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BOUNDS AND OPTIMIZATION
MaxEnt principle: which distribution maximizes the entropy for a fixed 
energy?

Answer: the equilibrium distribution: peqn = e��En/Z
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The optimization also leads to a bound:

Landauer’s principle: what is the minimum amount of heat required to 
erase some information?
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The optimal way of accomplishing this is through a reversible process.
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OPTIMAL SUPPORT
The support of a distribution P (x) is defined
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as the set of points xi at which P (xi) 6= 0.
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By changing the support, one can increase the variance and simultaneously 
decrease the entropy. 

Entropy does not care about support: it is a function only of the 
distribution. 

An example of a quantity that cares about the support is the variance



OPTIMIZATION VS. SUPPORT OPTIMIZATION

Suppose we wish to optimize a heat engine. 

e.g., maximize the efficiency for a fixed output power.

Optimization means tweaking the parameters of the engine. 

Support optimization means choosing the best working fluid. 

i.e., change the energy levels of the system.



EXAMPLE: THERMOELECTRIC ENGINE

G. D. Mahan and J. O. Sofo, PNAS, 93, 7436 (1996)

Which thermoelectric has the best possible efficiency ⌘ = Pgen/JL?
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It operates at Carnot efficiency,                    , but with zero power.⌘ = 1� TR/TL
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In a thermoelectric the “working fluid” is characterized by a transmission 
function instead:

Taken from 
R. Whitney, PRL 
112, 130601 (2014)

Answer: a deltatransmission function T (✏) = N �
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Which thermoelectric has the best possible efficiency for a fixed output 
power Pgen?

R. Whitney, PRL 112, 130601 (2014)

✏0 = V (1� TR/TL)
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✏1 determined by Pgen
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The answer is a boxcar function

T (✏) = N ✓(✏� ✏0)✓(✏1 � ✏)
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EXAMPLE: OPTIMAL WORK EXTRACTION
Consider the single-shot extraction of work from a thermodynamic system. 

This process is stochastic and thus must be characterized by a work 
distribution P(W), restricted by the Jarzynski equality

V. Cavina, A. Mari and V. Giovannetti, Scientific Reports, 6, 29282 (2016).
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Which kind of system/process allows me to extract the maximum amount of 
work?

Since we are at the single-shot level, this is best formulated as: 

Which process maximizes              , for some given  P (W � ⇤)
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V. Cavina, A. Mari and V. Giovannetti, Scientific Reports, 6, 29282 (2016).

This question turns out to be ill-posed: 

The Jarzynski equality is not a strong enough constraint.

 You can always extract an infinite amount of work in principle. 

But suppose we add the additional constraint that P (W < Wmin) = 0
<latexit sha1_base64="SN3pQYgelNiiERkbXllsWJUDW48=">AAACJ3icbVBNSwMxEM3W7/pV9SJ4CRahXsquCHpQELx4rGBtoS0lm862oUl2SWbFstRf48WD/hVvokf/hUfT2oO2Pgg83puZzLwwkcKi7394ubn5hcWl5ZX86tr6xmZha/vWxqnhUOWxjE09ZBak0FBFgRLqiQGmQgm1sH858mt3YKyI9Q0OEmgp1tUiEpyhk9qF3UqpRs9ord1EuMdMCT08pOfUp+1C0S/7Y9BZEkxIkUxQaRe+mp2Ypwo0csmsbQR+gq2MGRRcwjDfTC0kjPdZFxqOaqbAtrLxBUN64JQOjWLjnkY6Vn93ZExZO1Chq1QMe3baG4n/eqH683OmBYfIMD61D0anrUzoJEXQ/GedKJUUYzoKjXaEAY5y4AjjRriLKO8xNwZdtHkXVTAdzCy5PSoHfjm4Pi5enE5CWyZ7ZJ+USEBOyAW5IhVSJZw8kEfyTF68J+/Ve/Pef0pz3qRnh/yB9/kN07CkwQ==</latexit><latexit sha1_base64="SN3pQYgelNiiERkbXllsWJUDW48=">AAACJ3icbVBNSwMxEM3W7/pV9SJ4CRahXsquCHpQELx4rGBtoS0lm862oUl2SWbFstRf48WD/hVvokf/hUfT2oO2Pgg83puZzLwwkcKi7394ubn5hcWl5ZX86tr6xmZha/vWxqnhUOWxjE09ZBak0FBFgRLqiQGmQgm1sH858mt3YKyI9Q0OEmgp1tUiEpyhk9qF3UqpRs9ord1EuMdMCT08pOfUp+1C0S/7Y9BZEkxIkUxQaRe+mp2Ypwo0csmsbQR+gq2MGRRcwjDfTC0kjPdZFxqOaqbAtrLxBUN64JQOjWLjnkY6Vn93ZExZO1Chq1QMe3baG4n/eqH683OmBYfIMD61D0anrUzoJEXQ/GedKJUUYzoKjXaEAY5y4AjjRriLKO8xNwZdtHkXVTAdzCy5PSoHfjm4Pi5enE5CWyZ7ZJ+USEBOyAW5IhVSJZw8kEfyTF68J+/Ve/Pef0pz3qRnh/yB9/kN07CkwQ==</latexit><latexit sha1_base64="SN3pQYgelNiiERkbXllsWJUDW48=">AAACJ3icbVBNSwMxEM3W7/pV9SJ4CRahXsquCHpQELx4rGBtoS0lm862oUl2SWbFstRf48WD/hVvokf/hUfT2oO2Pgg83puZzLwwkcKi7394ubn5hcWl5ZX86tr6xmZha/vWxqnhUOWxjE09ZBak0FBFgRLqiQGmQgm1sH858mt3YKyI9Q0OEmgp1tUiEpyhk9qF3UqpRs9ord1EuMdMCT08pOfUp+1C0S/7Y9BZEkxIkUxQaRe+mp2Ypwo0csmsbQR+gq2MGRRcwjDfTC0kjPdZFxqOaqbAtrLxBUN64JQOjWLjnkY6Vn93ZExZO1Chq1QMe3baG4n/eqH683OmBYfIMD61D0anrUzoJEXQ/GedKJUUYzoKjXaEAY5y4AjjRriLKO8xNwZdtHkXVTAdzCy5PSoHfjm4Pi5enE5CWyZ7ZJ+USEBOyAW5IhVSJZw8kEfyTF68J+/Ve/Pef0pz3qRnh/yB9/kN07CkwQ==</latexit><latexit sha1_base64="SN3pQYgelNiiERkbXllsWJUDW48=">AAACJ3icbVBNSwMxEM3W7/pV9SJ4CRahXsquCHpQELx4rGBtoS0lm862oUl2SWbFstRf48WD/hVvokf/hUfT2oO2Pgg83puZzLwwkcKi7394ubn5hcWl5ZX86tr6xmZha/vWxqnhUOWxjE09ZBak0FBFgRLqiQGmQgm1sH858mt3YKyI9Q0OEmgp1tUiEpyhk9qF3UqpRs9ord1EuMdMCT08pOfUp+1C0S/7Y9BZEkxIkUxQaRe+mp2Ypwo0csmsbQR+gq2MGRRcwjDfTC0kjPdZFxqOaqbAtrLxBUN64JQOjWLjnkY6Vn93ZExZO1Chq1QMe3baG4n/eqH683OmBYfIMD61D0anrUzoJEXQ/GedKJUUYzoKjXaEAY5y4AjjRriLKO8xNwZdtHkXVTAdzCy5PSoHfjm4Pi5enE5CWyZ7ZJ+USEBOyAW5IhVSJZw8kEfyTF68J+/Ve/Pef0pz3qRnh/yB9/kN07CkwQ==</latexit>

Cavina et. al. found that

P (W � ⇤) =
e���F � e�Wmin

e�⇤ � e�Wmin
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In the unrestricted regime                this reduces to         Wmin ! 1
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P (W � ⇤) = e��(�F�⇤)
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P (W � ⇤) = e��(�F�⇤)
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This result is pretty cool.

It implies that in the single-shot scenario, the probability of extracting 
work above ΔF is exponentially small. 

C. Jarzynski, European Physical Journal B, 64, 331 (2008).
O. Maillet, PRL, 122, 150604 (2019)

This bound was already known since 2008.  The novel result of Cavina et. 
al. is that they also found the optimal process:

P (W ) = p�(W � ⇤) + (1� p)�(W �Wmin)
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p =
e���F � e�Wmin

e�⇤ � e�Wmin
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Thermodynamic Uncertainty Relations (TURs)

A. C. Barato, U. Seifert, Physical Review Letters, 114, 158101 (2015)
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Simple, elegant and powerful. 

Counterintuitive:  To reduce 
the fluctuations, the process 
should be more irreversible.

var(Q)

E(Q)2
� 2

E(⌃)
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⌃ = �� Q (in the simplest case)
<latexit sha1_base64="b8SCRPRAPt/71WhVI0ZrWK3Nk+s="></latexit><latexit sha1_base64="b8SCRPRAPt/71WhVI0ZrWK3Nk+s="></latexit><latexit sha1_base64="b8SCRPRAPt/71WhVI0ZrWK3Nk+s="></latexit><latexit sha1_base64="b8SCRPRAPt/71WhVI0ZrWK3Nk+s="></latexit>

Derived only for the steady-
state of classical Markov 
chains. 

Can be violated in many 
relevant scenarios (e.g. 
thermoelectrics).



FLUCTUATIONS IN A HEAT ENGINE
As an example of the applicability of TURs, Pietzonka and Seifert showed 
that the output power in a heat engine is bounded by 

P. Pietzonka and U. Seifert, Phys. Rev. Lett., 120, 190602 (2017)

var(Pgen) � 2TcPgen
⌘

⌘C � ⌘
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For a fixed average power, the fluctuations go up if we approach Carnot 
efficiency.

To reduce fluctuations, one should operate away from Carnot efficiency. 

Fluctuations therefore appear as an additional property to take 
into account when optimizing heat devices. 



TUR from fluctuation theorems

André M. Timpanaro, Giacomo Guarnieri, John Goold, GTL,   
“Thermodynamic uncertainty relations from exchange fluctuation theorems”.  
Phys. Rev. Lett. 123, 090604 (2019) (arXiv 1904.07574)



EXCHANGE FLUCTUATION THEOREM
Fluctuation theorems for thermodynamic processes usually have the form

e.g. Crooks theorem for work: ⌃ = �(W ��F )
<latexit sha1_base64="SORiZTpWxnN6zEu/7UjVPF+vNLQ=">AAACLHicbVDLSgMxFM34tr5GXYoQLIIuLDMi2I0gKOJS0T6gM5RMeqeGJpkhyQhl6MqvceNCf8WNiFu/waVpnYWtHggczrn35t4TpZxp43lvztT0zOzc/MJiaWl5ZXXNXd+o6yRTFGo04YlqRkQDZxJqhhkOzVQBERGHRtQ7G/qNe1CaJfLW9FMIBelKFjNKjJXa7nZww7qC4BMcRGAI3mvgAxycA7f8Yr/tlr2KNwL+S/yClFGBq7b7FXQSmgmQhnKidcv3UhPmRBlGOQxKQaYhJbRHutCyVBIBOsxHZwzwrlU6OE6UfdLgkfq7IydC676IbKUg5k5PekPxXy8SYz/nklGIFaET+5i4GuZMppkBSX/WiTOOTYKHyeEOU0AN71tCqGL2IkzviB1jbL4lG5U/GcxfUj+s+F7Fvz4qn1aL0BbQFtpBe8hHx+gUXaIrVEMUPaBH9IxenCfn1Xl3Pn5Kp5yiZxONwfn8BuSHpkI=</latexit><latexit sha1_base64="SORiZTpWxnN6zEu/7UjVPF+vNLQ=">AAACLHicbVDLSgMxFM34tr5GXYoQLIIuLDMi2I0gKOJS0T6gM5RMeqeGJpkhyQhl6MqvceNCf8WNiFu/waVpnYWtHggczrn35t4TpZxp43lvztT0zOzc/MJiaWl5ZXXNXd+o6yRTFGo04YlqRkQDZxJqhhkOzVQBERGHRtQ7G/qNe1CaJfLW9FMIBelKFjNKjJXa7nZww7qC4BMcRGAI3mvgAxycA7f8Yr/tlr2KNwL+S/yClFGBq7b7FXQSmgmQhnKidcv3UhPmRBlGOQxKQaYhJbRHutCyVBIBOsxHZwzwrlU6OE6UfdLgkfq7IydC676IbKUg5k5PekPxXy8SYz/nklGIFaET+5i4GuZMppkBSX/WiTOOTYKHyeEOU0AN71tCqGL2IkzviB1jbL4lG5U/GcxfUj+s+F7Fvz4qn1aL0BbQFtpBe8hHx+gUXaIrVEMUPaBH9IxenCfn1Xl3Pn5Kp5yiZxONwfn8BuSHpkI=</latexit><latexit sha1_base64="SORiZTpWxnN6zEu/7UjVPF+vNLQ=">AAACLHicbVDLSgMxFM34tr5GXYoQLIIuLDMi2I0gKOJS0T6gM5RMeqeGJpkhyQhl6MqvceNCf8WNiFu/waVpnYWtHggczrn35t4TpZxp43lvztT0zOzc/MJiaWl5ZXXNXd+o6yRTFGo04YlqRkQDZxJqhhkOzVQBERGHRtQ7G/qNe1CaJfLW9FMIBelKFjNKjJXa7nZww7qC4BMcRGAI3mvgAxycA7f8Yr/tlr2KNwL+S/yClFGBq7b7FXQSmgmQhnKidcv3UhPmRBlGOQxKQaYhJbRHutCyVBIBOsxHZwzwrlU6OE6UfdLgkfq7IydC676IbKUg5k5PekPxXy8SYz/nklGIFaET+5i4GuZMppkBSX/WiTOOTYKHyeEOU0AN71tCqGL2IkzviB1jbL4lG5U/GcxfUj+s+F7Fvz4qn1aL0BbQFtpBe8hHx+gUXaIrVEMUPaBH9IxenCfn1Xl3Pn5Kp5yiZxONwfn8BuSHpkI=</latexit><latexit sha1_base64="SORiZTpWxnN6zEu/7UjVPF+vNLQ=">AAACLHicbVDLSgMxFM34tr5GXYoQLIIuLDMi2I0gKOJS0T6gM5RMeqeGJpkhyQhl6MqvceNCf8WNiFu/waVpnYWtHggczrn35t4TpZxp43lvztT0zOzc/MJiaWl5ZXXNXd+o6yRTFGo04YlqRkQDZxJqhhkOzVQBERGHRtQ7G/qNe1CaJfLW9FMIBelKFjNKjJXa7nZww7qC4BMcRGAI3mvgAxycA7f8Yr/tlr2KNwL+S/yClFGBq7b7FXQSmgmQhnKidcv3UhPmRBlGOQxKQaYhJbRHutCyVBIBOsxHZwzwrlU6OE6UfdLgkfq7IydC676IbKUg5k5PekPxXy8SYz/nklGIFaET+5i4GuZMppkBSX/WiTOOTYKHyeEOU0AN71tCqGL2IkzviB1jbL4lG5U/GcxfUj+s+F7Fvz4qn1aL0BbQFtpBe8hHx+gUXaIrVEMUPaBH9IxenCfn1Xl3Pn5Kp5yiZxONwfn8BuSHpkI=</latexit>

PF (⌃)

PB(�⌃)
= e⌃

<latexit sha1_base64="zn7W++D+Jbz8M+9SKKXtWCWfDW8=">AAACOnicbVDLSgMxFM3UV62vUZdugkWoiGVGBN0IRUFcVrQPsLVk0jttMMkMSUYoQz/Cr3HjQj/DrTtx68Kl6UPQ1guBc8595N4TxJxp43mvTmZmdm5+IbuYW1peWV1z1zeqOkoUhQqNeKTqAdHAmYSKYYZDPVZARMChFtydDfK1e1CaRfLa9GJoCtKRLGSUGCu13L1GqAhNy63zQuOKdQTZ7VtyWtj/YfgEw+2ItNy8V/SGgaeBPwZ5NI5yy/1qtCOaCJCGcqL1je/FppkSZRjl0M81Eg0xoXekAzcWSiJAN9PhUX28Y5U2DiNlnzR4qP7uSInQuicCWymI6erJ3ED8NxeIPz+nklEYmDCxjwmPmymTcWJA0tE6YcKxifDAR9xmCqjhPQsIVcxehGmX2DHGup2zVvmTxkyD6kHR94r+5WG+dDw2LYu20DYqIB8doRK6QGVUQRQ9oEf0jF6cJ+fNeXc+RqUZZ9yzif6E8/kN4P+s7w==</latexit><latexit sha1_base64="zn7W++D+Jbz8M+9SKKXtWCWfDW8=">AAACOnicbVDLSgMxFM3UV62vUZdugkWoiGVGBN0IRUFcVrQPsLVk0jttMMkMSUYoQz/Cr3HjQj/DrTtx68Kl6UPQ1guBc8595N4TxJxp43mvTmZmdm5+IbuYW1peWV1z1zeqOkoUhQqNeKTqAdHAmYSKYYZDPVZARMChFtydDfK1e1CaRfLa9GJoCtKRLGSUGCu13L1GqAhNy63zQuOKdQTZ7VtyWtj/YfgEw+2ItNy8V/SGgaeBPwZ5NI5yy/1qtCOaCJCGcqL1je/FppkSZRjl0M81Eg0xoXekAzcWSiJAN9PhUX28Y5U2DiNlnzR4qP7uSInQuicCWymI6erJ3ED8NxeIPz+nklEYmDCxjwmPmymTcWJA0tE6YcKxifDAR9xmCqjhPQsIVcxehGmX2DHGup2zVvmTxkyD6kHR94r+5WG+dDw2LYu20DYqIB8doRK6QGVUQRQ9oEf0jF6cJ+fNeXc+RqUZZ9yzif6E8/kN4P+s7w==</latexit><latexit sha1_base64="zn7W++D+Jbz8M+9SKKXtWCWfDW8=">AAACOnicbVDLSgMxFM3UV62vUZdugkWoiGVGBN0IRUFcVrQPsLVk0jttMMkMSUYoQz/Cr3HjQj/DrTtx68Kl6UPQ1guBc8595N4TxJxp43mvTmZmdm5+IbuYW1peWV1z1zeqOkoUhQqNeKTqAdHAmYSKYYZDPVZARMChFtydDfK1e1CaRfLa9GJoCtKRLGSUGCu13L1GqAhNy63zQuOKdQTZ7VtyWtj/YfgEw+2ItNy8V/SGgaeBPwZ5NI5yy/1qtCOaCJCGcqL1je/FppkSZRjl0M81Eg0xoXekAzcWSiJAN9PhUX28Y5U2DiNlnzR4qP7uSInQuicCWymI6erJ3ED8NxeIPz+nklEYmDCxjwmPmymTcWJA0tE6YcKxifDAR9xmCqjhPQsIVcxehGmX2DHGup2zVvmTxkyD6kHR94r+5WG+dDw2LYu20DYqIB8doRK6QGVUQRQ9oEf0jF6cJ+fNeXc+RqUZZ9yzif6E8/kN4P+s7w==</latexit><latexit sha1_base64="zn7W++D+Jbz8M+9SKKXtWCWfDW8=">AAACOnicbVDLSgMxFM3UV62vUZdugkWoiGVGBN0IRUFcVrQPsLVk0jttMMkMSUYoQz/Cr3HjQj/DrTtx68Kl6UPQ1guBc8595N4TxJxp43mvTmZmdm5+IbuYW1peWV1z1zeqOkoUhQqNeKTqAdHAmYSKYYZDPVZARMChFtydDfK1e1CaRfLa9GJoCtKRLGSUGCu13L1GqAhNy63zQuOKdQTZ7VtyWtj/YfgEw+2ItNy8V/SGgaeBPwZ5NI5yy/1qtCOaCJCGcqL1je/FppkSZRjl0M81Eg0xoXekAzcWSiJAN9PhUX28Y5U2DiNlnzR4qP7uSInQuicCWymI6erJ3ED8NxeIPz+nklEYmDCxjwmPmymTcWJA0tE6YcKxifDAR9xmCqjhPQsIVcxehGmX2DHGup2zVvmTxkyD6kHR94r+5WG+dDw2LYu20DYqIB8doRK6QGVUQRQ9oEf0jF6cJ+fNeXc+RqUZZ9yzif6E8/kN4P+s7w==</latexit>

FTs, however, compare a forward with a backward process. 

In some systems, both coincide. These are called Exchange FTs:

P (⌃)

P (�⌃)
= e⌃

<latexit sha1_base64="Tsu2Dvoz+ZfmQLdlConO9KTmUF8=">AAACNnicbZBLSwMxEMez9VXrq+rRS7CI9WDZFcFehIIXjxXtA9pasulsG5pklyQrlKUfwU/jxYN+EC/exKtHj6YPwbYOBH75z0wy8/cjzrRx3TcntbS8srqWXs9sbG5t72R396o6jBWFCg15qOo+0cCZhIphhkM9UkCEz6Hm969G+doDKM1CeWcGEbQE6UoWMEqMldrZ42agCE3K+eYt6wpyMrR4+sv4EsP95NLO5tyCOw68CN4Ucmga5Xb2u9kJaSxAGsqJ1g3PjUwrIcowymGYacYaIkL7pAsNi5II0K1kvNAQH1mlg4NQ2SMNHqt/OxIitB4I31YKYnp6PjcS/835YubnRDIKIwPm5jFBsZUwGcUGJJ2ME8QcmxCPPMQdpoAaPrBAqGJ2I0x7xD5jrNMZa5U3b8wiVM8Knlvwbs5zpeLUtDQ6QIcojzx0gUroGpVRBVH0iJ7QC3p1np1358P5nJSmnGnPPpoJ5+sH9cGrgQ==</latexit><latexit sha1_base64="Tsu2Dvoz+ZfmQLdlConO9KTmUF8=">AAACNnicbZBLSwMxEMez9VXrq+rRS7CI9WDZFcFehIIXjxXtA9pasulsG5pklyQrlKUfwU/jxYN+EC/exKtHj6YPwbYOBH75z0wy8/cjzrRx3TcntbS8srqWXs9sbG5t72R396o6jBWFCg15qOo+0cCZhIphhkM9UkCEz6Hm969G+doDKM1CeWcGEbQE6UoWMEqMldrZ42agCE3K+eYt6wpyMrR4+sv4EsP95NLO5tyCOw68CN4Ucmga5Xb2u9kJaSxAGsqJ1g3PjUwrIcowymGYacYaIkL7pAsNi5II0K1kvNAQH1mlg4NQ2SMNHqt/OxIitB4I31YKYnp6PjcS/835YubnRDIKIwPm5jFBsZUwGcUGJJ2ME8QcmxCPPMQdpoAaPrBAqGJ2I0x7xD5jrNMZa5U3b8wiVM8Knlvwbs5zpeLUtDQ6QIcojzx0gUroGpVRBVH0iJ7QC3p1np1358P5nJSmnGnPPpoJ5+sH9cGrgQ==</latexit><latexit sha1_base64="Tsu2Dvoz+ZfmQLdlConO9KTmUF8=">AAACNnicbZBLSwMxEMez9VXrq+rRS7CI9WDZFcFehIIXjxXtA9pasulsG5pklyQrlKUfwU/jxYN+EC/exKtHj6YPwbYOBH75z0wy8/cjzrRx3TcntbS8srqWXs9sbG5t72R396o6jBWFCg15qOo+0cCZhIphhkM9UkCEz6Hm969G+doDKM1CeWcGEbQE6UoWMEqMldrZ42agCE3K+eYt6wpyMrR4+sv4EsP95NLO5tyCOw68CN4Ucmga5Xb2u9kJaSxAGsqJ1g3PjUwrIcowymGYacYaIkL7pAsNi5II0K1kvNAQH1mlg4NQ2SMNHqt/OxIitB4I31YKYnp6PjcS/835YubnRDIKIwPm5jFBsZUwGcUGJJ2ME8QcmxCPPMQdpoAaPrBAqGJ2I0x7xD5jrNMZa5U3b8wiVM8Knlvwbs5zpeLUtDQ6QIcojzx0gUroGpVRBVH0iJ7QC3p1np1358P5nJSmnGnPPpoJ5+sH9cGrgQ==</latexit><latexit sha1_base64="Tsu2Dvoz+ZfmQLdlConO9KTmUF8=">AAACNnicbZBLSwMxEMez9VXrq+rRS7CI9WDZFcFehIIXjxXtA9pasulsG5pklyQrlKUfwU/jxYN+EC/exKtHj6YPwbYOBH75z0wy8/cjzrRx3TcntbS8srqWXs9sbG5t72R396o6jBWFCg15qOo+0cCZhIphhkM9UkCEz6Hm969G+doDKM1CeWcGEbQE6UoWMEqMldrZ42agCE3K+eYt6wpyMrR4+sv4EsP95NLO5tyCOw68CN4Ucmga5Xb2u9kJaSxAGsqJ1g3PjUwrIcowymGYacYaIkL7pAsNi5II0K1kvNAQH1mlg4NQ2SMNHqt/OxIitB4I31YKYnp6PjcS/835YubnRDIKIwPm5jFBsZUwGcUGJJ2ME8QcmxCPPMQdpoAaPrBAqGJ2I0x7xD5jrNMZa5U3b8wiVM8Knlvwbs5zpeLUtDQ6QIcojzx0gUroGpVRBVH0iJ7QC3p1np1358P5nJSmnGnPPpoJ5+sH9cGrgQ==</latexit>

This is much stronger: it is a symmetry on a single probability distribution.

Example: direct heat exchange: ⌃ = ��Q
<latexit sha1_base64="S0eH7xSsYO5654VOx82nHWpB9rU=">AAACJnicbVDLSgMxFM3UV62vqgsXboJFcFVmRLAboeDGZYu2FjpDyWTutKFJZkgyQhn6NW5c6K+4E3HnZ7g0fSxs64GEwzn3JveeMOVMG9f9cgpr6xubW8Xt0s7u3v5B+fCorZNMUWjRhCeqExINnEloGWY4dFIFRIQcHsPh7cR/fAKlWSIfzCiFQJC+ZDGjxFipVz7x71lfEHyD/Qi4IdgPwd7NXrniVt0p8Crx5qSC5mj0yj9+lNBMgDSUE627npuaICfKMMphXPIzDSmhQ9KHrqWSCNBBPl1gjM+tEuE4UfZIg6fq346cCK1HIrSVgpiBXvYm4r9eKBZ+ziWjECtCl+YxcS3ImUwzA5LOxokzjk2CJ5nhiCmgho8sIVQxuxGmA2KfMTbZko3KWw5mlbQvq55b9ZpXlXptHloRnaIzdIE8dI3q6A41UAtRNEbP6BW9OS/Ou/PhfM5KC8685xgtwPn+BVXPpRw=</latexit><latexit sha1_base64="S0eH7xSsYO5654VOx82nHWpB9rU=">AAACJnicbVDLSgMxFM3UV62vqgsXboJFcFVmRLAboeDGZYu2FjpDyWTutKFJZkgyQhn6NW5c6K+4E3HnZ7g0fSxs64GEwzn3JveeMOVMG9f9cgpr6xubW8Xt0s7u3v5B+fCorZNMUWjRhCeqExINnEloGWY4dFIFRIQcHsPh7cR/fAKlWSIfzCiFQJC+ZDGjxFipVz7x71lfEHyD/Qi4IdgPwd7NXrniVt0p8Crx5qSC5mj0yj9+lNBMgDSUE627npuaICfKMMphXPIzDSmhQ9KHrqWSCNBBPl1gjM+tEuE4UfZIg6fq346cCK1HIrSVgpiBXvYm4r9eKBZ+ziWjECtCl+YxcS3ImUwzA5LOxokzjk2CJ5nhiCmgho8sIVQxuxGmA2KfMTbZko3KWw5mlbQvq55b9ZpXlXptHloRnaIzdIE8dI3q6A41UAtRNEbP6BW9OS/Ou/PhfM5KC8685xgtwPn+BVXPpRw=</latexit><latexit sha1_base64="S0eH7xSsYO5654VOx82nHWpB9rU=">AAACJnicbVDLSgMxFM3UV62vqgsXboJFcFVmRLAboeDGZYu2FjpDyWTutKFJZkgyQhn6NW5c6K+4E3HnZ7g0fSxs64GEwzn3JveeMOVMG9f9cgpr6xubW8Xt0s7u3v5B+fCorZNMUWjRhCeqExINnEloGWY4dFIFRIQcHsPh7cR/fAKlWSIfzCiFQJC+ZDGjxFipVz7x71lfEHyD/Qi4IdgPwd7NXrniVt0p8Crx5qSC5mj0yj9+lNBMgDSUE627npuaICfKMMphXPIzDSmhQ9KHrqWSCNBBPl1gjM+tEuE4UfZIg6fq346cCK1HIrSVgpiBXvYm4r9eKBZ+ziWjECtCl+YxcS3ImUwzA5LOxokzjk2CJ5nhiCmgho8sIVQxuxGmA2KfMTbZko3KWw5mlbQvq55b9ZpXlXptHloRnaIzdIE8dI3q6A41UAtRNEbP6BW9OS/Ou/PhfM5KC8685xgtwPn+BVXPpRw=</latexit><latexit sha1_base64="S0eH7xSsYO5654VOx82nHWpB9rU=">AAACJnicbVDLSgMxFM3UV62vqgsXboJFcFVmRLAboeDGZYu2FjpDyWTutKFJZkgyQhn6NW5c6K+4E3HnZ7g0fSxs64GEwzn3JveeMOVMG9f9cgpr6xubW8Xt0s7u3v5B+fCorZNMUWjRhCeqExINnEloGWY4dFIFRIQcHsPh7cR/fAKlWSIfzCiFQJC+ZDGjxFipVz7x71lfEHyD/Qi4IdgPwd7NXrniVt0p8Crx5qSC5mj0yj9+lNBMgDSUE627npuaICfKMMphXPIzDSmhQ9KHrqWSCNBBPl1gjM+tEuE4UfZIg6fq346cCK1HIrSVgpiBXvYm4r9eKBZ+ziWjECtCl+YxcS3ImUwzA5LOxokzjk2CJ5nhiCmgho8sIVQxuxGmA2KfMTbZko3KWw5mlbQvq55b9ZpXlXptHloRnaIzdIE8dI3q6A41UAtRNEbP6BW9OS/Ou/PhfM5KC8685xgtwPn+BVXPpRw=</latexit>



Motivated by this, we proved the following theorem:
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�
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Theorem (“TUR de force”). For fixed finite E(⌃), the
probability distribution P(⌃) satisfying P(⌃)/P(�⌃) =
e⌃, with the smallest possible variance (the minimal
distribution) is

Pmin(⌃) =
1

2 cosh(a/2)

⇢
ea/2� (⌃ � a)+e�a/2� (⌃ + a)

�
,

where the value of a is fixed by E(⌃) = a tanh(a/2).
For this distribution

Var(⌃)min = E(⌃)2 f (E(⌃)),

where f (x) = csch2(g(x/2)), csch(x) is the hyperbolic
cosecant and g(x) is the function inverse of x tanh(x).

For any other distribution 
we must then have: 

var(⌃)

E(⌃)2 � f(E(⌃))
<latexit sha1_base64="7aeN67fZwY/gQiOA/CHdvtwcaKA="></latexit><latexit sha1_base64="7aeN67fZwY/gQiOA/CHdvtwcaKA="></latexit><latexit sha1_base64="7aeN67fZwY/gQiOA/CHdvtwcaKA="></latexit><latexit sha1_base64="7aeN67fZwY/gQiOA/CHdvtwcaKA="></latexit>



TUR de force IS TIGHT

Our TUR is the tighest (saturable) bound for this scenario. 

And we know which thermodynamic process saturates it. 

This is relevant because, around the same time, similar papers appeared. 

But all derived a looser bound with 

Hasegawa & Vu 1902.06376.  
Proesman & Horowitz 1902.07008. 
Potts & Samuelsoon 1904.04913.

f(x) =
2

ex � 1
<latexit sha1_base64="BesRAssf4+sYtFsryBOmBOpKqRk=">AAACJnicbVC7SgNBFJ2NrxhfqxYWNoNBiIVhNwimEQI2lhHMA5IYZid3kyGzs8vMrCQs+zU2FvordiJ2foalk0dhEg8MHM659869x4s4U9pxvqzM2vrG5lZ2O7ezu7d/YB8e1VUYSwo1GvJQNj2igDMBNc00h2YkgQQeh4Y3vJ34jSeQioXiQY8j6ASkL5jPKNFG6tonfmF0gW9w25eEJqU0gccRvnTTrp13is4UeJW4c5JHc1S79k+7F9I4AKEpJ0q1XCfSnYRIzSiHNNeOFUSEDkkfWoYKEoDqJNMDUnxulB72Q2me0Hiq/u1ISKDUOPBMZUD0QC17E/FfzwsWfk4EozC5dGkf7Zc7CRNRrEHQ2Tp+zLEO8SQz3GMSqOZjQwiVzFyE6YCYMdokmzNRucvBrJJ6qeg6Rff+Kl8pz0PLolN0hgrIRdeogu5QFdUQRSl6Rq/ozXqx3q0P63NWmrHmPcdoAdb3L+6apOI=</latexit><latexit sha1_base64="BesRAssf4+sYtFsryBOmBOpKqRk=">AAACJnicbVC7SgNBFJ2NrxhfqxYWNoNBiIVhNwimEQI2lhHMA5IYZid3kyGzs8vMrCQs+zU2FvordiJ2foalk0dhEg8MHM659869x4s4U9pxvqzM2vrG5lZ2O7ezu7d/YB8e1VUYSwo1GvJQNj2igDMBNc00h2YkgQQeh4Y3vJ34jSeQioXiQY8j6ASkL5jPKNFG6tonfmF0gW9w25eEJqU0gccRvnTTrp13is4UeJW4c5JHc1S79k+7F9I4AKEpJ0q1XCfSnYRIzSiHNNeOFUSEDkkfWoYKEoDqJNMDUnxulB72Q2me0Hiq/u1ISKDUOPBMZUD0QC17E/FfzwsWfk4EozC5dGkf7Zc7CRNRrEHQ2Tp+zLEO8SQz3GMSqOZjQwiVzFyE6YCYMdokmzNRucvBrJJ6qeg6Rff+Kl8pz0PLolN0hgrIRdeogu5QFdUQRSl6Rq/ozXqx3q0P63NWmrHmPcdoAdb3L+6apOI=</latexit><latexit sha1_base64="BesRAssf4+sYtFsryBOmBOpKqRk=">AAACJnicbVC7SgNBFJ2NrxhfqxYWNoNBiIVhNwimEQI2lhHMA5IYZid3kyGzs8vMrCQs+zU2FvordiJ2foalk0dhEg8MHM659869x4s4U9pxvqzM2vrG5lZ2O7ezu7d/YB8e1VUYSwo1GvJQNj2igDMBNc00h2YkgQQeh4Y3vJ34jSeQioXiQY8j6ASkL5jPKNFG6tonfmF0gW9w25eEJqU0gccRvnTTrp13is4UeJW4c5JHc1S79k+7F9I4AKEpJ0q1XCfSnYRIzSiHNNeOFUSEDkkfWoYKEoDqJNMDUnxulB72Q2me0Hiq/u1ISKDUOPBMZUD0QC17E/FfzwsWfk4EozC5dGkf7Zc7CRNRrEHQ2Tp+zLEO8SQz3GMSqOZjQwiVzFyE6YCYMdokmzNRucvBrJJ6qeg6Rff+Kl8pz0PLolN0hgrIRdeogu5QFdUQRSl6Rq/ozXqx3q0P63NWmrHmPcdoAdb3L+6apOI=</latexit><latexit sha1_base64="BesRAssf4+sYtFsryBOmBOpKqRk=">AAACJnicbVC7SgNBFJ2NrxhfqxYWNoNBiIVhNwimEQI2lhHMA5IYZid3kyGzs8vMrCQs+zU2FvordiJ2foalk0dhEg8MHM659869x4s4U9pxvqzM2vrG5lZ2O7ezu7d/YB8e1VUYSwo1GvJQNj2igDMBNc00h2YkgQQeh4Y3vJ34jSeQioXiQY8j6ASkL5jPKNFG6tonfmF0gW9w25eEJqU0gccRvnTTrp13is4UeJW4c5JHc1S79k+7F9I4AKEpJ0q1XCfSnYRIzSiHNNeOFUSEDkkfWoYKEoDqJNMDUnxulB72Q2me0Hiq/u1ISKDUOPBMZUD0QC17E/FfzwsWfk4EozC5dGkf7Zc7CRNRrEHQ2Tp+zLEO8SQz3GMSqOZjQwiVzFyE6YCYMdokmzNRucvBrJJ6qeg6Rff+Kl8pz0PLolN0hgrIRdeogu5QFdUQRSl6Rq/ozXqx3q0P63NWmrHmPcdoAdb3L+6apOI=</latexit>

This bound, however, is never tight. 



EXTENSION TO MULTIPLE CHARGES
We can also generalize our framework to Exchange FTs involving multiple 
charges: 

P (Q1, . . . ,Qn)

P (�Q1, . . . ,�Qn)
= e

P
i AiQi

<latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit><latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit><latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit><latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit>

ex: heat engine FT:
P (Qh,W )

P (�Qh,�W )
= e(�h��c)Qh+�cW

<latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit><latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit><latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit><latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit>

M. Campisi, J. Pekola, R. Fazio, NJP, 17, 035012 (2015)

⌃ =
X

i

AiQi

<latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit><latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit><latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit><latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit>

The entropy production in this case is 

In this case we obtain the matrix bound

C � f(E(⌃))qqT � 0
<latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit>

qi = E(Qi)
<latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit>

Cij = cov(Qi,Qj)
<latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit>



C � f(E(⌃))qqT � 0
<latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit>

qi = E(Qi)
<latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit>

Cij = cov(Qi,Qj)
<latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit>

This says that the matrix above is positive semi-definite. 

As a consequence, all diagonal entries must be positive, which implies an 
individual TUR for each charge: 

var(Qi)

E(Qi)2
� f(E(⌃))

<latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit><latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit><latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit><latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit>

In addition, it also places restrictions on the covariances:

If G is psd then 

Correlations between thermodynamic quantities has so far been largely unexplored. 

G2
ij  GiiGjj

<latexit sha1_base64="u2OPdV82AgqPTDiTP8gotz6whek=">AAACKnicbVDLTgIxFO34RHyNumTTSExckRliIksSF7rERB4JIOmUO1DodMa2Y0Ims/Br3LjQX3FH3PoRLu0ACwFP0vT03EfvPV7EmdKOM7U2Nre2d3Zze/n9g8OjY/vktKHCWFKo05CHsuURBZwJqGumObQiCSTwODS98U0Wbz6DVCwUD3oSQTcgA8F8Rok2Us8u3PYSNkofy7jD4QlnL5Zm12iU9uyiU3JmwOvEXZAiWqDWs386/ZDGAQhNOVGq7TqR7iZEakY5pPlOrCAidEwG0DZUkABUN5ktkeILo/SxH0pzhMYz9W9FQgKlJoFnMgOih2o1lon/xrxg6edEMAq+JHRlHu1XugkTUaxB0Pk4fsyxDnHmG+4zCVTziSGESmY2wnRITBtt3M0bq9xVY9ZJo1xynZJ7f1WsVham5VABnaNL5KJrVEV3qIbqiKIX9Ire0Yf1Zn1aU+trnrphLWrO0BKs71+pz6ds</latexit><latexit sha1_base64="u2OPdV82AgqPTDiTP8gotz6whek=">AAACKnicbVDLTgIxFO34RHyNumTTSExckRliIksSF7rERB4JIOmUO1DodMa2Y0Ims/Br3LjQX3FH3PoRLu0ACwFP0vT03EfvPV7EmdKOM7U2Nre2d3Zze/n9g8OjY/vktKHCWFKo05CHsuURBZwJqGumObQiCSTwODS98U0Wbz6DVCwUD3oSQTcgA8F8Rok2Us8u3PYSNkofy7jD4QlnL5Zm12iU9uyiU3JmwOvEXZAiWqDWs386/ZDGAQhNOVGq7TqR7iZEakY5pPlOrCAidEwG0DZUkABUN5ktkeILo/SxH0pzhMYz9W9FQgKlJoFnMgOih2o1lon/xrxg6edEMAq+JHRlHu1XugkTUaxB0Pk4fsyxDnHmG+4zCVTziSGESmY2wnRITBtt3M0bq9xVY9ZJo1xynZJ7f1WsVham5VABnaNL5KJrVEV3qIbqiKIX9Ire0Yf1Zn1aU+trnrphLWrO0BKs71+pz6ds</latexit><latexit sha1_base64="u2OPdV82AgqPTDiTP8gotz6whek=">AAACKnicbVDLTgIxFO34RHyNumTTSExckRliIksSF7rERB4JIOmUO1DodMa2Y0Ims/Br3LjQX3FH3PoRLu0ACwFP0vT03EfvPV7EmdKOM7U2Nre2d3Zze/n9g8OjY/vktKHCWFKo05CHsuURBZwJqGumObQiCSTwODS98U0Wbz6DVCwUD3oSQTcgA8F8Rok2Us8u3PYSNkofy7jD4QlnL5Zm12iU9uyiU3JmwOvEXZAiWqDWs386/ZDGAQhNOVGq7TqR7iZEakY5pPlOrCAidEwG0DZUkABUN5ktkeILo/SxH0pzhMYz9W9FQgKlJoFnMgOih2o1lon/xrxg6edEMAq+JHRlHu1XugkTUaxB0Pk4fsyxDnHmG+4zCVTziSGESmY2wnRITBtt3M0bq9xVY9ZJo1xynZJ7f1WsVham5VABnaNL5KJrVEV3qIbqiKIX9Ire0Yf1Zn1aU+trnrphLWrO0BKs71+pz6ds</latexit><latexit sha1_base64="u2OPdV82AgqPTDiTP8gotz6whek=">AAACKnicbVDLTgIxFO34RHyNumTTSExckRliIksSF7rERB4JIOmUO1DodMa2Y0Ims/Br3LjQX3FH3PoRLu0ACwFP0vT03EfvPV7EmdKOM7U2Nre2d3Zze/n9g8OjY/vktKHCWFKo05CHsuURBZwJqGumObQiCSTwODS98U0Wbz6DVCwUD3oSQTcgA8F8Rok2Us8u3PYSNkofy7jD4QlnL5Zm12iU9uyiU3JmwOvEXZAiWqDWs386/ZDGAQhNOVGq7TqR7iZEakY5pPlOrCAidEwG0DZUkABUN5ktkeILo/SxH0pzhMYz9W9FQgKlJoFnMgOih2o1lon/xrxg6edEMAq+JHRlHu1XugkTUaxB0Pk4fsyxDnHmG+4zCVTziSGESmY2wnRITBtt3M0bq9xVY9ZJo1xynZJ7f1WsVham5VABnaNL5KJrVEV3qIbqiKIX9Ire0Yf1Zn1aU+trnrphLWrO0BKs71+pz6ds</latexit>
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TB

TA

TB

TA

TB

✏A
<latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit>

✏B
<latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit>

SWAP engine

M. Campisi, J. Pekola, R. Fazio, NJP, 17, 035012 (2015)

hQhi = ✏A(fA � fB)
<latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit>

hQci = �✏B(fA � fB)
<latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit>

hW i = �(✏A � ✏B)(fA � fB)
<latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit>

fi =
1

e�i✏i + 1
<latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit>

Refrigerator Engine Accelerator
1 <

✏B
✏A

<latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit>

�A

�B
<

✏B
✏A

< 1
<latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit>

✏B
✏A

<
�A

�B
<latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit>



P (QH ,W )

P (�QH ,�W )
= e(�B��A)QH+�BW

<latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit><latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit><latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit><latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit>

SWAP engine
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Landauer’s principle 
at zero temperature

André M. Timpanaro, Jader P. Santos and GTL, 
“Landauer’s principle at zero temperature”
(arXiv 1911.00910)



Landauer’s principle: what is the minimum amount of heat required to 
erase some information?

�Qenv � �T�Ssys
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If the environment is at zero temperature, the bound becomes trivial:

�Qenv � 0
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But is this tight?

Consider, for instance, spontaneous emission:

Can we really erase information about a system 
at zero heat cost?



André M. Timpanaro, Jader P. Santos and GTL, 
“Landauer’s principle at zero temperature”
(arXiv 1911.00910)

We have recently derived a new Landauer bound which remains valid 
even at T = 0.

Our bound follows exactly the same spirit of the original one: 

It says absolutely nothing about the state of the system;

nor the system-environment interaction.

All it assumes is that the environment is in thermal equilibrium. 



André M. Timpanaro, Jader P. Santos and GTL, 
“Landauer’s principle at zero temperature”
(arXiv 1911.00910)

The result is:

�Qenv � U(S�1(��Ssys))
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where     and     are proportional to the equilibrium energy and entropy of 
the environment.

U
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Our bound does require more information than the original one (which 
only requires knowledge of the temperature T).

However, it is also always tighter than the original one.

Moreover, it tends to it in the high temperature limit. 



Most importantly, our bound remains useful at zero temperature.

Ex: when the bath is a 1D waveguide

�Qenv � �T�Ssys +
3~c
⇡L

�S2
sys
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where L is the length of the waveguide.

T cold T medium T hot
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• In this talk I tried to discuss the idea of optimizing the support in 
thermodynamic processes.

• I feel that this is important because it sheds light on: 

a. What are the ultimate limits achievable in a given task;

b. Which sorts of processes and systems yield optimal results;

c. What are the ideal processes one should aim for when designing a thermal 
machine; 
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