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Summary
I. Entropy production.

II. Fluctuation theorems (FTs)

III. Thermodynamic uncertainty 
relations (TURs).

IV. TURs from FTs.

V. Applications to quantum heat 
engines.
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The 2nd law





Entropy production

If the process is irreversible, we get Clausius’ inequality instead: 
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We may be write this as
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In thermodynamics we learn that when a process is done reversibly
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The quantity 𝚺 is called the Entropy Production.

2nd law:  
𝚺 ≥ 0



Why entropy production matters
1st and 2nd laws for a system coupled to two baths:

Entropy production is therefore the reason the efficiency is smaller than Carnot:
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The efficiency of the engine may then be written as
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Carnot’s statement of the 2nd law

    “The efficiency of a quasi-static or reversible Carnot 

cycle depends only on the temperatures of the two heat 
reservoirs, and is the same, whatever the working 

substance.  A Carnot engine operated in this way is the 

most efficient possible heat engine using those two 
temperatures.”



Flow of heat

But if there is no work involved, 

⌃̇ = � Q̇h
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The 2nd law reads

Q̇c = �Q̇h
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Heat flows from hot to cold.



Clausius’ statement of the 2nd law

   “Heat can never pass from a colder to a warmer body 

without some other change, connected therewith, 

occurring at the same time.”



Work from a single bath

Finally, suppose there is only one bath present:
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Positive work (in my definition) means an external agent is doing work on 
the system.



Kelvin-Planck statement of the 2nd law

   “It is impossible to devise a cyclically operating device, 

the sole effect of which is to absorb energy in the form of 

heat from a single  thermal reservoir  and to deliver an 

equivalent amount of work.”



Fluctuation 
theorems

Collin, et. al., Nature, 437 (2005)



Fluctuation theorems

Fluctuation theorems describe the stochastic behavior of the entropy 
production:

The most famous one is the Crooks fluctuation theorem:

PF (W )

PB(�W )
= e�(W��F )
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PF (⌃)

PB(⌃)
= e⌃
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Collin, et. al., Nature, 437 (2005)



Batalhão, et. al., Phys. Rev. Lett. 113 (2014).



Exchange fluctuation theorem

Jarzynski and Wójcik  Phys. Rev. Lett. 92, 230602 (2004)

The heat exchange between 
two bodies satisfies a 
stronger fluctuation theorem

P (Q)

P (�Q)
= e��Q
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Here it’s the same P(Q) that 
appears on the numerator and 
denominator.

�
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�

����

Stronger 
symmetry!



J. R. Gomes-Solano  Phys. Rev. Lett. 106, 200602 (2011)



Fluctuation theorems contain the 2nd law

The fluctuation theorem implies

P (Q)

P (�Q)
= e��Q ! he���Qi = 1
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This with Jensen’s inequality then yields 

��hQi � 0
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“On average, heat flows from hot to cold.”

Local violations can be observed. But they become exponentially unlikely:

P (�Q) = e���QP (Q)
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Thermodynamic Uncertainty 
Relations



Thermodynamic Uncertainty Relations (TURs)

A. C. Barato, U. Seifert, “Thermodynamic Uncertainty Relation for Biomolecular Processes”, 
Physical Review Letters, 114, 158101 (2015)

var(Q)

hQi2 � 2

h⌃i
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• Proved for classical Markov 
processes.

• Physical origins are rather 
obscure.

• Regimes of validity?

• Quantum effects?
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Implications for mesoscopic engines
In an autonomous engine the output power is

The TUR in this case then reads

Ẇ
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hẆ i2
� 2

h⌃̇i
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From our previously derived result: 

⌘ = ⌘C � Tc

Q̇h

⌃̇ ! h⌃̇i = hQ̇hi
Tc

(⌘C � ⌘)
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Thus:

var(Ẇ )

hẆ i2
� 2Tc

hQ̇hi
1
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P. Pietzonka and U. Seifert, Phys. Rev. Lett., 120, 190602 (2017)



P. Pietzonka and U. Seifert, Phys. Rev. Lett., 120, 190602 (2017)

Finally, we note that                . Whence⌘ = � hẆ i
hQ̇hi
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If you wish to operate the engine close to Carnot efficiency, you pay 
the price that the fluctuations may become very large. 

To reduce fluctuations, the engine should be operated irreversibly! 

Thus:

var(Ẇ )

hẆ i2
� 2Tc

hQ̇hi
1
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<latexit sha1_base64="flTTNasU07mi0g2WidmkAV8LtWs="></latexit><latexit sha1_base64="flTTNasU07mi0g2WidmkAV8LtWs="></latexit><latexit sha1_base64="flTTNasU07mi0g2WidmkAV8LtWs="></latexit><latexit sha1_base64="flTTNasU07mi0g2WidmkAV8LtWs="></latexit>



TURs from FTs



Extension to multiple charges

Can be generalized to an arbitrary number of systems 
and an arbitrary number of currents: 

P (Q1, . . . ,Qn)

P (�Q1, . . . ,�Qn)
= e

P
i AiQi
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e.g.: two systems, but with particle and energy flow:

P (�E1,�E2,�N1)

P (��E1,��E2,��N1)
= e�1�E1+�2�E2+��µ�N1
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In general ΔE1 ≠ -ΔE2: this means there is work involved; e.g.,

P (QH ,W )

P (�QH ,�W )
= e(�H��C)QH+�CW
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TUR de force

Our main technical contribution is the following:  

Consider a probability distribution satisfying 

P (⌃, Z)

P (�⌃,�Z)
= e⌃
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For fixed first moments,  

What is the smallest possible variance that Z can attain?

1

Theorem (“TUR de force”). For fixed finite h⌃i
and hZi, the probability distribution P(⌃,Z) satisfying
P(⌃,Z)/P(�⌃,�Z) = e⌃, with the smallest possible
variance (the minimal distribution) is the distribution

Pmin(⌃,Z) =
1

2 cosh(a/2)

⇢
ea/2� (⌃ � a) � (Z � b)

+ e�a/2� (⌃ + a) � (Z + b)
�
, (1)

where the values of a and b are fixed by h⌃i =
a tanh(a/2) and hZi = b tanh(a/2). For this distribu-
tion

Var(Z)min = hZi2 f (h⌃i), (2)

where f (x) = csch2(g(x/2)), csch(x) is the hyperbolic
cosecant and g(x) is the function inverse of x tanh(x).

h⌃i, hZi
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As a consequence, for any other 
distribution, one must have

�/�
�(�)

� � � ��

�

�

�

var(Z) � hZi2f(h⌃i)
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This is the tighest (saturable) bound possible 
for this scenario. 

And we know which distribution saturates this 
bound.

Hasegawa & Vu 1902.06376.  
Proesman & Horowitz 1902.07008. 
Potts & Samuelsoon 1904.04913.

f(x) =
2

ex � 1
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Similar papers appeared at the same time, but all deriving a 
looser bound (which is thus never tight):



Consider now a general TUR P (Q1, . . . ,Qn)

P (�Q1, . . . ,�Qn)
= e

P
i AiQi
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Define ⌃ =
X

i

AiQi
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Z =
X

i

ziQi, 8zi
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Then  
P (⌃, Z)

P (�⌃,�Z)
= e⌃ =) var(Z) � hZi2f(h⌃i)
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hZi =
X

i

ziqi, qi = hQii
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But

var(Z) =
X

ij

Cijzizj , Cij = cov(Qi,Qj)
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Thus zT
✓
C � fqqT

◆
z � 0

<latexit sha1_base64="kiVY/tkcZ++2hMXMfE2bvKRz+q0="></latexit><latexit sha1_base64="kiVY/tkcZ++2hMXMfE2bvKRz+q0="></latexit><latexit sha1_base64="kiVY/tkcZ++2hMXMfE2bvKRz+q0="></latexit><latexit sha1_base64="kiVY/tkcZ++2hMXMfE2bvKRz+q0="></latexit>

C � fqqT � 0
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When a matrix is positive semi-definite, all the diagonal entries 
must be non-negative:

var(Qi)

hQii2
� f(h⌃i)
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With our framework, we can also go further and say something 
about the covariances. 

If G is psd, any 2x2 sub-matrix must also be psd: �
p

GiiGjj  Gij 
p
GiiGjj
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We can use this to obtain a condition on the signs of the covariances:

q2i
var(Qi)

+
q2j

var(Qj)
� 1

f(h⌃i) =) sign(Cij) = sign(qiqj)
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C � fqqT � 0
<latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit><latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit><latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit><latexit sha1_base64="YvNTrE6YE75BSdYRfwjNew7V61w=">AAACPXicbVC7TsMwFHV4lvIqMLJYVEgsVAlCgrFSF8YitQWJlMpxb4qF7QT7BlFF/Qu+hoUBfoIPYEOsMOKWDFC4kuXjcx++50SpFBZ9/8WbmZ2bX1gsLZWXV1bX1isbmx2bZIZDmycyMecRsyCFhjYKlHCeGmAqknAWXTfG+bNbMFYkuoXDFLqKDbSIBWfoqF6lFiqGV5zJvDGi+zSmYaTym1FxXYYId5i33HsAN9SnvUrVr/mToH9BUIAqKaLZq3yG/YRnCjRyyay9CPwUuzkzKLiEUTnMLKSMX7MBXDiomQLbzSe6RnTXMX0aJ8YdjXTC/uzImbJ2qCJXOVZhp3Nj8t9cpH79nGvBITaMT+2D8XE3FzrNEDT/XifOJMWEjq2kfWGAoxw6wLgRThHlV8yNQWd42VkVTBvzF3QOaoFfC04Pq/XjwrQS2SY7ZI8E5IjUyQlpkjbh5J48kCfy7D16r96b9/5dOuMVPVvkV3gfX6u+ruk=</latexit>



SWAP

TA

TB

TA

TB

TA

TB

✏A
<latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit>

✏B
<latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit>

SWAP engine

M. Campisi, J. Pekola, R. Fazio, NJP, 17, 035012 (2015)

hQhi = ✏A(fA � fB)
<latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit>

hQci = �✏B(fA � fB)
<latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit>

hW i = �(✏A � ✏B)(fA � fB)
<latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit>

fi =
1

e�i✏i + 1
<latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit>

Refrigerator Engine Accelerator
1 <

✏B
✏A

<latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit>

�A

�B
<

✏B
✏A

< 1
<latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit>

✏B
✏A

<
�A

�B
<latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit>



P (QH ,W )
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• TURs: simple but with enormous predictive power.

• A dynamical TUR can be derived as a consequence of Fluctuation Theorems. 

• Our TUR is matrix valued:

• Bounds all variances;

• as well as covariances.

• It is the tightest bound possible.   
And we know which distribution  
saturates it.
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