZl6iTElLvv/ulebmFxaXysuVldW19Y3q5tatTXMjsCFSlZq7iFtUUmODJCm8ywzyJFLYjB4uRnrzEY2Vqb6hfoathHe1jKXg5Kh29TxE4uyUHYSx4aIIFdddhSzspFQ0Byw04/NgWrgetHs/Urta8+v+ONhfEExADSZx1a4OXRGRJ6hJKG7tfeBn1Cq4ISlcvUqYW8y4eOBdvHdQ8wRtqxiPOmB7jumwODVuaWJj9veNgifW9pPIZSacenZWG5H/alEy9XKhpcCRJTP9UHzSKqTOckItvtqJc8UoZSN3WUcaFKT6DnBhpJuIiR53Zcj9QcVZFcwa8xfcHtYDvx5cH9XOTiamlWEHdmEfAjiGM7iEK2iAgCd4hld48168ofdR8r5Sv3fYhqkoVT4BD3a1ng==</latexit>
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⌘C � ⌘
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Connection with fluctuation 
theorems



Fluctuation theorems

Fluctuation theorems describe the stochastic behavior of the entropy 
production:

TA TB

Here we will be concerned with the FT by Jarzynski and Wójcik for 
heat exchange between two systems.

⇢thA
<latexit sha1_base64="Hi7ZzYQcbgYFhiUZnPat9uY6TLQ=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjEwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSTCjtQ==</latexit><latexit sha1_base64="Hi7ZzYQcbgYFhiUZnPat9uY6TLQ=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjEwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSTCjtQ==</latexit><latexit sha1_base64="Hi7ZzYQcbgYFhiUZnPat9uY6TLQ=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjEwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSTCjtQ==</latexit><latexit sha1_base64="Hi7ZzYQcbgYFhiUZnPat9uY6TLQ=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjEwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSTCjtQ==</latexit>
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<latexit sha1_base64="kuAU7oRb+v5Lf0lO9f370sRZDLw=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjBwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSuSjtg==</latexit><latexit sha1_base64="kuAU7oRb+v5Lf0lO9f370sRZDLw=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjBwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSuSjtg==</latexit><latexit sha1_base64="kuAU7oRb+v5Lf0lO9f370sRZDLw=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjBwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSuSjtg==</latexit><latexit sha1_base64="kuAU7oRb+v5Lf0lO9f370sRZDLw=">AAACH3icbVC7TsMwFHV4lvIKMLJEVEhMVYKQ6FjBwlgk+pDaEjnuTWPVcSL7pqKK+icsDPArbIi1f8KI+xhoy5EsHZ1zr318glRwja47sTY2t7Z3dgt7xf2Dw6Nj++S0oZNMMaizRCSqFVANgkuoI0cBrVQBjQMBzWBwP/WbQ1CaJ/IJRyl0Y9qXPOSMopF82+6oKPHvnjsIL5hjNPbtklt2Z3DWibcgJbJAzbd/Or2EZTFIZIJq3fbcFLs5VciZgHGxk2lIKRvQPrQNlTQG3c1nycfOpVF6TpgocyQ6M/XvRk5jrUdxYCZjipFe9abiv14QL72cS84gVJSt5MGw0s25TDMEyeZxwkw4mDjTspweV8BQjAyhTHHzI4dF1FyDptKiqcpbLWadNK7Lnlv2Hm9K1cqitAI5JxfkinjkllTJA6mROmFkSF7JO/mw3qxP68v6no9uWIudM7IEa/ILSuSjtg==</latexit>

|niA
<latexit sha1_base64="KgC30o/cwBFqbryLyYTtmXwaSqg=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLixmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6Z9oUM=</latexit><latexit sha1_base64="KgC30o/cwBFqbryLyYTtmXwaSqg=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLixmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6Z9oUM=</latexit><latexit sha1_base64="KgC30o/cwBFqbryLyYTtmXwaSqg=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLixmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6Z9oUM=</latexit><latexit sha1_base64="KgC30o/cwBFqbryLyYTtmXwaSqg=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLixmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6Z9oUM=</latexit>

|niB
<latexit sha1_base64="94A9O1ESE7H7GqGq5csTovUq08k=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLoxmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6gooUQ=</latexit><latexit sha1_base64="94A9O1ESE7H7GqGq5csTovUq08k=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLoxmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6gooUQ=</latexit><latexit sha1_base64="94A9O1ESE7H7GqGq5csTovUq08k=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLoxmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6gooUQ=</latexit><latexit sha1_base64="94A9O1ESE7H7GqGq5csTovUq08k=">AAACGXicbVDLSgMxFL3js9ZX1aWbYBFclRkR7LLoxmUF+4B2KJn0ThuayQxJRihjf8ONC/0Vd+LWlX/i0rSdhW09EDicc29ycoJEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6nfusRleaxfDDjBP2IDiQPOaPGSt0n2VVUDgT2bkivVHYr7gxklXg5KUOOeq/00+3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slnlCzq3SJ2Gs7JGGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLLmeQMQ0XZUh4TVv2MyyQ1KNk8TpgKYmIyrYn0uUJmxNgSyhS3PyJsSO01xpZZtFV5y8WskuZlxXMr3v1VuVbNSyvAKZzBBXhwDTW4gzo0gEECz/AKb86L8+58OJ/z0TUn3zmBBThfv6gooUQ=</latexit>

UAB
<latexit sha1_base64="I7mAXKpzO5qMVT9a6uamTYvNyJE=">AAACE3icbVDNTgIxGOziH+If6tFLIzHxRHaNiRxRLx4xcYEENqRbvoVK2920XROy4R28eNBX8Wa8+gC+iUcL7EHASZpMZr6vnU6YcKaN6347hbX1jc2t4nZpZ3dv/6B8eNTUcaoo+DTmsWqHRANnEnzDDId2ooCIkEMrHN1O/dYTKM1i+WDGCQSCDCSLGCXGSk2/l13fTHrlilt1Z8CrxMtJBeVo9Mo/3X5MUwHSUE607nhuYoKMKMMoh0mpm2pICB2RAXQslUSADrJZ2gk+s0ofR7GyRxo8U/9uZERoPRahnRTEDPWyNxX/9UKx8HImGYVIEbqUx0S1IGMySQ1IOo8TpRybGE8Lwn2mgBo+toRQxeyPMB0Se42xNZZsVd5yMaukeVH13Kp3f1mp1/LSiugEnaJz5KErVEd3qIF8RNEjekav6M15cd6dD+dzPlpw8p1jtADn6xfYTp63</latexit><latexit sha1_base64="I7mAXKpzO5qMVT9a6uamTYvNyJE=">AAACE3icbVDNTgIxGOziH+If6tFLIzHxRHaNiRxRLx4xcYEENqRbvoVK2920XROy4R28eNBX8Wa8+gC+iUcL7EHASZpMZr6vnU6YcKaN6347hbX1jc2t4nZpZ3dv/6B8eNTUcaoo+DTmsWqHRANnEnzDDId2ooCIkEMrHN1O/dYTKM1i+WDGCQSCDCSLGCXGSk2/l13fTHrlilt1Z8CrxMtJBeVo9Mo/3X5MUwHSUE607nhuYoKMKMMoh0mpm2pICB2RAXQslUSADrJZ2gk+s0ofR7GyRxo8U/9uZERoPRahnRTEDPWyNxX/9UKx8HImGYVIEbqUx0S1IGMySQ1IOo8TpRybGE8Lwn2mgBo+toRQxeyPMB0Se42xNZZsVd5yMaukeVH13Kp3f1mp1/LSiugEnaJz5KErVEd3qIF8RNEjekav6M15cd6dD+dzPlpw8p1jtADn6xfYTp63</latexit><latexit sha1_base64="I7mAXKpzO5qMVT9a6uamTYvNyJE=">AAACE3icbVDNTgIxGOziH+If6tFLIzHxRHaNiRxRLx4xcYEENqRbvoVK2920XROy4R28eNBX8Wa8+gC+iUcL7EHASZpMZr6vnU6YcKaN6347hbX1jc2t4nZpZ3dv/6B8eNTUcaoo+DTmsWqHRANnEnzDDId2ooCIkEMrHN1O/dYTKM1i+WDGCQSCDCSLGCXGSk2/l13fTHrlilt1Z8CrxMtJBeVo9Mo/3X5MUwHSUE607nhuYoKMKMMoh0mpm2pICB2RAXQslUSADrJZ2gk+s0ofR7GyRxo8U/9uZERoPRahnRTEDPWyNxX/9UKx8HImGYVIEbqUx0S1IGMySQ1IOo8TpRybGE8Lwn2mgBo+toRQxeyPMB0Se42xNZZsVd5yMaukeVH13Kp3f1mp1/LSiugEnaJz5KErVEd3qIF8RNEjekav6M15cd6dD+dzPlpw8p1jtADn6xfYTp63</latexit><latexit sha1_base64="I7mAXKpzO5qMVT9a6uamTYvNyJE=">AAACE3icbVDNTgIxGOziH+If6tFLIzHxRHaNiRxRLx4xcYEENqRbvoVK2920XROy4R28eNBX8Wa8+gC+iUcL7EHASZpMZr6vnU6YcKaN6347hbX1jc2t4nZpZ3dv/6B8eNTUcaoo+DTmsWqHRANnEnzDDId2ooCIkEMrHN1O/dYTKM1i+WDGCQSCDCSLGCXGSk2/l13fTHrlilt1Z8CrxMtJBeVo9Mo/3X5MUwHSUE607nhuYoKMKMMoh0mpm2pICB2RAXQslUSADrJZ2gk+s0ofR7GyRxo8U/9uZERoPRahnRTEDPWyNxX/9UKx8HImGYVIEbqUx0S1IGMySQ1IOo8TpRybGE8Lwn2mgBo+toRQxeyPMB0Se42xNZZsVd5yMaukeVH13Kp3f1mp1/LSiugEnaJz5KErVEd3qIF8RNEjekav6M15cd6dD+dzPlpw8p1jtADn6xfYTp63</latexit>

|miA
<latexit sha1_base64="c1NUBVQ2RiN2HPwWX/4YZQDaWGo=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZUYEu6y4cVnBPqAdSia904bmMSQZoYz9DDcu9FfciVt3/olL03YWtvVA4HDOvcnJiRLOjPX9b29tfWNza7uwU9zd2z84LB0dN41KNYUGVVzpdkQMcCahYZnl0E40EBFxaEWj26nfegRtmJIPdpxAKMhAsphRYp3UeRJdTeSAQ++mVyr7FX8GvEqCnJRRjnqv9NPtK5oKkJZyYkwn8BMbZkRbRjlMit3UQELoiAyg46gkAkyYzSJP8LlT+jhW2h1p8Uz9u5ERYcxYRG5SEDs0y95U/NeLxMLLmWQUYk3oUh4bV8OMySS1IOk8TpxybBWetoT7TAO1fOwIoZq5H2E6JO4a67osuqqC5WJWSfOyEviV4P6qXKvmpRXQKTpDFyhA16iG7lAdNRBFCj2jV/TmvXjv3of3OR9d8/KdE7QA7+sXRg2hGA==</latexit><latexit sha1_base64="c1NUBVQ2RiN2HPwWX/4YZQDaWGo=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZUYEu6y4cVnBPqAdSia904bmMSQZoYz9DDcu9FfciVt3/olL03YWtvVA4HDOvcnJiRLOjPX9b29tfWNza7uwU9zd2z84LB0dN41KNYUGVVzpdkQMcCahYZnl0E40EBFxaEWj26nfegRtmJIPdpxAKMhAsphRYp3UeRJdTeSAQ++mVyr7FX8GvEqCnJRRjnqv9NPtK5oKkJZyYkwn8BMbZkRbRjlMit3UQELoiAyg46gkAkyYzSJP8LlT+jhW2h1p8Uz9u5ERYcxYRG5SEDs0y95U/NeLxMLLmWQUYk3oUh4bV8OMySS1IOk8TpxybBWetoT7TAO1fOwIoZq5H2E6JO4a67osuqqC5WJWSfOyEviV4P6qXKvmpRXQKTpDFyhA16iG7lAdNRBFCj2jV/TmvXjv3of3OR9d8/KdE7QA7+sXRg2hGA==</latexit><latexit sha1_base64="c1NUBVQ2RiN2HPwWX/4YZQDaWGo=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZUYEu6y4cVnBPqAdSia904bmMSQZoYz9DDcu9FfciVt3/olL03YWtvVA4HDOvcnJiRLOjPX9b29tfWNza7uwU9zd2z84LB0dN41KNYUGVVzpdkQMcCahYZnl0E40EBFxaEWj26nfegRtmJIPdpxAKMhAsphRYp3UeRJdTeSAQ++mVyr7FX8GvEqCnJRRjnqv9NPtK5oKkJZyYkwn8BMbZkRbRjlMit3UQELoiAyg46gkAkyYzSJP8LlT+jhW2h1p8Uz9u5ERYcxYRG5SEDs0y95U/NeLxMLLmWQUYk3oUh4bV8OMySS1IOk8TpxybBWetoT7TAO1fOwIoZq5H2E6JO4a67osuqqC5WJWSfOyEviV4P6qXKvmpRXQKTpDFyhA16iG7lAdNRBFCj2jV/TmvXjv3of3OR9d8/KdE7QA7+sXRg2hGA==</latexit><latexit sha1_base64="c1NUBVQ2RiN2HPwWX/4YZQDaWGo=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZUYEu6y4cVnBPqAdSia904bmMSQZoYz9DDcu9FfciVt3/olL03YWtvVA4HDOvcnJiRLOjPX9b29tfWNza7uwU9zd2z84LB0dN41KNYUGVVzpdkQMcCahYZnl0E40EBFxaEWj26nfegRtmJIPdpxAKMhAsphRYp3UeRJdTeSAQ++mVyr7FX8GvEqCnJRRjnqv9NPtK5oKkJZyYkwn8BMbZkRbRjlMit3UQELoiAyg46gkAkyYzSJP8LlT+jhW2h1p8Uz9u5ERYcxYRG5SEDs0y95U/NeLxMLLmWQUYk3oUh4bV8OMySS1IOk8TpxybBWetoT7TAO1fOwIoZq5H2E6JO4a67osuqqC5WJWSfOyEviV4P6qXKvmpRXQKTpDFyhA16iG7lAdNRBFCj2jV/TmvXjv3of3OR9d8/KdE7QA7+sXRg2hGA==</latexit>

|miB
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P (Q)

P (�Q)
= e��Q
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Strong 
symmetry!

Phys. Rev. Lett. 92, 230602 (2004)



Extension to multiple charges

Can be generalized to an arbitrary number of systems 
and an arbitrary number of currents: 

P (Q1, . . . ,Qn)

P (�Q1, . . . ,�Qn)
= e

P
i AiQi
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e.g.: two systems, but with particle and energy flow:

P (�E1,�E2,�N1)

P (��E1,��E2,��N1)
= e�1�E1+�2�E2+��µ�N1
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��µ = �1µ1 � �2µ2
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In general ΔE1 ≠ -ΔE2: this means there is work involved; e.g.,

P (QH ,W )

P (�QH ,�W )
= e(�H��C)QH+�CW
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TUR de force

Our main technical contribution is the following:  

Consider a probability distribution satisfying 

P (⌃, Z)

P (�⌃,�Z)
= e⌃
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For fixed first moments, what is the smallest possible variance that Z 
can attain?

1

Theorem (“TUR de force”). For fixed finite h⌃i
and hZi, the probability distribution P(⌃,Z) satisfying
P(⌃,Z)/P(�⌃,�Z) = e⌃, with the smallest possible
variance (the minimal distribution) is the distribution

Pmin(⌃,Z) =
1

2 cosh(a/2)

⇢
ea/2� (⌃ � a) � (Z � b)

+ e�a/2� (⌃ + a) � (Z + b)
�
, (1)

where the values of a and b are fixed by h⌃i =
a tanh(a/2) and hZi = b tanh(a/2). For this distribu-
tion

Var(Z)min = hZi2 f (h⌃i), (2)

where f (x) = csch2(g(x/2)), csch(x) is the hyperbolic
cosecant and g(x) is the function inverse of x tanh(x).



As a consequence, for any other 
distribution, one must have

�/�
�(�)

� � � ��

�

�

�

var(Z) � hZi2f(h⌃i)
<latexit sha1_base64="vbgMEfndbfAMw1uUCQ4cgZ6Rz30="></latexit><latexit sha1_base64="vbgMEfndbfAMw1uUCQ4cgZ6Rz30="></latexit><latexit sha1_base64="vbgMEfndbfAMw1uUCQ4cgZ6Rz30="></latexit><latexit sha1_base64="vbgMEfndbfAMw1uUCQ4cgZ6Rz30="></latexit>

This is the tighest (saturable) bound possible 
for this scenario. 

And we know which distribution saturates it.

Hasegawa & Vu 1902.06376.  
Proesman & Horowitz 1902.07008. 
Potts & Samuelsoon 1904.04913.

f(x) =
2

ex � 1
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Other papers appeared at the same time, but all deriving a 
looser bound (which is thus never tight):



Consider now a general TUR P (Q1, . . . ,Qn)

P (�Q1, . . . ,�Qn)
= e

P
i AiQi
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Define ⌃ =
X

i

AiQi
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Z =
X

i

ziQi, 8zi
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Then  
P (⌃, Z)

P (�⌃,�Z)
= e⌃ =) var(Z) � hZi2f(h⌃i)
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hZi =
X

i

ziqi, qi = hQii
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But

var(Z) =
X

ij

Cijzizj , Cij = cov(Qi,Qj)
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Thus zT
✓
C � fqqT

◆
z � 0
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C � fqqT � 0
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When a matrix is positive semi-definite, all the diagonal entries 
must be non-negative:

var(Qi)

hQii2
� f(h⌃i)
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With our framework, we can also go further and say something 
about the covariances. 

If G is psd, any 2x2 sub-matrix must also be psd:�
p

GiiGjj  Gij 
p
GiiGjj

<latexit sha1_base64="rmpegKcnJkuudo/Nu3zPvh+8XwU="></latexit><latexit sha1_base64="rmpegKcnJkuudo/Nu3zPvh+8XwU="></latexit><latexit sha1_base64="rmpegKcnJkuudo/Nu3zPvh+8XwU="></latexit><latexit sha1_base64="rmpegKcnJkuudo/Nu3zPvh+8XwU="></latexit>

Whence:

fqiqj �Mij  Cij  fqiqj +Mij , Mij =
q
(var(Qi)� fq2i )(var(Qj)� fq2j )
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Particularly interesting are the signs of the covariance:

q2i
var(Qi)

+
q2j

var(Qj)
� 1

f(h⌃i) =) sign(Cij) = sign(qiqj)
<latexit sha1_base64="+e9gQ20eHBEJGyW4f/N67T+HBUQ="></latexit><latexit sha1_base64="+e9gQ20eHBEJGyW4f/N67T+HBUQ="></latexit><latexit sha1_base64="+e9gQ20eHBEJGyW4f/N67T+HBUQ="></latexit><latexit sha1_base64="+e9gQ20eHBEJGyW4f/N67T+HBUQ="></latexit>

C � fqqT � 0
<latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit><latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit><latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit><latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit>



SWAP

TA

TB

TA

TB

TA

TB

✏A
<latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit>

✏B
<latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit>

SWAP engine

M. Campisi, J. Pekola, R. Fazio, NJP, 17, 035012 (2015)

hQhi = ✏A(fA � fB)
<latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit>

hQci = �✏B(fA � fB)
<latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit>

hW i = �(✏A � ✏B)(fA � fB)
<latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit>

fi =
1

e�i✏i + 1
<latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit>

Refrigerator Engine Accelerator
1 <

✏B
✏A

<latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit>

�A

�B
<

✏B
✏A

< 1
<latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit>

✏B
✏A

<
�A

�B
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• TURs: simple but with enormous predictive power.

• A dynamical TUR can be derived as a consequence of Fluctuation Theorems. 

• Our TUR is matrix valued:

• Bounds all variances;

• as well as covariances.

• It is the tightest bound possible.   
And we know which distribution  
saturates it.

www.fmt.if.usp.br/~gtlandi



Violations of the TUR in the quantum regime
The classical TUR can be violated in quantum transport problems.

K. Ptaszyński, K. Phys. Rev. B, 98, 085425 (2018)  
B. Agarwalla, D. Segal, Phys. Rev. B., 98, 155438 (2018)

This has been conjectured to be related to quantum coherence. 

A violation would mean, in principle, that quantum coherence could be 
exploited to reduce the fluctuations while keeping the same output power. 

We have recently shown that close to linear response 
the bound is 1/2 looser: 

This is a consequence of the Fisher information metric 
and Quantum Cramer-Rao bound. 

G. Guarnieri, GTL, S. R. Clark, J. Goold, arXiv 1902.10428
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