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1 The Grand-canonical ensemble

The key behind second quantization is to remove the restriction that the number of
particles is fixed. Instead, the theory is built around the idea of Fock space, where the
number of particles is not fixed. This is highly advantageous when dealing with many-
body systems. This same idea, when extended to finite temperatures, is what we call
the Grand canonical ensemble. What we want is to consider some finite temperature
density matrix p ~ e# where the number of particles is not fixed, but can fluctuate.
However, we cannot let it fluctuate arbitrarily since that would make no physical sense.

Instead, the basic idea of the grand-canonical ensemble is to impose that the num-
ber of particles is only fixed on average. That is, we impose that

(N)=N, (1.1)

where A is the number operator and N is the number of particles in the system. In some
systems, the number of particles does indeed fluctuate. This happens, for instance, in
chemical solutions: if we look at a certain region of a liquid, the number of molecules
there is constantly fluctuating due to molecules moving around from other parts. Of
course, in many other systems on the other hand, the number of particles is fixed.
However, it turns out that even in these cases, pretending it can may still give good
answers, provided N is large (the thermodynamic limit). The reason is because, as we
will show below, the variance of A scales as var(N) ~ N so that

\ var(N) 1

= ~—, 1.2

Ky VN 42

which is thus small when N is large. Hence, when N is large, the grand-canonical

ensemble will give accurate answers, even if the number of particles is not actually

allowed to fluctuate. This is the idea behind ensemble equivalence: we are allowed

to use an ensemble where the number of particles fluctuate, even though it actually

doesn’t, because in the thermodynamic limit the fluctuations are small.

Our focus here will be on a system described within the language of second quan-

tization, with a Hamiltonian 9 and a number operator N. We assume that

[H, N1 =0, (1.3)

meaning that the number of particles is a conserved quantity. This means that H and
N can be simultaneously diagonalized. The eigenvalues of A/ are all possible numbers
of particles N. Thus, H is divided in sectors with well defined N; in other words,
H is block diagonal, so there are no terms connecting sectors with different N. The
eigenvalues E are thus labeled by two indices E(N, j), where j labels the quantum
states within each sector.

Suppose now that the system is in thermal equilibrium with exactly N particles.
The corresponding canonical partition function will be

Z(N) = Z e PEN-D, (1.4)
J
This is a constrained sum since we are only summing over that sector that has ex-

actly N particles. This constraint makes it notoriously difficult to compute the sum in
practice.



Instead, in the grand-canonical ensemble we allow the number of particles
to fluctuate but only fix them on average [Eq. (1.1)]. To summarize what we
will learn below, to accomplish this we must introduce a new parameter u,
called the chemical potential, so that the grand-canonical equilibrium state is
transformed to

~BH=-pN) .
peq = eT, Q =tr e_ﬁ((l—{_HN). (1.5)

Here Q is the partition function; I just use a different letter to distinguish it from
the canonical partition function Z. As can be seen, the chemical potential enters
by shifting the Hamiltonian from

H — H - uN. (1.6)

The logic behind p is twofold. When the number of particles is allowed to
fluctuate, the value of u is fixed externally (like the temperature). As a conse-
quence the number of particles Ny = N(u, T) is interpreted as a function of
p and T. Conversely, if the number of particles N is fixed, then u = u(N, T)
is to be interpreted as a function of N and 7', which is to be determined as the
solution of the implicit equation

. tr (NeAH-#A))

Ny=— o) (1.7)

We will explore both scenarios in a second. But before that, we still have to
convince ourselves that Eq. (1.5) makes sense.

1.1 Equilibrium minimizes the thermodynamic potential
Max Ent principle for the canonical ensemble

We can make sense of Eq. (1.5) in terms of the Max Ent principle. When we first
learned about the canonical ensemble, we learned that equilibrium was the state which
minimized the free energy. In symbols, we define the free energy F(p) associated to an
arbitrary state p as

F(p) =(H), =TS (p). (1.8)
Out of all states p, the one which minimizes F(p) is the canonical state
e Pt
can = — - L.
pen = — (1.9)
We can prove this by writing
F(p) = =T nZ + TS (pllocan). (1.10)

where S (pllo) = tr(olnp — pln o) is the quantum relative entropy. Since S (p|lo) > 0
and S (p|lo) = 0iff p = o, it follows that the smallest value that F'(p) can achieve is

Fey=-TInZ (1.11)



which occurs when p = p¢a,- The state with the smallest free energy is thus the thermal
state (1.9).
Alternatively, we could recast the problem in terms of entropy: we write

Feg=-TInZ = Uy — TSeq, (1.12)

where Ueq = (H)y, and S eq = S (0can) are the equilibrium energies and entropies. Using
this together with Eq. (1.8), we can rearrange Eq. (1.10) to read

S(,O) = Seq +ﬁ[<H>p - Ueq] - S(p”pcan)- (113)

This is an identity comparing the entropy of any quantum state p with the entropy of
the equilibrium state (1.9). Consider now the following question: out of all states p
having (H), = U, which has the highest entropy? Eq. (1.13) makes the answer to this
question transparent: If (H), = U,q then second term vanishes. Since the first term is
independent of p, to make S (o) as large as possible we must minimize the second term.
The minimum is thus achieved when p = pcan.

Max Ent principle for the grand-canonical ensemble

The logic we just used can now be extended to the grand-canonical ensemble. After
all, if the principle works for the canonical ensemble (and we know it does because it
matches experiment), then it must also work for the grand-canonical ensemble. To
impose the condition (1.1), we ask

Out of all states p with fixed (H), = U and (N)p = N, which has the highest entropy?

It is easy to address this question using the result from the canonical ensemble. For, as
we saw in (1.6), all we need to do is replace H with H — uN. Eq. (1.13) then becomes

S(p) = S +BUH), = U) +Bu((N) = N) = S (plipeq), (1.14)

where the relative entropy is now between the state p and the grand-canonical state (1.5).
With this formula, we are then able to conclude that the state (1.5) is the state with the
highest possible entropy, given that (H), = U and (N), = N.

The thermodynamic potential

Just like we went back and forth between free energy and entropy in the case of the
canonical ensemble, in the case of the grand-canonical ensemble we can move between
entropy and a new thermodynamic quantity, called thermodynamic potential (I guess
at this point people ran out of creativity for naming it). It is defined as

D(p) = (H), — N, = TS (). (1.15)
Rearranging (1.14) we get

D(p) = Beg + TS (Plloeg). (1.16)

where
Deq = Ueq = uNeg = TS oq.

Eq. (1.16) allows us to conclude that the grand-canonical state (1.5) is the state mini-
mizes the thermodynamic potential.



From now on, since we will be mostly interested in equilibrium states, I
will simplify the notation and write only

®=U-puN-TS, (1.17)

where it is now implied that all quantities refer to equilibrium at the state (1.5).
We can also express Eq. (1.17) more simply as

Doy = -TnQ. (1.18)

This is the grand-canonical analog of Feq = =T InZ. In fact, if we set u = 0 we
recover exactly the canonical ensemble.

If we write the eigenvalues of the Hamiltonian as E(J, j), as in Eq. (1.4), then the
grand-canonical partition function Q in Eq. (1.5) can be written more explicitly as

Q=D e PENIH),
Nj

‘We can now factor out this sum as
Q= Z e PuN Z e BEW.),
N 7

The sum in j is now exactly the canonical partition function Z(N) in Eq. (1.4). This
therefore provides us with a link between the canonical and grand-canonical partition
functions:

Q= ZZNZ(N), 7=ePH (1.19)
N

where z is called the fugacity (a name due to historical reasons). We therefore see that
Z(N) is obtained from a series expansion of Q as a function of z. Mathematically, this
transformation between Z(N) and Q is called the Z transform:; it is the discrete version
of the Laplace transform.

1.2 Non-interacting Hamiltonians

We saw when we studied second quantization, that non-interacting Hamiltonians
could always be written as

H =) eqaaq, (1.20)

where « is a set of single-particle states and the operators a, can be either bosonic or
fermionic. The number operator may be similarly written as

N = Zaj,aa. (1.21)

Thus, the grand-canonical state (1.5) becomes

Peq = é exp{ - BZ(&H - p)alaa}. (1.22)




To compute the partition function we notice that ala, commutes with az,aar for any

a,a’. As a consequence, we may write

Q= 1_[ tr e PlEa— s
a

Each product can be computed independently.
For Fermions these traces generically look like

tre~ ' = e =1+,
n=0,1
where A is any parameter. Whence,
Q= l—l (1 + e‘ﬂ(s"_”)), (Fermions).
(07

Conversely, for Bosons we get

1
_at _
tre='e = E e = 1
1—e
n=0

and hence

1
Q= 1_[ (m)’ (Bosons).

Occupation number

The average number of particles in state |@) is defined as

<ﬁa> =tr {ﬁapeq}s

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

where A, = a)a, is the corresponding number operator for this state. Opening this up

we get

1_[ tr (ﬁw o Blew —u)ﬁn/))
(Pay = <

n " (e—ﬁwa/ —u)ﬁa/) '
g

Out of the product of all ¢, the only one which will not cancel with a corresponding

term in the denominator will be that with @’ = @. Whence

tr (ﬁae—ﬁm—maa )
() = .
tr (e—ﬂ(sa—u)ﬁa )

For Fermions we get

tr (ﬁe_/m) =0+et=e"

Combining this with Eq. (1.24) leads to the Fermi-Dirac distribution

1

(fg) = prrEmE (Fermions).



Conversely, for Bosons we get

-1

A —ARY) _ N —An _ ¢
tr(ne 1)—27’!6 —m.

n=0
Combining this with Eq. (1.26) yields the Bose-Einstein distribution

1

(o) = e =1

(Bosons).

To summarize, in the case of non-interacting Fermions the thermody-
namic potential ® = —T In Q reads

W= 7 Z In (1 + e_ﬁ(‘s“_”)), (1.29)
and the average occupation number of each state « is given by the Fermi-Dirac
distribution |

(fg) = B 11 (1.30)
Conversely, in the case of non-interacting Bosons we get
o=7) ln(l - e*ﬁ@fﬂ)), (1.31)
@
and the Bose-Einstein distribution
o) = ! 1.32
() = Blea i — 1 (1.32)

In the case of Fermions, the value of y can in principle be arbitrary. But for
Bosons, we could have (#,) < 0, which is of course unphysical. The condition
for this not to happen is to have u < g, for all ; or,

< min(gy), for Bosons. (1.33)

This restriction on u in the case of Bosons has dramatic consequences, being at
the core of Bose-Einstein condensation. We will study this in detail later on.

1.3 Fluctuations

Consider the thermodynamic potential ® = -7 Intr e PH-1N), Differentiating with
respect to u, we get
A0 tr (NePH-1N))

= —, 1.34
ou tr (e BH-1N)) (1.34)
Thus we conclude that
. oD
Ny =-—— (1.35)
Ou




This result is general, holding even in the presence of interactions. As a sanity check,
differentiating Eqgs. (1.29) or (1.31) with respect to y yields

A 1 R
Ny = Z e 11 Z(na% (1.36)

as expected. Here the + sign is for Fermions and the minus for Bosons.
Next differentiate (1.34) again with respect to u. This leads to

PO (N2 PHHR) i (RreAH#R) P2
CoE T (e F )y [ tr (e-PH-10) ] '

We recognize in this the variance of N, var(N) = (N2) — (N)2. Whence,

o LaNy  10%0
Var(N) = BW = _[_36_/.12 (137)

This result is similar to what we found before in the canonical ensemble for the heat
capacity or the susceptibility. It shows that the fluctuations are proportional to the
derivative of the average with respect to u. As a consequence, we see that since Ny =
N is the number of particles, var(N) will be similarly extensive in N. This means we
can write

—L := N«k. (1.38)

The constant « is intensive and can be shown in thermodynamics to be related to the
compressibility of the system. This therefore implies that

\lvar(/(/) B X (1.39)
Ry — \NB '

The relative fluctuations therefore scale proportionally to 1/ VN, which becomes neg-
ligible in the thermodynamic limit. This, as already discussed before, is the reason why
we can use the grand-canonical ensemble even in those situations where the number of
particles does not actually fluctuate.

1.4 The “classical” limit

The above results have to distinguish between Fermions and Bosons. When is this
really necessary? Is it possible to have limiting cases where it does not matter if the
particles are Fermions and Bosons? This is normally called the “classical” limit be-
cause it is the limit where quantum indistinguishibility no longer matters. I personally
don’t like this name because there are so many “classical limits” these days, you never
which one people mean. In any case, if we look at Egs. (1.30) and (1.32), we see
that what distinguishes them is the +1 term. If this term was negligible, the results
for Fermions and Bosons would be the same. The distinction between Fermions and
Bosons therefore becomes irrelevant whenever

A > 1. (1.40)



When this is the case we see that (A,) =~ e P&  Asa consequence, the particle
density in state a will be
(Ryy e

Ny~ Yo

(1.41)

Notice how the chemical potential cancels out. This is nothing but the good old
Maxwell-Boltzmann distribution. The left-hand side can simply be interpreted as the
probability of finding a particle in a single-particle state .

We can also do the same for the thermodynamic potential in Egs. (1.29) and (1.31).
Expanding In(1 + x) ~ x we get

O=~-T Z e P = _T77(1), (1.42)

where z = ¢## and Z(1) is the single-particle partition function

Z(1) = Z e Pea, (1.43)

Since ® = -T InQ, Eq. (1.42) implies that Q ~ ¢V, Expanding this in a Taylor series
in z then yields

S [z
Q= a

N (1.44)

Comparing with Eq. (1.19) we then reach the pretty neat conclusion that, in this limit,

[Z(1Y
N!

The partition function of N particles is simply the partition function of a single particle
to the power N. There is also a combinatorial factor of 1/N! to take into account the
fact that the particles are still indistinguishable, so there are N! equivalent ways of
rearranging them. This makes sense: in the Fock representation we don’t care about
which particle is in which state. All we care about is how many particles are on a given
state. Historically, this factor is usually called the correct Boltzmann counting.

Z(N) ~ (1.45)

2  Quantum gases

Let us now consider a specific case of non-interacting systems. Namely, free parti-
cles trapped in a d-dimensional box. This is what we call a Quantum Gas. We assume
the box has linear dimension L with periodic boundary condition (PBC). The natural
single-particle states are then of the form |k, s), where k = (ki, ..., k) are the momenta
in d dimensions and s = S,§ — 1,...,-S + 1,—S are the spin values (which can take
a total of 2§ + 1 different values). I am assuming here a general spin S system just to
make it slightly more general. But almost ways we either take either a spinless system
(S =0) or spin 1/2. Due to PBC, the k values are quantized as

21t;
ki=%, 6=0,+1,+2,43, ... @.1)
Moreover, the second quantized Hamiltonian is
H= e ay ans 22)
k,s



where

Y R T
= om T 2m '
where, here, I reintroduced 7 just for completeness. Notice how the energies depend
only on k = |k|.
The condition (1.33) for the chemical potential in the case of Bosons becomes, in
this case,

(2.3)

1 <0. (2.4)

Thus, while for Fermions the chemical potential is arbitrary, for Bosons it is always
negative.

2.1 The density of states
The average occupation number is given by Egs. (1.30) or (1.32):

R 1
Ny = Z Be + 1 (2.5)

.5
To carry out this sum, we transform it into an integral. This is justified when the box
size L is large, so that the discreteness of (2.1) becomes very fine. It is actually easier

to do this in a slightly more general context. Consider an arbitrary sum of the form
D S,
k,s

where f(k) is an arbitrary function which depends only on the absolute value of k. To
convert it into an integral we introduce the convenient 1:

d

L
| = (—) Aky .. Ak, (2.6)
2

We then get
DKy = D Bk Ak ().
k,s k

where we also introduced the factor (25 + 1) which comes from the sum over s. Written
in this way, the expression has the form of a Riemann sum. When L is large, the Ak;
become infinitesimal, so that we are allowed to convert the sum to an integral:

3 s = s +1)(§r)d f 4k £, @2.7)
k.s

This result is already nice. It provides a recipe to go from a k sum to a k integral.

But we can also go a step further and exploit the fact that f(k) depends only on
k = |k|. Introduce the d-dimensional solid angle d’k = k%! dk dQ,. We can then carry
out the integral over dQ,. The result is the area of a d-dimensional sphere:

s
[aa= 23)

10



where I'(x) is the Gamma function. For instance, if d = 3 the above expression sim-
plifies to the familiar 47, whereas if d = 2 we get 2x. With this change, Eq. (2.7)

becomes

L\ dnl? [
H=02S +1)[—) —— | dkk“ ' F(k).
;f() s+ (5] el &)

(2.9)

I know this seem a bit messy. But if you think about it, everything here is just a bunch
of silly numbers. These numbers represent the coeflicient that you have to multiply

when you want to go from a sum to an integral.

Finally, we can also go one step further and convert the k integral into an integral

over &. To do this we change variables using Eq. (2.3):

h2k? Kk
&g= — - de = — dk.
2m m

Thus .
4
2
dk k41 = m(2ﬁ) de.

Eq. (2.9) then finally becomes

2

L\ dr? 1 (2m\?
> fty = @s +1)(ﬂ) o ( m) fds 51 ().
k,s 0

r(¢+1)2

This still looks somewhat messy. But what we do now is to throw every-
thing that is ugly under the carpet by defining the density of states (DOS)

LN\ dni? 1 (2m\"* .
D(e)=(2S +1 (—) —-(—) 21 2.10
(&) = ( )271' AL & (2.10)
so that our recipe finally becomes
Z flk) = f de D(e)f(e). @2.11)
k,s

The DOS therefore quantifies the weight that you get from going from a k
sum to an integral in €. With this expression, we can now write down any
thermodynamic quantity we wish. For instance, the average number of particles
will be

Ny = f de D(e)i(e), (2.12)
where

1

e (2.13)

n(e) =

11




Similarly, the internal energy is

U = f de D(¢) € n(e). (2.14)

The DOS ford = 1,2 and 3 reads

L m 1
D(e) = (28 + 1)3 ﬁ?a, d=1, (2.15)
mL?
Die) = (25 + 7 . d=2, (2.16)
I3 m\32
D(e) = (28 + D (ﬁ) Ve, d=3. 2.17)

What is important about these results is how D(g) depends on . The coefficients in
front are just a bunch of numbers.

To finish, I also want to mention that there is an alternative, more elegant, way of
defining the density of states. Instead of (2.11), we can define it as

D(e) = Z 5(e — &0). (2.18)
k.,s

Here ¢ is just the argument of D(g) and varies continuously; &, on the other hand, are
the energy eigenvalues. The reason why this definition is equivalent to Eq. (2.11) is
most easily understood by doing a sort of reverse process. Consider the integral

f de f(&)D(e) = f dsZ F(e)d(e — ).
k,s

We now carry out the integral over . The ¢ functions will then replace all £ with
& and we reach the left-hand side of Eq. (2.11). Thus, Eq. (2.18) can be viewed as a
slightly more sophisticated way of defining the DOS. The reason why this is interesting
is because it shows how the density of states can actually be viewed as a comb of delta
functions. However, this comb is so finely packed together, that it forms a continuous
curve, which is D(g).

2.2 Density of states and Green’s functions (optional)

Consider a non-interacting system described by the single-particle Hamiltonian H
(maybe I could call this H; to emphasize it’s single particle. But I'll call it H for
simplicity). We assume this Hamiltonian can be diagonalized as

Hlk) = gk), (2.19)

where k is just a quantum number; it can mean, for instance (k, o). But the argument
I will use below is actually a bit more general. We now define the retarded Green’s
function

1
=lim ————. 2.20
Glo .YI—I>I(1)€+1'S-H ( )

12



Figure 1: The poles of tr G(¢) [Eq. (2.20)] occur at € = g; — is.

Here 1/A is just a fancy way of writing the matrix inverse A~!. This is interpreted as a
continuous function of a parameter €. Moreover, s is a tiny number which is left there
to ensure that G never blows up when € touches one of the eigenvalues &;. Sometimes
we do not write the hr% explicitly. But this limit is always there in principle.

The point I want to stress here is that the Green’s function (2.20) actually contains
the DOS in it. To see that, take the trace of G(¢) using the |k) basis:

H

PP
etis—g

(e—&) -
- (€ — &) + 52

1
trG(e) = ) (kl————F1k)
Zk: €+ 15—

We see that tr G(e) will have poles in the complex plane whenever € = g, — is (see
Fig. 1). Thus, by knowing the pole structure of tr G(€) one can infer the eigenvalues of
H.

Next let us focus on the imaginary part of tr G(e):

Im[ tr G(e)] = ~lim Z = sk)2 —- 2.21)

We now use the identity

lim ——— = 75(x), (2.22)

which leads to

m[ rG(e)] = —-x Z 5(e — ). (2.23)

The quantity on the right-hand side is nothing but the DOS (2.18). Thus, we conclude
that

1 1 1
D(e) = ——Im| trG = ——1liml _ 2.24
© ﬂm[r (6)] ﬂsl—r>% mze+is—8k ( )

This kind of relation is used to evaluate the DOS numerically in systems for which the
energy levels g; are too complicated.

Finally, we mention that the trace in Eq. (2.24) can be taken with respect to any
basis we want. This allows us to define density of states for specific sectors. For

13



instance, suppose we have a model where the energy eigenvalues depend on the spin
projection; something like €. We can then use the basis |k, o) to take the trace
in (2.24), which allows us to decompose

D(e) = Z Do(€),  Dy(€) = —}rlm Z(ko'|G(e)|k0'). (2.25)
loa k

The quantities D (€) can be interpreted as the density of states within the sector of spin
o. This kind of idea therefore allows us to address how many states are available within
a given subspace.

As another example, suppose we actually have a tight-binding model where we

label the position states as |n), withn = 1,2,..., L. In this case we can write (2.24) as
L
1
D(e) = Z Dy(e),  Due) = —=Im(n|G(e)ln). (2.26)
n=1 a

Each D, (¢e) therefore quantifies the density of states available at position n. It would
be interesting to apply this to the Aubry-André model. I don’t think anyone ever did
this...

2.3 First quantum correction to the classical limit

We saw in Sec. 1.4 that the classical limit corresponds to e®® > 1. Since this
must be true for all energies, this implies that e > 1. Since 8 > 0 we therefore see
that in the classical limit # < 0. Let us now expand on this and include also the first
quantum correction to this classical limit.

For convenience, introduce a symbol

+1 fermions
l= (2.27)
—1 bosons.
This way we can write the occupation number as
ni(e) = ! 2.28
l’l(8) = m ( . )
We now write this as 1
A(e) = BEew_____ ~
(e) =e 1+ fe P

When ¢ « 1 we can then expand this using (1 + x)~! ~ 1 — x. This then yields
i(e) = e—ﬁ<8—”>[1 - ge—ﬁ@-ﬂ)]. (2.29)

For concreteness, let us now focus on the case of a quantum gas in 3D. To be a bit
more concise, let us also write the density of states, Eq. (2.17), as

1 (m\3?
D(e) = aV Ve, =25+ 1)@ (ﬁ) : (2.30)

14



We then get

(N = an dee|ePEm — ge*2ﬁ(87u)]
0
= aV{eﬁ# f dex/Ee’ﬁs —g’ezﬁ” f de \/562[38}
0 0

Vr Vr
= (YV{eﬁH 2,83/2 - §e2ﬁ” 2(2ﬁ)3/2 }

There are a bunch of annoying constants here.

To simplify them a bit, we introduce the de Broglie thermal wavelength

1 2nh?
1= Gy \ =iy 2.31)

Using also the fugacity z = ¢’ we can finally write the result as

V( P
N = F(Z - W), (232)

where I already wrote N instead of (V) for simplicity. I think this result ex-
plains well the idea behind the chemical potential. This is an equation relating
u (which appears in z) with the particle density NJV.

Recall that in the classical limit z = ¢#* < 1. Thus, to first order we can neglect the
term proportional to z2, which then leads to

Bu =1In {/13N/V}. (2.33)

This yields a condition for the validity of the classical limit. Namely,

N 1

v < yER (2.34)
This result is pretty neat. The quantity V/N represents roughly the average volume
occupied by each particle, whereas A is the typical wavelength associated with the
quantum wavepackets at a temperature 7. The classical limit will thus be justified when
the volume V/N they can occupy is much larger than 2. That is, when the confinement
of the particles is not significant so as to allow for the effects of indistinguishability to
have an effect.

Next we consider the first quantum correction, obtained by solving Eq. (2.32) with
respect to z. To do so it is useful to have an idea about inverse series. Eq. (2.32)
expresses A>N/V as a power series in the small parameter z. What we want is to invert
this and write z as a power series in the (also small) parameter A3N/V. This can be
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Figure 2: First quantum correction to the chemical potential, comparing the classical case (C)
with that of Bosons (B) and Fermions (F). The curves were made using Eq. (2.37).

done using the following inverse series: !

b 2
ymax+b?+0® - x=Z- 204000 (2.35)
a
We then get
2= N/V + %(PN/V)? (2.36)
Or, in terms of the chemical potential,
Bu=In {ﬁzv/v + %(a»*zv/v)z}. (2.37)

The situation is depicted in Fig. 2. For very high temperatures the curves for Bosons
and Fermions coincide with the classical limit [Eq. (2.33)]. As the system is cooled
down, however, the quantities V/N and A3 start to become of the same magnitude and
the indistinguishability of the particles begins to matter. As a consequence, the curves
for Bosons and Fermions deviate from the classical behavior. In particular, as can be
seen in Eq. (2.37), the chemical potential for Bosons ({ = —1) is always smaller than
that for Fermions ({ = +1).

Next let us look at the average energy (2.14). Using again the expansion of 7(g) in
Eq. (2.29) and carrying out the integrals, as before, we find

STV, ¢,
U = TF(Z - 5257 ) (2.38)

This result is correct, but is expressed in terms of the chemical potential (in z). This is
not very useful. It would be better to have the result expressed in terms of N. To do
that, we can use Eq. (2.36) to get rid of z. We also need

2
2= (/13N/V + 22—5/3(A3N/V)2) ~ (’N/V).

! This can be understood as follows. Start with y = ax + bx>. We now assume that the inverse can
also be expressed in a power series, as x = cy + dy?, for some coefficients ¢ and d. Plugging this ansatz in
y = ax + bx? yields the equation

y = acy + (ad + bcH)y? + 0.
In order to satisfy this (up to second order) we must then have ¢ = 1/a and d = —bc?/a, which leads to
Eq. (2.35).
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We then get

4 4

2 _ 33 3 2 3 2
Z_WZ —/lN/V‘l‘m(/l N/V) _ﬁ(/l N/V)
_ 3 g 3 2

Substituting this in Eq. (2.38) and simplifying a bit, we get

3 { 3
U= ENT(I + ﬁ/l N/V). (2.39)

This result is pretty cool. The value of 3NT'/2 is simply the classical internal
energy of an ideal gas. When quantum corrections become important, however,
we see that for Fermions the Pauli exclusion principle increases the energy of
the gas, whereas for Bosons the energy is reduced instead. What is surprising
about this is that there are no interactions involved; the gas is ideal and the
energy is purely kinetic. A set of Bosons or Fermions at the same temperature
will thus have different energies, even though they do not interact. Thus, for
instance, if we have a mixture of He-3 (which are fermions) and He-4 (which
are bosons), each species will have a different average energy, solely due to
quantum effects.

3 Fermi gases

Let us now focus on the case of Fermions. The most important example of a Fermi
gas are the electrons in a metal. The conduction electrons are only weakly bound to the
atomic nuclei, so that they can pretty much more around freely. Their only constraint is
that they cannot leave the metal; there is a potential barrier to do so (which is the work
function for those who studied the photoelectric effect). Thus, electrons in a metal are
naturally trapped in a box of length L, so that the momentum quantization rules of
Sec. applies.

3.1 Ground-state
The density of states (DOS) for a 3D electron gas is given by Eq. (2.17) with S =

1/2; viz,
D(e) = aV e, a:ﬁ(

m\3/2
2 )

2
As our first step, let us compute the Fermi level. Recall that the word “Fermi” is
associated with “highest filled”. The Fermi level is a zero temperature property; it
refers to the ground-state. We pile up the electrons, state by state, until we reach a total
of N, particles. The Fermi energy will thus be the energy of the highest filled state.
This is one of those cases where the DOS comes quite in handy. The DOS already
contains all factors that come from changing from a k-sum to an integral in energy.

(3.1)
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Thus, in terms of it, the Fermi energy & is the implicit solution of

E€F

f de D(¢) = N,. (3.2)
0
Solving the integral we find
2
avgg;” =N,, (3.3)
or
h2
er = ——@n’n)*", (3.4)
2m

where n, = N,/V. The Fermi energy therefore increases algebraically with the electron
density n,, with an exponent 2/3.

As a sanity check, we can also compute the Fermi level in a slightly more pedantic
way. Recall that the k; are discretized as in Eq. (2.1). In k-space, this leads to a grid of
points like that shown in Fig. 3. We then start filling out these states, with 2 electrons
in each site (because of spin). Since we must fill first states with the smallest energy,
the filling is done through concentric spheres (as shown in the figure). When we reach
the Fermi level we will have filled a sphere with a total volume of 47rk2/ 3.

However, this same sphere can also be picture as made up of tiny cubes of volume

o\
Ak AkyAk, = (I) .

And since there are N, particles and each “cube” can take two particles, we will fill a
volume of %(271/L)3. Since this must match 47rk; /3, we get

4nky N (27)}
3 2\L)°

which leads to a Fermi momentum

kr = 37%n,)'3. (3.5)

Plugging this in the dispersion relation &; = /2k?/2m then yields the Fermi energy (3.4).
We can also compute the total ground-state energy. It is defined as
&r
Eo = f de eD(e). (3.6)
0

Carrying out the integration we find

2
Egs = QVESiv/z.
We can write this in a slightly prettier way using Eq. (3.3) to eliminate the constants in

front. We then get
3
Ey. = 2Ner. (3.7)
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Figure 3: Grid of available states in k-space. The Fermi energy is determined by specifying how
many points lie inside a sphere of radius k.

The average energy per electron is therefore 3/5 of the Fermi energy. It is not exactly
1/2 because the density of states (3.1) is not uniform in &: the higher the energy, the
higher is the number of available states.

From the Fermi energy and momentum we can also compute other “Fermi” quan-
tities. For instance, the Fermi velocity is

hkp
VFp = —

= E(3n2ne)1/3. (3.8)
m m
This yields the typical velocity of electrons around the Fermi level. The reason why
this is important is because the electrons around the Fermi level are the ones which can
be excited to empty states. And it is through these excitations that the physics happens.
For instance, when you apply an electric potential, the electrons will begin to move
around. This “moving around” means that you are exciting electrons to states above
the Fermi level. The typical velocities of these electrons will therefore be of the order
of v F-

Similarly, we can also define the Fermi temperature from the relation

kpgTr = &p, (3.9

where, just for now, I reinstitute Boltzmann’s constant. The Fermi temperature is sim-
ply a measure of the typical energies involved in an electron gas, but measured in
Kelvin instead of eV. For typical metals the Fermi energy is e ~ 1 — 10 eV. This
yields a Fermi temperature of the order of 10* K, a remarkably high value. This result
is extremely important. It means that as far as the electron gas is concerned, room
temperature (300 K) is actually a very very low temperature. Thus, the regime which
matters for electron gases is actually the far opposite as that studied in the first quan-
tum correction, Sec. 2.3. The interesting regime here is actually in the deep quantum
regime, where quantum effects are very strong.

3.2 Finite temperatures

Now let us turn to the Fermi gas at finite temperatures. The Fermi-Dirac distribution

_ 1
Ae) = (3.10)
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Figure 4: Fermi-Dirac distribution (3.10) as a function of ¢ for low temperatures.

looks somewhat like Fig. 4 at low temperatures. It is essentially 1 when € < y and 0
otherwise. Indeed, in the limit where T — 0 (or 8 — o) the Fermi-Dirac function
becomes the Heaviside theta function:

%1% n(e) = O(u — &), (3.11)
where
1 x>0,
0(x) = (3.12)
0 x<0.

In the limit of zero temperature, all states below u are occupied, whereas all states
above u are empty.

If we think about it for a second, we therefore conclude that at zero temperatures
the chemical potential becomes the Fermi energy:

%12});1 = &f. (3.13)

The chemical potential can therefore be viewed as a sort of generalization of the notion
of Fermi energy to finite temperatures. In this case the Fermionic occupations are not
sharp, but instead are a bit blurred like in Fig. 4. In the vicinity of u the different states
have some finite probabilities of being occupied, which are neither O nor 1.

The average number of particles and average energy are computed using Egs. (2.12)
and (2.14):

00

N, =(N) = f de D(e)ii(e), (3.14)
0

U=(H)= f de D(¢) € n(e). (3.15)
0

As discussed in the previous section, all that matters for fermionic systems like this
are very low temperatures. The integral in Eq. (3.14), for instance, will look a bit like
that in Fig. 5. If we had T = 0 we would get exactly the integral in Eq. (3.2). Since
T # O the integral is distorted. But since all that matters are low temperatures, the
integral is not distorted too much. Only slightly. And only in the vicinity of y. The
integrals in (3.14) and (3.15) are from O to co. However, the Fermi-Dirac distribution
7i(e) essentially cuts this off above u. The cut-off is not 100% sharp, but it is pretty
abrupt.
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D(e)ni(e)

7

Figure 5: The integrand in Eq. (3.14) for low temperatures.

Since these integrals cannot be computed analytically, one must resort to
approximations. In the context of Fermions, the most useful one is the Som-
merfeld expansion. It exploits the above results that the Fermi-Dirac distribu-
tion cuts-off any integrals high above p. Given any function g(¢) it reads,

00

u
2
f de g(e)n(e) = f dsg(8)+%(kBT)2g'(ﬂ)- (3.16)
0

0

The first term is what would survive in the limit 7 — 0. The second term repre-
sents the first correction, given as powers of 7 and depending on the derivative
of g around & = . One can also continue the expansion and find higher order
corrections. I will not derive Eq. (3.16) here. The derivation is quite boring and
can be found on Wikipedia. One thing which is a bit tricky in the Sommerfeld
expansion is that the right-hand side is a function of u. Thus, for instance, the
first term is still temperature-dependent, since y is implicitly a function of 7.

Finite temperature correction to the chemical potential

Let us now apply this expansion. We begin by using it in Eq. (3.14), which yields
u
2
N, = f deD(e) + g(kBT)ZD'(,u). (3.17)
0

To proceed from here is actually quite tricky. What we are interested in is a temperature
expansion of the relevant quantities in powers of 7. But in Eq. (3.17) u is a function of
temperature, so even the limit of integration is a function of 7.
We will learn in a second that the first correction to y is of order 72, so that we may
expand
= ep —nksT), (3.18)
where 7 is a constant to be determined. If we then restrict ourselves only to terms at

most of order 72, we can simplify the last term in Eq. (3.17) as

7'1'2 7'1'2
5 ks T)’D' () = ~ (ks T)* D' (ep). (3.19)

21



As for the first term, we split the integral as

H EF EF
f deD(e) = f deD(g) — f deD(e). (3.20)
0 0 u

The first integral already appeared before in [Eq. (3.2)] and reads

E€F

f de D(¢) = N,. (3.21)
0
This result continues to hold, irrespective of whether we are at finite temperatures or
not; it is merely a definition of &f.

The last term in Eq. (3.20) can be expanded in a power series because u and & are
very close to each other. This leads to

ep

f aeD(e) = (o5 — 10D

u

EF +/.1)
2

= (ks TP D (or - 20657
~ n(kBT>2[D(sF> - g<kBT)2D'<8p)].

The last term is already of order 7 and may thus be neglected. We therefore conclude
that

f deD(e) = (ef — u)D(¢). (3.22)
u

Plugging this in Eq. (3.20) yields an approximation for the integral involving u in the
limits of integration. I will write down the result for a generic function g(g), since this
will appear again in a second:

M EF
f de g(e) = f de g(&) + (u — er)g(er). (3.23)
0 0

In the particular case of g(¢) = D(g) we get, using also Eq. (3.21),
u
f deD(g) =~ N, + (u — &)D(eF). (3.24)
0

Finally, plugging this back in Eq. (3.17) and using also Eq. (3.19) we find

2
Ne = Ne + (1 — €)D(er) + %(kBT)zD'(sﬁ),
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Solving for u:

_ n? zD,(SF)
U=er— g(kBT) Dier) (3.25)

This gives the chemical potential as a function of T and N, (which is encoded in &f).
The chemical potential is lowered with respect to 7 due to thermal fluctuations, by a
factor proportional to the sensitivity of D(gr) around the Fermi level.

One thing which you may not have noticed is that in deriving Eq. (3.25) nowhere
did we use the actual form of the density of states. This result is therefore general and
holds for any kind of non-interacting Fermi gases. All that is going to change is the
shape of D(¢).

Energy and heat capacity

Let us now repeat the steps for the internal energy (3.15). Using the Sommerfeld
expansion (3.16) we find

u
2
U=~ f de D(e)s + = (T2 D)+ u o) (3.26)
0

Using the same logic as in Eq. (3.19) we can simplify the last term by simply replacing
p with ep. As for the first term, we use Eq. (3.23) with g(e) = €D(¢), which yields up
to order T2,

EF 2
U=~ f de D(&)e + (u — ep)erD(er) + %(kBT)z[D(:;F) +erD'(er).
0

The first term is nothing but the ground-state energy Eg in Eq. (3.7). As for the re-
maining terms, there turns out to be a cancelation when we substitute Eq. (3.25) for

u:
71'2 2y
EF{(,u —&r)D(ep) + g(kBT) D (EF)} =0.

Whence, we are left only with

3 n? 2
U= gNSF + Z(kBT) D(eF). (3.27)

The heat capacity is therefore

k3

C= g—IT] =NyTI, y= TBD(SF). (3.28)
The heat capacity of an electron gas is therefore linear in temperature; the coef-
ficient  is called the Sommerfeld coefficient and is very frequently measured
in the lab. By determining the Sommerfeld coefficient one can extract infor-
mation about the density of states at the vicinity of the Fermi level, D(ep). If
you think about it, this is somewhat remarkable: from the heat capacity, which
is a very bulky thermal-ish property, one can actually learn something valuable
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about the electronic structure of the material. This is not the only situation
where this happens. I'm always amazed by how much information is contained
in C.

4 Bose gases and Bose-Einstein condensation

We next turn to a more detailed analysis of a Bose gas. For simplicity, I will assume
that the Bosons have spin 0. This doesn’t change anything. Just avoids having to
include a sum over s. The thermodynamic potential and the Bose-Einstein occupation

number are
o=7) {i- e*ﬁ@k*ﬂ)}, @.1)
k

_ 1
T Be-w — 1’

and

Tk 4.2)
with the dispersion relation g, = #2k?/2m.

As already discussed before, i; must be non-negative by construction. And since
this must be true for all g;, we see that this constraints the allowed values of u to

[ <0. 4.3)

No such constraint exists in the case of Fermions. And, as we will see, it leads to
dramatic consequences; namely, Bose-Einstein condensation (BEC).

Before delving into the full Bose gas, it is therefore useful to emphasize once again
why this kind of constraint exists. Consider a system with only one single-particle state
available, with Hamiltonian

H =¢eda. (4.4)

The partition function in the grand-canonical ensemble is

00

Q= tre e = N gemn,
n=0

This is a geometric series Yo, x", with x = ¢®#. Such a sum only converges if
|x| < 1, which imposes the constraint that u < &. This is what is happening in (4.3),
except that there, u < g for all energies ;. Thus

o< mkinsk =0.

Another way of seeing this is by looking at what happens if we take the limit of
T — 0. In this case the system should tend to the ground-state. But we are in the
grand-canonical ensemble, so this is the ground-state in Fock space, where the number
of particles can vary. One should, therefore, find the configuration for which

H —uN = (e — wh,

has the smallest possible energy. If € — u > 0, this will be a configuration with zero
particles. But if £ — u < 0 we can minimize the energy more and more by just putting
more and more particles in that state. The ground-state would therefore be thermo-
dynamically unstable in the sense that we could always make the energy smaller and
smaller, as we wish. This is why we must have € — u > 0.
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Ok. Now let’s go into the actual Bose gas. The total number of particles is
N =2 4.5)
k

We could convert this to an integral using the density of states. If we assume our gas is
again in 3D (with spin 0) then the DOS reads [Eq. (2.17)]:

1 m\32
D(g) = aV Ve, a= i (ﬁ) - (4.6)
In the case of a Bose gas, however, there is something tricky about converting the sum
to an integral.

Recall that the DOS is defined from the general recipe

D flen) = f de f(£)D().
k

Now, this recipe assumes that the functionf(g;) is a smooth function of €. I mean,
of course: if f(g) is a super weird function, with discontinuities and divergences and
etc., then we cannot expect that the integral (which is a smooth guy) will capture the
ruggedness of the sum.

The whole point about Bose gases is that the sum (4.5) is not smooth. We can con-
vince ourselves of that by looking at the ground-state when 7 — 0. Since the bosons
do not satisfy the Pauli exclusion principle, the ground-state will simply correspond to
putting all N particles in the state with k = 0. Thus, in the ground-state we will have
fip = N and i = O for all k # 0. This is definitely very very far from “smooth”. Even if
the temperature is small, but not exactly zero, we should still have a very high concen-
tration of particles around k = 0, which goes down very quickly as we increase k. Of
course, for high values of k the function 74 should once again be pretty smooth. After
all, there are tons and tons of k values, all very finely spaced. The only real problem is
for k = 0 and k very very small.

The idea, therefore, is that we can convert Eq. (4.5) into an integral. But before
doing that, we should separate the part of N which is not smooth. Something like

N = Z i + Z 7. 4.7)

k’s close to 0 other k’s

The first term contains the non-smooth parts; we will simply call it Ny. Of course, we
do not know the value of Ny yet. Perhaps it can even turn out that Ny = 0. But we
already know that, at least for T — 0, Ny should be non-zero. So we will leave Ny
here hanging as one of the variables of the problem. Henceforth we shall refer to it as
the condensate fraction because Ny/N represent the fraction of particles which have
“condensed” in the k ~ O states.

The last term in Eq. (4.7), on the other hand, is a smooth sum and can thus be
converted to an integral:

other k’s

Z i ~ f deD(e)i(e).
0

Rigorously speaking, the integral should not start at zero. But it will start somewhere
so close to zero, that it doesn’t matter. Setting the lower limit of integration to zero will
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not make a difference. We therefore conclude that

00

N =Ny + f deD(e)ii(e). (4.8)
0

4.1 Solving for the chemical potential

Eq. (4.8) should be viewed as an implicit equation for u(N, T) and No(N,T). We
try to find a value of u which gives us the correct N. If that cannot be done, then we
use Ny to compensate. You will see how it works. It’s kind of fun.

First, we make the equation more explicit. Using Eq. (4.6) and setting x = B¢, we
get

00

1 32
aV | de Ve = (E) vT3?
eﬁ(S—ﬂ) -1 \/§7T2 hz

Vx

dx———,
Z—lex -1

o%g

0

where z = ¢?#. Introducing again the De Broglie thermal wavelength

[2mh?
A= W, (49)

0 [oe]

Ve _ 2V v
avfdgeﬁ(“ﬂ)—l = N3 fdxzflex—l‘
0 0

Plugging this in Eq. (4.8) we then field

yields

2 7 Vx
. d , 4.10
n=ny N f e (4.10)

0

where n = N/V and ng = Ny/V.
The integral on the right-hand side of Eq. (4.10), is a function only of z. Let us call
it

2 [ Vi
gaz—:fmfr—f 4.11)
Y]
\/EO 7 le

Eq. (4.10) is then written more simply as
g(2) = (n — ny). (4.12)

It is kind of nice that we were able to write this integral in this way. It is a pity that the
integral cannot be solved analytically, but at least we converted it into a function of a
single parameter z. This makes it much easier to analyze it. A plot of this function is
shown in Fig. 6. As can be seen, it is always positive. At the pointz — 1 (i.e. u — 0)
it has the value

g(1) =£(3/2) = 2.31516, (4.13)
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g(1) =2.31516

0. 0.2 04 0.6 0.8 1.

Figure 6: The function g(z) in Eq. (4.11). Since z = ¢, the point z = 1 corresponds to u = 0.
The horizontal line represents the typical solution of Eq. (4.14).

where J(x) is the Riemann zeta function.

We now try to solve Eq. (4.10). Fix n at some value (the experimentally determined
particle density in the gas). Moreover, let us first look for solutions which have ny = 0.
The equation then becomes

g(z) = . (4.14)

We then start to change the temperature 7' (which enters into 1) and try to find the value
of z which solves this equation. This is tantamount to drawing a horizontal line in the
plot of g(z), as depicted in Fig. 6.

If we decrease T (cool down) we increase A [Eq. (4.9)]. The horizontal line there-
fore goes up. But eventually a limiting value is reached because the function g(z) stops
at g(1) = 2.31516. If A%n is increased above that, it is impossible to find a z which
solves (4.14). This special point therefore defines the critical temperature for the
BEC,

‘g(1) = 2(To)n. (4.15)
Using Eq. (4.9), >
(igfz) n=1{@3/2),
or
h2
T. = 3.3125En2/3. (4.16)

The critical temperature occurs at z = 1 or u = 0. A plot of the chemical potential as a
function of T will therefore look like that in Fig. 7. For large temperatures ¢ < 0. As
we cool down, it starts going up and then eventually reaches ¢ = 0 exactly at T = T..

4.2 Physics below T

What happens below 7.7 Well, Fig. 6 graphically shows us that it is impossible to
find a value of z (or u) which will solve Eq. (4.11). The only solution, therefore, is to
look for solutions which have ny # 0. Below T, the only solutions are those in which
the condensate fraction is non-zero. This is the Bose-Einstein condensation. As the
system is cooled sufficiently, a transition occurs at a sharp value T., where particles
begin to accumulate in the k = 0 state. Bose-Einstein condensation is therefore not
a condensation in real space; it is a condensation in momentum space. The zero
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Figure 7: The chemical potential as a function of temperature. Obtained from the numerical
solution of Eq. (4.14).

no

Figure 8: The condensate fraction ny as a function of temperature, Eq. (4.18).

momentum state is completely delocalized in space, so the particles are not within the
same region of space.

Below 7., we must therefore return to Eq. (4.12). Now the chemical potential is
fixed at 4 = 0 and we must instead solve for ny. That is, we find

g(1) = 23(n - ny). 4.17)
It is convenient to use Eq. (4.15) to substitute g(1):

nA*(T,) = 2 (T)(n - np).

Using Eq. (4.9) we can write this more neatly as

no = n[l - (%)3/2]. 4.18)

This gives the fraction ng/n of particles which are in the condensate state. When
T — 0 this fraction tends to 1: at zero temperature all particles condensed
onto the ground-state. As T increases, however, this fraction goes down until
reaching zero at T = T,.. Of course, please note that it is not ny which tends
to zero specifically; it is the fraction ny/n. What I am trying to say is that the
remarkable feature of 7' < T is that the occupation ng is macroscopically large.
Above T, all momentum states have some degree of occupation. But no state
concentrates so many particles, so as to have a macroscopic occupation.
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