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1 Introduction

The dynamics of open quantum systems have been studied extensively in the fields of quantum optics, quantum
information. The main goal is to describe the nonunitary behavior resulting from the fact that the system is
not closed. Usually, such master equations are obtained by considering a microscopic model for the interaction
of the system under study and the environment, and tracing out the environment variables in some exact or,
most of the times, perturbative treatment. Usually, the presence of interactions among parts of the system or
its subsystems is not taken into account in the derivation of the master equation. It is not uncommon to find
examples of such a phenomenological approach where one considers the response of a system to the environment
to be exactly the same regardless of whether it is coupled or not to another quantum system. As an illustrative
example, let us consider the Jaynes-Cummings model describing the interaction of a single-mode quantized
electromagnetic field in a cavity and a two-level atom in the rotating wave approximation. When considering
cavity losses at a decay rate s, one usually describes the open system by using a master equation in the form?!

ip = —i[Hjc, p) + r(apa’ —{a'a, p}/2) (1)

As we know, the second term, the Lindblad dissipator, accounts for the losses. The potential problem of
using Eq. (1) resides in the fact that the derivation of the Lindblad dissipator was realized in another different
microscopic model, and not the Jaynes-Cummings plus environment. Actually, this dissipator is deduced for
a cavity mode losing photons to the vacuum environment without the presence of the atom. For this reason,
the use of Eq. (1) is a phenomenological approach. A microscopic derivation of the master equation for the
Jaynes-Cummings model with cavity losses is found in [1].

Usually, this kind of phenomenological approach works well when the subsystems (in the above case, the
mode and the atom) are weakly coupled.

1.1 Master equation for qubits in a common environment

In this section, we would like to discuss about the following system: an a priori non-interacting set of qubits
which are interacting with a global bosonic reservoir. This system is been shown in Fig. 1(a).
As we have seen before, when we have just one qubit interacting with a bosonic reservoir, the master equation
for the system can be written as 2
Orp = —i[Hy, p] + D1(p) (2)

with H; = %o and

Di(p) = (1 +n)(oy poi — {oi o7, p}/2) + (o7 poy — {oy ot p}/2) (3)
A ingenuous way to describe a set of M two-level system interacting with a common global reservoir could
be just by adding a new dissipator for each two-level system. In this case we would have,

M

dhp = ~ilHs. o+ > Di(p) (1)
=1

where Hg = Zi\il w;07 /2 and
Di(p) = v(L+n)(o; po;” —{oi 07, p}/2) +yilof po; — {07 o, p}/2) (5)

The Eq. (4) is an example of a phenomenological master equation for our system. This master equation would
be correct if we were describe a collection of two-level system interacting individually with local baths, as shown
in Fig. 1(b), but that is not the case. Next section we will derive what we call a microscopic master equation
for the system of interest.

1Here H ;¢ stands for the well-know Jaynes-Cummings Hamiltonian H ;o = “’2—002 +wala+ g(aTcr_ +ota).
2We mean, by using the traditional approach via the Born-Markov approximations.



Figure 1: (a) Set of two-level system interacting with a global reservoir. (b) Set of two-level system interacting
individually with local reservoirs.

Derivation of the master equation

Let us start by writing the system Hamiltonian of the total system

Hr =Hgs+ Hg + Hgsg (6)
where
M
HS:Zwicrf/Z (7)
i=1
Hg = Z Vka};ak (8)
k
M
Hop = =iy > (g0 ar — g0 af) )
k=1

The density operator of the total system, pr, obeys the von-Neumann equation,
owpr = —i[Hr, pr] (10)
First, let us go to the interaction picture, pp = efotpre= ot with Hy = Hg + Hp. So we find
Oipr = —i[V(t), pr] (11)
where V (t) = e'ot Hgpe =0t can be rewritten as
M
V(t) = =) (g0 are' = gho afem 8 (12)
Eoi=1

where Ay, = w; — vg. For the initial time ¢ = 0, direct integration of Eq. (11) leads to the following first order
solution in V()

t
pr(t) = pr(0) =i |t (V(E). ot (13)
0
Substituting Eq. (13) back into the right side of Eq. (11), we obtain the integro-differential equation
t
0upr = ~ilV (@), 5r(0)] — [ A¥IV(e). V). prlt)] (14
0

We can continue the procedure to obtain an infinite series of integral terms, which can be regarded as an exact
explicit solution for pr(t). The usual practice however is to introduce approximations into the exact second
order equation. By tracing Eq.(14) over the bath, and noting that Trg{pr(t)} = ps(t), we obtain

s = =iTop {IV (0.5} - [ 4t T (V). V). (1)) (15)

We choose an initial state of the system that has no correlations between the two-level systems and the envi-
ronment, pr(0) = ps(0) ® pr(0). We will assume the interaction between the two-level system and bath to be
very weak, and then there is no back reaction of the two-level system on the bath. Thus, we can make our first
approximation, the weak coupling or Born approximation, in which we assume that the effect of the system on



the bath is very small, so that the state of the bath, appearing as a large reservoir to the two-level systems,
does not change in time. Therefore, we can rewrite Eq.(15)

s = i Tr { [V (1), 55 (0) @ pi(0 / a' Trp {[V(0), V(#), ps(t') @ pi] | (16)

Where here we are using a shorter notation pg = pg(0). If we change the time variable to ¢’ = ¢ — 7, we obtain

s = =iTo {IV(0.55(0) © 5O} = [ ar e {[V (0. 1V =) fste = 1) s} (a7)

Let us consider the trace over the field modes of the double commutator in the second term of Eq. (17), which
can be written as

Tew {[V(0), V(t =), ps(t = 7) @ pel } = Teg {V(OV (¢ = 7)ps(t - 7) @ ps]}
— Trp {V(H)ps(t =) @ puV (t = 7))}
— Trg {V(t —T)ps(t—7)® PEV(t)]}
+ Trp {ps(t =) @ peV (t - )V (D]} (18)

To calculate the first term on the right-hand side of Eq. (18), we substitute the explicit expression for the
interaction Hamiltonian Eq. (12), and obtain

ﬂE{V@VG—TMﬂt—T®pE} E:E:Tm{

k,k" i,5=1

(o are’* = ghosale” M) (g0 ap e 0T — gt o al, e B T G (t - 7) © pE} (19)
Let us define a(t) = axe~"*'. Then we can write

Tep {VOV (¢t = 1)ps(t — 1)@psl} ==Y > [

ok =1
g giw oy ot et et =) Ty {ak t)ak/(t—T)pE}

(
—girggneor of e e fal (Baw(t - 7)ps }
— GG oy oy et i (1) Ty {ak(t)ak/(t - T)PE}
+gigior oy e =) Trg {a (tal, (¢ ﬂw}] ps(t—7) (20)

In order to calculate the second order correlations functions of the field operator we assume that are in a finite
temperature thermal state. In this case, the field correlation functions are given by

Trg {ak(t)pE} =0 (21)
Trg {ak(t)ak/(t - T)pE} =0 (22)
Trg {al(t)ak/(t — T)pE} = ﬁk6k7k/e+i”kte*i”k’(t77) (23)
Trg {ay (t)af, (¢ = T)pi | = [k + e e 07 (24)
Trg {af (Dl (t = 7)pi | =0 (25)
where 1y, = TY{aLaka} is the average number of quanta in the mode k. If we use the definition
ZgkuT it (26)

and the correlation functions, we can write

s {VOV (e~ gt —7) 9]} = 3 [DT(t)D(t—ﬂnmw+D<t>D*<t—T>[nk+1] w7\ ps(t =) (27)



Proceeding in a similar manner, we calculate the remaining three terms in Eq. (18).

Trg {V(t)ﬁs(ﬁ —T7)®@peV(t - T)]} = Xk: {D(t)ﬁs(t —7)D(t — 7)Ake "*" + DI (t)ps(t — 7)D(t — 7) [ + 1]€i"kT} (28)

Teg {V(t = r)ps(t —7) @ puV (D)} = Xk: [D(t — 7)ps(t — 7)Dt(t)Ake™ ™ + DI (t — 7)ps(t — 7)D(E) [k + 116W} (29)
Trg {ﬁg(t )@ pEV(t— T)V(t)]} =Y ps(t—) [D(t — 1)D' )k + 1€ + Di(t — 1) D(t)ﬁkeium] (30)
By using these results, the master equatkion Eq. (17) simplifies to
Bups = / Car > {ID(t = 7)s(t = 7), DI O age™™ + [DI(0), s (¢ — 7)D(t — 7)o + 1]e™s"
HD(1), ps(t =)Dt = 7ge ™ + [D (¢ = 7)ps(t — 7), DW)][x + e} (31)

Note also that we can write

| ar S0t e = (e = 1), De + e
0 k

t
> [oi (Ze““i“ﬂt[m +1]g5.9;8 / dre =i h—7 5 (1 — ﬂ),oﬂ (32)
k

i,j=1

=Xi;(t)

and

/0 dr Z[D(t —7)ps(t — 1), DY (t)]Age* ™=

k
M t
> [gj (Zel(wi_“j)t”kgikgﬁ/ dTez(Vk_wi)TﬁS(t—T))"’j] (33)
k 0

ij=1

=Yi; ()
By using the definitions X;; and Y;;, we can rewrite the Eq. (31) as

M
oups = Y {lo7 Xis(0),071 + 07 ¥ (), 07 + o7, X0t + [0, Y (1)o7 1} (34)

4,j=1

Continues Limit and Markov approximation

The functions X;;(t) and Y;;(t) involve a summation over the reservoir oscillators. We change this summation
to an integration by introducing a density of states G(vy) such that G(vy)dyg gives the number of oscillators
with frequency in the interval vy to v, + duvg.

t

Xij(t) = / dvg G(vp)e @it n, + 1]ka9jk/ dre =@l 5o (t — 1) (35)
0
t
Vilt) = [ don G iugugs, [ dre e st ) (36)
0

Here we can make our third approximation, the Markov approximation, in which we replace pg(t — 7) by ps(t)
and extend the integral to infinity.
Under the Markov approximation we can evaluate the integral over 7 to obtain

lim [ drps(t — 7)e™ ~ po(t) [775(:13) 4 mﬂ (37)

t—o0 0

Now we can write,

(s —w )t = . 1 -
Xi;(t) = / dvy, g55.9i1G (V) e @i a4+ 1] {m‘)'(uk —w;) — ZPVk — w}ps(t) (38)
Xi5(0) = e o 1] (%~ in (39)



where we are using the definitions

Yij = 277/ dvk 97,9k G (k) (Vi — wi) (40)
Aij = / duy, J936G V) (41)
VE — W;

And for Y;; we have (again using the definitions Eq.(40)) and (41)),

Yi;(t) = / dw G(w)ei(‘”*wﬂ')tﬁkgikg;k {775(1/1C —w;) +iP }ﬁs(t) (42)

Vg — Wi

Yi;(t) = ps(t)e’ @)t n (7; T ZA%J) (43)

Substituting the Eq. (39) and Eq. (43) in the master equation Eq. (34) we find

M
oups = Y { (=it ) (A + Dloy ps(t), o e @m0 1 (0 +iNy Yl ps (1), o7 et

< 2
i,j=1
Vi i\ Hotioi-et o (T3 ias Valot 5o (t)o—le—i@i—et
+(2 +ing) (+ Dloy st e + (B i )alor, ps(t)oy Je (44)
In order to simplify Eq. (44), we will assume that:
e the coupling g;r in such way that v;; and A;; are real,
{vij, Nij} € R (45)
e the frequency w; are such that w; —w; < wy where wy = vail wi/M. By using this, we can make the
approximation,
’yij = ’}/ji and Aij = Aji (46)
By using this approximations, we can write
M
Oips = Z iAij{(ﬁ + 1)[o; 05 ps — pso+a 1+ n[pga o — ojajﬁg]}e_l(“i_“j)t
'7j 1

b5 {0 Vo pso? — oty s}/ 4o} psor — {o7 of s/l ) (a7
4,j=1

Note that we can rewrite the first term of Eq. (49) as

M M

Z iAl-j{(n + 1o o; ps — p50+0 | +nlpso; ol — Jj_crjﬁs]}e*i(“”*“’j)t = Z iNijlof o7, psletwimwt
ij=1 ]
7,7=1
M
+ ) ik +Y2)of, ps] (48)
i=1

By substituting Eq.(48) in Eq. (49) and going back to the Schréedinger picture we have,

M
Oips = —i[Her, ps] + Y _ %ij(n+ Voj psoi —{of a7, ps}/2 +nlofpso; —{o; 0}, ps}/2] (49)
1,5=1
with
M 1 M
25 Au(2n+1) O'—ZAUO‘O' —l—aa) (50)
=1 >
Q=1
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