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THE SECOND LAW

The 1st law puts heat and work on similar footing and says that, in 
principle, one can be interconverted into the other. 

For a system coupled to two baths, for instance, we have: 
 

                                 

Not all such processes, however, are actually possible.

This is the purpose of the 2nd law.

dU
dt

= ·Qh + ·Qc + ·W



The 2nd law deals with entropy. 

Entropy, however, does not satisfy a continuity equation. 

There can be a flow of entropy from the system to the environment, which is given by 
the famous Clausius expression .

But, in addition, there can also be some entropy which is spontaneously produced in the 
process. The entropy balance equation thus reads 
                                 

                                           

The quantity  is called the entropy production rate. 

The second law can now be formulated mathematically by the statement 

·Q/T
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·Σ ≥ 0



Why entropy production matters
1st and 2nd laws for a system coupled to two baths:

Entropy production is therefore the reason the efficiency is smaller than Carnot:

⌘ = ⌘C � Tc
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The efficiency of the engine may then be written as

⌘ = � Ẇ

Q̇h
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Carnot’s statement of the 2nd law

    “The efficiency of a quasi-static or reversible Carnot 

cycle depends only on the temperatures of the two heat 
reservoirs, and is the same, whatever the working 

substance.  A Carnot engine operated in this way is the 

most efficient possible heat engine using those two 
temperatures.”



Flow of heat

But if there is no work involved, 

⌃̇ = � Q̇h

Th
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� 0
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The 2nd law reads

Q̇c = �Q̇h
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Heat flows from hot to cold.



Clausius’ statement of the 2nd law

   “Heat can never pass from a colder to a warmer body 

without some other change, connected therewith, 

occurring at the same time.”



Work from a single bath

Finally, suppose there is only one bath present:

Ẇ = �Q̇h
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Positive work (in my definition) means an external agent is doing work on 
the system.



Kelvin-Planck statement of the 2nd law

   “It is impossible to devise a cyclically operating device, 

the sole effect of which is to absorb energy in the form of 

heat from a single  thermal reservoir  and to deliver an 

equivalent amount of work.”



Thermodynamics at the nanoscale



This process requires some work.  

But now imagine doing the same with an RNA molecule.  

The RNA molecule is constantly fluctuating due to 
Brownian motion.  

Thus, every time we repeat the process, the work required 
to fold the molecule will be different.  

Work is therefore a random variable and we must 
speak about a probability of work P(W )



Batalhão, et. al., Phys. Rev. Lett. 113 (2014).Collin, et. al., Nature, 437 (2005)



The exact same thing happens for heat.  

The heat exchanged between two buckets of water 
practically does not fluctuate.  

But the heat exchanged between two harmonic 
oscillators does. 

Heat will therefore also be described by a prob. dist. P(Q)



J. R. Gomes-Solano, et. al., Phys. Rev. Lett. 106, 200602 (2011)

S. Pal et. al, Phys. Rev. A. 100, 042119 (2019) 



Fluctuation 
theorems 

 
P(Σ)

P(−Σ)
= eΣ

Thermodynamic 
Uncertainty 

Relations 
 

var(Σ)2

𝔼(Σ)2
≥

2
𝔼(Σ)

Consequences of  microscopic 
fluctuations



Fluctuation 
theorems 

 
P(Σ)

P(−Σ)
= eΣ



Fluctuation theorems

Work (Jarzynski-Crooks) 

        
PF(W )

PB(−W )
= eβ(W−ΔF)

Heat (Jarzynski-Wójcik) 

        
P(Q)

P(−Q)
= e(βc−βh)Q

In the case of  work, we have a forward and a backward process 
(fold and unfold).  

For heat, PB = PF

The probability distributions of  thermodynamic quantities 
cannot be arbitrary, 

They must satisfy a special symmetry known as a 
Fluctuation Theorem:



The two can be written in a unified way in terms of  the 
entropy production.

Work:  

              

 
then 
 
               

Σ = β(W − ΔF)

PF(W )
PB(−W )

= eβ(W−ΔF)

PF(Σ)
PB(−Σ)

= eΣ

Heat:  

           

 
then 
 
           

Σ = (βc − βh)Q

P(Q)
P(−Q)

= e(βc−βh)Q

P(Σ)
P(−Σ)

= eΣ

The case of  heat is called an Exchange FT (EFT).  

It is stronger because it represents a symmetry for the same distribution.  

(Sometimes this happens for work too. But depends on the problem)



Experimental confirmation

Batalhão, et. al., Phys. Rev. Lett. 113 (2014).

Collin, et. al., Nature, 437 (2005)



J. R. Gomes-Solano, et. al., Phys. Rev. Lett. 106, 200602 (2011)



Thermodynamic 
Uncertainty 

Relations 
 

var(Σ)2

𝔼(Σ)2
≥

2
𝔼(Σ)



Thermodynamic Uncertainty Relations (TURs)

A. C. Barato, U. Seifert, Physical Review Letters, 114, 158101 (2015)
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Simple, elegant and powerful. 

Counterintuitive:  To reduce 
the fluctuations, the process 
should be more irreversible.

Derived only for the steady-
state of classical Markov 
chains. 

Can be violated in many 
relevant scenarios (e.g. 
thermoelectrics).

⌃ = �� Q (in the simplest case)
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var(Q̇)

E(Q̇)2
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E(⌃̇)
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Implications for mesoscopic engines
In an autonomous engine the output power is Ẇ
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P. Pietzonka and U. Seifert, Phys. Rev. Lett., 120, 190602 (2017)

The TUR in this case then reads
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From our previously derived result: 

⌘ = ⌘C � Tc

Q̇h

⌃̇ ! E(⌃̇) = E(Q̇h)

Tc
(⌘C � ⌘)
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Thus:
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� 2Tc
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1
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P. Pietzonka and U. Seifert, Phys. Rev. Lett., 120, 190602 (2017)

Finally, we note that                , so that ⌘ =
E(Ẇ )

E(Q̇)
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var(Ẇ ) � 2Tc|E(Ẇ )| ⌘
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If you wish to operate the engine close to Carnot efficiency, you pay 
the price that the fluctuations may become very large. 

To curb fluctuations, the engine should be operated irreversibly! 

Goes against everything we learn in undergraduate 
thermodynamics 🤯

Thus:
var(Ẇ )

E(Ẇ )2
� 2Tc

E(Q̇c)

1
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Thermal Machines: Otto Cycle

Implications for mesoscopic autonomous heat engines

P = Ẇ
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In an autonomous engine the output power is defined by 

P = 0
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Carnot efficiency achievable only at the expense of zero power

η = ηc  if  𝔼( ·Σ) = 0



Implications for mesoscopic autonomous heat engines

Campisi and Fazio ‘The power of a critical engine’. Nat. Comms. 7, 11895 (2016).

“We focus on quantum Otto engines and show that when the working substance is at the verge of a second order phase 
transition diverging energy fluctuations can enable approaching the Carnot point without sacrificing power.”

However…

TURs explain: To approach Carnot efficiency at a finite power one must pay 
with diverging fluctuations!



1912.08391

2002.00284



TUR from FTs

André M. Timpanaro, Giacomo Guarnieri, John Goold, GTL,   
“Thermodynamic uncertainty relations from exchange fluctuation theorems”.  
Phys. Rev. Lett. 123, 090604 (2019) (arXiv 1904.07574)



EXCHANGE FLUCTUATION THEOREM
Fluctuation theorems for thermodynamic processes usually have the form

e.g. Crooks theorem for work: ⌃ = �(W ��F )
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PF (⌃)

PB(�⌃)
= e⌃
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FTs, however, compare a forward with a backward process. 

In some systems, both coincide. These are called Exchange FTs:

P (⌃)

P (�⌃)
= e⌃
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This is much stronger: it is a symmetry on a single probability distribution.

Example: direct heat exchange: ⌃ = ��Q
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We consider a system satisfying an exchange 
fluctuation theorem.

We proved the following theorem:

�/�
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�

�

�
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Theorem (“TUR de force”). For fixed finite E(⌃), the
probability distribution P(⌃) satisfying P(⌃)/P(�⌃) =
e⌃, with the smallest possible variance (the minimal
distribution) is

Pmin(⌃) =
1

2 cosh(a/2)

⇢
ea/2� (⌃ � a)+e�a/2� (⌃ + a)

�
,

where the value of a is fixed by E(⌃) = a tanh(a/2).
For this distribution

Var(⌃)min = E(⌃)2 f (E(⌃)),

where f (x) = csch2(g(x/2)), csch(x) is the hyperbolic
cosecant and g(x) is the function inverse of x tanh(x).

For any other distribution 
we must then have: 

var(⌃)

E(⌃)2 � f(E(⌃))
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P (⌃)

P (�⌃)
= e⌃
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TUR de force IS TIGHT

Our TUR is the tighest (saturable) bound for this scenario. 

And we know which thermodynamic process saturates it. 

This is relevant because, around the same time, similar papers appeared. 

But all derived a looser bound with 

Hasegawa & Vu 1902.06376.  
Proesman & Horowitz 1902.07008. 
Potts & Samuelsoon 1904.04913.

f(x) =
2

ex � 1
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This bound, however, is never tight. 



EXTENSION TO MULTIPLE CHARGES
We can also generalize our framework to Exchange FTs involving multiple 
charges: 

P (Q1, . . . ,Qn)

P (�Q1, . . . ,�Qn)
= e

P
i AiQi

<latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit><latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit><latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit><latexit sha1_base64="KDcNBrrgyMTUTDAZ8jxSYRg+9TA="></latexit>

ex: heat engine FT:
P (Qh,W )

P (�Qh,�W )
= e(�h��c)Qh+�cW

<latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit><latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit><latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit><latexit sha1_base64="AkbPtkBAGU8T/bYqFjCsIK3F4UM="></latexit>

M. Campisi, J. Pekola, R. Fazio, NJP, 17, 035012 (2015)

⌃ =
X

i

AiQi

<latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit><latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit><latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit><latexit sha1_base64="LONohNz9JO3aUpabvwMt6opSe/8=">AAACN3icbVC7TsMwFHV4lvIKMLJYVEidqgQh0QWpiIWxFfQhNVHkuE5r1XYi20Gqov4CX8PCAP/BxIZY2Rhx2gy05UhXOjrnXvveEyaMKu0479ba+sbm1nZpp7y7t39waB8dd1ScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINx7e5330kUtFYPOhJQnyOhoJGFCNtpMCuevd0yBG8hp5Kuccop1oFFN6Y8jjSI4xY1poGNLArTs2ZAa4StyAVUKAZ2D/eIMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jdUIE6Un80umsJzowxgFEtTQsOZ+nciQ1ypCQ9NZ76kWvZy8V8v5As/Z4JiEkmEl/bRUd3PqEhSTQSerxOlDOoY5iHCAZUEazYxBGFJzUUQj5B5RpuoyyYqdzmYVdK5qLlOzW1dVhr1IrQSOAVnoApccAUa4A40QRtg8ASewSt4s16sD+vT+pq3rlnFzAlYgPX9C0d1rM4=</latexit>

The entropy production in this case is 

In this case we obtain the matrix bound

C � f(E(⌃))qqT � 0
<latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit>

qi = E(Qi)
<latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit>

Cij = cov(Qi,Qj)
<latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit>



C � f(E(⌃))qqT � 0
<latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit><latexit sha1_base64="j01ISRPjCLQ7Ut4HavnnBDwYy6E="></latexit>

qi = E(Qi)
<latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit><latexit sha1_base64="saXR63UGMR0l7Fd/LMMcwbIDvFg=">AAACLnicbVDLSsNAFJ34rPUVdenCwSLUTUlEsBuhIILLFuwD2hAm00k7dDKJMxOhhCz9Gjcu9FcEF+LWT3DpJM3Cth4YOJz7mHOPFzEqlWV9GCura+sbm6Wt8vbO7t6+eXDYkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43ucnq3UciJA35vZpGxAnQiFOfYqS05JonDy6F13AQIDX2vOQ2reYUI5a0Upeeu2bFqlk54DKxC1IBBZqu+TMYhjgOCFeYISn7thUpJ0FCUcxIWh7EkkQIT9CI9DXlKCDSSfJDUnimlSH0Q6EfVzBX/04kKJByGni6M3MpF2uZ+G/NC+Z+TjjFxBcIL/hRft1JKI9iRTie2fFjBlUIs+zgkAqCFZtqgrCg+iKIx0ivUTrhso7KXgxmmXQuarZVs1uXlUa9CK0EjsEpqAIbXIEGuANN0AYYPIFn8ArejBfj3fg0vmatK0YxcwTmYHz/AtJWqQg=</latexit>

Cij = cov(Qi,Qj)
<latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit><latexit sha1_base64="/m1xVboWfoaOJdFyLk3EQDYTE2M="></latexit>

This says that the matrix above is positive semi-definite. 

As a consequence, all diagonal entries must be positive, which implies an 
individual TUR for each charge: 

var(Qi)

E(Qi)2
� f(E(⌃))

<latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit><latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit><latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit><latexit sha1_base64="BNT5od6LzKcoIT25JGDkg41yDU0="></latexit>

In addition, it also places a restriction on the sign on the covariances:

E(Qi)2

var(Qi)
+

E(Qj)2

var(Qj)
� 1

f(E(⌃)) ! sign(Cij) = sign(E(Qi)E(Qj))
<latexit sha1_base64="Pm26FsesRcJJijxh+N+UiSmxTKQ="></latexit><latexit sha1_base64="Pm26FsesRcJJijxh+N+UiSmxTKQ="></latexit><latexit sha1_base64="Pm26FsesRcJJijxh+N+UiSmxTKQ="></latexit><latexit sha1_base64="Pm26FsesRcJJijxh+N+UiSmxTKQ="></latexit>



SWAP

TA

TB

TA

TB

TA

TB

✏A
<latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit><latexit sha1_base64="NC046Wyb7yorMtq0XW9dZJbjiaU=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN1V3LisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B66mg9A==</latexit>

✏B
<latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit><latexit sha1_base64="oBHMhLocGGtE0Bwshi0HlWOSDf0=">AAACF3icdVDLSgMxFM3UV62vqks3wSK4GmZEtN0V3bisYFuxHUomvdOGJpkhyQhl6F+4caG/4k7cuvRPXJo+BFv1QOBwzr3JyQkTzrTxvA8nt7S8srqWXy9sbG5t7xR39xo6ThWFOo15rG5DooEzCXXDDIfbRAERIYdmOLgc+817UJrF8sYMEwgE6UkWMUqMle7akGjGY9m56BRLnlvx/MqZj38T3/UmKKEZap3iZ7sb01SANJQTrVu+l5ggI8owymFUaKcaEkIHpActSyURoINskniEj6zSxVGs7JEGT9SfGxkRWg9FaCcFMX296I3FP71QzL2cSUYhUoQu5DFROciYTFIDkk7jRCnHJsbjknCXKaCGDy0hVDH7I0z7xF5jbJUFW9V3H/h/0jhxfc/1r09L1fKstDw6QIfoGPnoHFXRFaqhOqJIogf0hJ6dR+fFeXXepqM5Z7azj+bgvH8B7VOg9Q==</latexit>

SWAP engine

M. Campisi, J. Pekola, R. Fazio, NJP, 17, 035012 (2015)

hQhi = ✏A(fA � fB)
<latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit><latexit sha1_base64="WpJXalx4MwD9avI4y8j7azLx7cc="></latexit>

hQci = �✏B(fA � fB)
<latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit><latexit sha1_base64="O8/js7SaX26wGMjsba++i79Sbyw="></latexit>

hW i = �(✏A � ✏B)(fA � fB)
<latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit><latexit sha1_base64="FPvpC5K9DCWRL1VJL58RmZ/6PUI="></latexit>

fi =
1

e�i✏i + 1
<latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit><latexit sha1_base64="fRP8D46KAjVNCAeFBLOnc2q10Ms="></latexit>

Refrigerator Engine Accelerator
1 <

✏B
✏A

<latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit><latexit sha1_base64="lspEioieRuc4diaJThROv6qOuPY=">AAACMHicbVDLSgMxFM34rPU16tJNtAiuyowUdOGi6sZlBfuAtpRMeqcNTTJDkhHK0LVf48aF/oquxK1f4NJMW9C2Hggczrn35t4TxJxp43nvztLyyuraem4jv7m1vbPr7u3XdJQoClUa8Ug1AqKBMwlVwwyHRqyAiIBDPRjcZH79AZRmkbw3wxjagvQkCxklxkod98jHl7gVKkLTFsSacStej3751ajjFryiNwZeJP6UFNAUlY773epGNBEgDeVE66bvxaadEmUY5TDKtxINMaED0oOmpZII0O10fMoIn1ili8NI2ScNHqt/O1IitB6KwFYKYvp63svEf71AzPycSkYhO3tuHxNetFMm48SApJN1woRjE+EsPdxlCqjhQ0sIVcxehGmf2DHGZpy3UfnzwSyS2lnR94r+XalQLk1Dy6FDdIxOkY/OURndogqqIooe0RN6Qa/Os/PmfDifk9IlZ9pzgGbgfP0AJeaqRQ==</latexit>

�A

�B
<

✏B
✏A

< 1
<latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit><latexit sha1_base64="RIMqG7Bj/pHpteoB1hCbu8zlYlk="></latexit>

✏B
✏A

<
�A

�B
<latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit><latexit sha1_base64="QdPUYBMQdiL8W/qlKR+gHq5cEm8=">AAACR3icbZDLSgMxFIYz9VbrrerSTbAIrsqMFOzCRa0blxXsBdpSMumZNjSTGZKMUIZ5FZ/GjQvd+xTupEsz7Yi29UDg4/9PknN+N+RMadv+sHIbm1vbO/ndwt7+weFR8fikpYJIUmjSgAey4xIFnAloaqY5dEIJxHc5tN3JXeq3n0AqFohHPQ2h75ORYB6jRBtpUKzinicJjXsQKsaNUk9++TbBNz++C5oYIYN6MiiW7LI9L7wOTgYllFVjUJz1hgGNfBCacqJU17FD3Y+J1IxySAq9SEFI6ISMoGtQEB9UP55vmOALowyxF0hzhMZz9e+NmPhKTX3XdPpEj9Wql4r/eq6/9HMsGIV04ZV5tFftx0yEkQZBF+N4Ecc6wGmoeMgkUM2nBgiVzGyE6ZiYZ7SJvmCiclaDWYfWVdmxy85DpVSrZKHl0Rk6R5fIQdeohu5RAzURRc/oBb2hd+vV+rS+rNmiNWdld07RUuWsbyHVszQ=</latexit>



P (QH ,W )

P (�QH ,�W )
= e(�B��A)QH+�BW

<latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit><latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit><latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit><latexit sha1_base64="UTdIZqoXSoUdwUzbeR7vLPcuvlc="></latexit>

SWAP engine
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EXPERIMENTAL CONFIRMATION 
The above results have recently been verified experimentally. 

1912.08391

Direct heat exchange between 
two qubits.

Energy preserving interaction 
(thermal operation)



ACHIEVABILITY OF THE OPTIMAL PROCESS
1

Theorem (“TUR de force”). For fixed finite E(⌃), the
probability distribution P(⌃) satisfying P(⌃)/P(�⌃) =
e⌃, with the smallest possible variance (the minimal
distribution) is

Pmin(⌃) =
1

2 cosh(a/2)

⇢
ea/2� (⌃ � a)+e�a/2� (⌃ + a)

�
,

where the value of a is fixed by E(⌃) = a tanh(a/2).
For this distribution

Var(⌃)min = E(⌃)2 f (E(⌃)),

where f (x) = csch2(g(x/2)), csch(x) is the hyperbolic
cosecant and g(x) is the function inverse of x tanh(x).

The minimal process is one 
which has only 2 points in 
the support. 

But is this achievable in 
practice?

i.e., is the bound saturable?



Conclusions Acknowledgements:
FAPESP,  Heraeus foundation 

• In this talk I discussed how TURs can be viewed as a consequence of Fluctuation 
Theorems. 

• I believe that this is important because:

a. It sheds light on the physical origins of the TUR. 

b. Shows that FTs not only contains the 2nd law in the averages, but also 
additional constraints on the 2nd moments. 

c. Introduces the idea of a minimal process; i.e., the idealized process which 
optimizes a given thermodynamic task.

www.fmt.if.usp.br/~gtlandi


