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At the beginning of the 20thcentury when equilibrium
stat

Mech was still fresh out of the oven it was not obvious that the

theory was able to describe phase transitions Can if some other

ingredient was needed Motivated by this in s 920 w Lenz

proposed to his Rhb student Ernst I sing a model that seemed

like the simplest model of an interacting system
that cared

hopefully present a phase
transition



Geometry

we consider here a system of N spin 112 particles each described

by its own set of Iowli matrices Ti Ji L and Tiz where i s N

we assume that these spins are displaced on a SD lattice
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N
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The Ising model in defined by the Hamiltonian

Stain on

Here i j means

i j sum over all nearestneighbor pains

For S D we can then write this as

n
n i 2

He J E ri 2 riff h Tie
i i

i i

I just wanted to introduce the uotati wLi.j meeee sauce it will

be useful in ZD and 3D

Notice also how in EG 2 I sewn up to N s which means

I cover up to the band 5nF this is called open boundary

conditions like in the figure I drew above



Many times it is more convenient to wrap the lettuce

around forming a ring

O
o_0 O O O O yO

This is called periodic boundary
ecenditions and is useful

because it introduces translation invariance It is of course

a discrete translation but still

In the core of IBC the Hamiltonian 2 in modified to

it Jeff Fitri h Ti't Cs

The only difference
is that now the seam goes up to N Using

IBC therefore only introduces a single extra focus in the energy

when ou in large the thermodynamic properties of
2 and 3

should coincide



Eigenstructuree

The Ising Hamiltonian s is usually called a classical

model because it is already trivially diagonal Let T and

r denote the eigenstuff of a single Iaulinnaturise Since the

Hamiltonian i only depends on Tz operators it then follows

that it will be diagonal in the basis

4
Q e 10 TN IT XO I Tv

i e 5
H lo E OT 10T

where G

E ri T rig h ti

ij

Here Oi are all e number dichotomic variables No operate

involved

Eg 6 in in fact how are usually defines the Ising model

version l since soon we will
But I prefer to use the quantum

want to generalize it to
scenarios where H is not trivially

diagonal e S the so called transverse field Ising model



Thermalproperties

saying It in diagonal does not mean it is easy to find

its thermal properties We want to earmpute the partition

function
t

Z tr epH

As a basis for the trace we use of course the eigenbasir IT

Then

2 so I eP't lo eBE co

In this term each Ji should run between TJ and S Thus there

will be in total 2N terms the serum is thus not trivial at all we

will see how to do it in ID Later on in the course we will also

see how to do it in ZD which is much much harder No one know

how to do it in 3D



Solutianforzen ofield

when h 0 the model becomes really easy to solve in ID In this

case we use open BC
N l

H J Titties 9
i i

naw remember that the trace can be decomposed into e

partial traces
rap C tra trig io

we thus write 7 as

pH Il

Z tr tr trw e

Let us focus em trn the Ti 2 commute so we may write the

exponential as

e
PH EPTEN 9ZEE e.PT I 0iZoitfepJ E0nZ Az

To compute tern in Lil we only need the last term

Z tr Tru EPTE 9 you EPT
TE rat

B

thin tow in now easy to earnpete because it lives on a

single spin space



Indeed

PJ Tn ont q on EPT
Tu TN ion

trn e
TN

ONE is still an

E eptTu on
operator

TN

epson ePT on
it in

now comes a very special pathology which is rarely true

for this model since Tz 2 1 a series expansion yields

e
A cosh a 1 Tz smh d is

Thus using thin em IH yields

rn ePJ
Tv It 2 cosh PT Io

which is independent of Tnf It is proportional to the identity

matrin Ilugging this in a 3 we then get

17

2 2coshps tr true ePTE
9 if

this remaining trace is now a replica of the original Z but

with n i terms Thus we earn wow repeat the process and trace

over N l this will give us another 2coshpT times the 2 with

N Z spins



continuing this way the only different tour will be tr

2 2coshPS tr true CPTE Oi Oi if

2coshPJ
Z tr trn zeBT.fi 0iZ0iF

C2coshpJ
N

tr Cs

z trace of the identity matrin

whence

NI 18
2 2 2 coshpT

this partition function in quite similar to that of N independent

spins in a magnetic field

N 19

H h E T Z mo Z Czooshps
N

e

one cannot therefore expect many exciting properties from
cis

The model in easy to solve and also not very rich in terms of its

properties Things become way more interesting in ZD I promise

The reason why g looks so much like 991 in because ri ri

has eigenvalues Is just like a single Rowli matrix



soeutiomforh toithetrane.ge atrinuneHnd

Let us ecensider now the fuel Hamiltonian i with h o

we write it as

It C Hi its Cao
i

where Hi it in a Hamiltonian acting only an sites i audits

we can shuffle the h's around to write the slightly more symmeter

formula
Hi it JoiEri hz 9 2 Tie

2

The only exceptions may be at the boundaries For IBC 21 in

0k even fear Hn s For 0 BC we change
22

Hs z J Z TZ hz 2T Z TzZ

and similarly for HN t n For concreteness we now assume IBC

Ace Hi i is have the same eigenvalues

E Gi Ji is T Ji Jia hz Cri Titi 23

the partition function may then be written as

PECon o

2 tr EB't e
PEG'T e

BE TB e
BEEN We can



Let us introduce for convenience

Ti Jia y eBE ki Ti's I ePJ Tirit
t PLCri 10in 25

Eq 24 then becomes

2 C Vcr Tz VCR VCon i on VGN T 26

J TN

If we think about it for a second meeee we see that we

may interpret as a 2 2 maturin with entries

a I it
e

p
p's p

a

This is called the transfer matrix Eg 2b wow looks like

matrix multiplication

AZ e j
Ai KA KJ 28

A3 ij e f Ain Aue Aej
u e

and so on Even mere we see what the EBC is doing Cow o in

matching the last inden with the first it in making a trace

1 rAs AZ ie fue Ain Aue Aln ca

just like 267



thus we conclude from this that Eq 26 may be written as

Z tr 30

where tr here is simply a trace over a single 2 2 system

the eigenvalues of the transfer matrix 27 are

hph E eh Csi

Since the eigenvalues of
N are Xin and XN then

32

2 Xin

But we are interested in the thermodynamic limit N ooo the

eigenvalues X
30 and Xt X Thus we may write

z xP it Csb

since X CX in the limit N soo the last term becomes

negligibleand we are left with

z C for N ooo 3M



There are several models that can be solved by this transfer

matrix technique And the logic remains identical

Zeceargestergenvoeveofthetransferunatris
egg

the free energy in them

3G

from which the magnetization readily follows

F jp

onemagnetization look
like thin

SFHg.ghejhg.GLip.eM
Ntanhph

It in similar to the one with PJ 0 Thus there is no unusual

behavior like a phase transition of something of the sort



Correlatianfonections

From the partition function 34 all basic properties like

internal energy heat capacity entropy and etc can be readily

computed I will leave that to you as a Cfo exercise The

formulas are a bit ugly and the results are not particularly

interesting

A much more interesting quantity in the correlation genotian

defined as

38
Gr Go Tifr soit if

where r s 2,3 This function measures how spin at a position

i is correlated with the spin at a distance E t r the reason why

I only wrote Gr on the LHS and not Gm r is because fear IBC the

system in manifestly translation in variant so the result

cannot depend on in but only on the distance r between the

spins
The last team in 1381 is included to subtract from hit Fitr the

part related the natural magnetization of the system
In fact

again due to translation invariance we already knew that

39
Tnt Liner MN

where M is given in 37



As a sanity check however let us also earmpute this directly

We have

one Iz tr ont ePH

Iz tr ePH ePH23 eB
Hn m out ePHmm ePANI go

which I am allowed to do because everything commutes In terms

of the eigenvalues Ti and the corresponding transfer matrices
Giri

see Eq 26 thin becomes

TMZ Iz nvKs
T2 V Tn oh on Com one I V Crn 9 Cm

This is incew again starting
to look like a trace In fact notice

that for any 2 2 matrices A B

A G E Tz B Oz Oz gA arc Gz qq
DCI 03

6,6263
fr A 52 B 42

where Tz b in just the 2 2 Bowel matrix Thus we conclude

that Eq al may be written as

43
TMZ Iz tr

Vm of
N m is



But using the cyclic property of the trace this simplifies to

rnZy tr ozV can

which is independent of the site N The cyclicproperty reflects trans

eatian invariance

Before we carry out this
trace to get an explicit formula let

us find an analogous expression for
Lori Trier2 Just like in

Mi we get

TnfTwtr If
CT i V om r Enl Tn V Tn Tn il Verner one r

In r Contr Intr il 1 V Con T

45

ar

GE om r Iz tr
Von oz roz

n n r i

g ga

Again using the cyclic property this simplifies to

com om r7 LtrSozVrTzVNrffZz
Cat

Isn't this formula beautiful It really shows where the transfer

matrix gets its name from it transfers the solution from site

m to sik r



The trace in 437 in waw easy to compete
because all matrices

are 2 2 It in eauvenient to also introduce the eigenvectors of

v They read

ix T.IE 1 7 67 3 can

where
fang e

2B 99

surhph

I write it with Dirac's notation for a nice reason which I

will explain soon But please keep in mind that these are just 20

vectors

Using it as a basin for the trace the magnetization uh

becomes

Tmz Iz XI 2 1 1 7 Xt s t tree 7 Cfo

In the thermodynamic limit 2 e XP so we get

LEE 2 1 1 7 tix 1oz IX 7

As before the last team vanishes and we are left with

ozzy 4 1021 Xt 51



Using 48 thin further reduces to

52
LTE eces2012 serf 012 cos 0

Frown 49
53

cos O smhph
EMPT surh2ph

we earn iron camp are thin with 137 and thus conclude that

391 is indeed true

Next we term to 47

rm2gm.ir Iz X txt 1oz of txt In r x 1oz roz Ix S

xx I ozvrrzl.lt t
n r x lozrrrz.it

whence when N soo we get

xtlozvrr.lkrmZ0mIrS 154

Let us write 551
VE XI 1 32 1 t X it LX l



Then we get

Tnt Fitr txt 1oz1 72 1031 7 i f Jr4 1 11 4 1021 1

cost012 sur 012 cos O 2surf cos I sur O

LTntqifrj.ws o i f rsw 56

Note that we cannot throw away the last team in this case

because r is not necessarily large
like N

Notice how the 1st team in just the magnetization squared

thus the connected correlation function 38 becomes

Gr GmZrm LrmZKom rS rsu egg

Let us analyze this for the more interesting ease of h oo Due

to 49 O o TIZ Moreover

EPT ePT
2 ships
2 smh 13T

We then get
G tanhr p 58

which is pretty cute



Eq 587 looks like a typical exponential decay

It in therefore suggestive to write na as

Gr ps
59

The quantity E is called the correlation length of the system

It looks like this

when T o 0 BJ Oo E diverges The GS of the model is to have

all spins up ar all down the correlation thus has infinite
range two spions arbitrarily fare apart will be perfectly
correlated



classicalquantomomapping
We started with a classical e D Ising model But when we

introduce the transfer matrix everything reduces to 2 2

systems It in as if we are uncew dealing with a single spin 112

particle

we can actually make this connection more concrete as

follows Start with the transfer matrin 27

f
EPT Ph epg

EPS eps ph
60

we now decompose it in terms of two matrices

v Iep EI or v can e co

and
2 9,9 eph 9 02

vz et E.ph or coal

It is not true that v v vz Instead I will leave it for you to

check that

vevj 63

where jk
et

phiz 164

in the matrix square root of Vz



Now let's do the following the matrix he can clearly
be written as

Vz ephTz
65

for a 2 2 Pauli unatrin Oz e II It would be great to write

a similar formula for V To do that we first wrote V as

EBT ePT on EPT it e 213T Te 66

we also know that because Te I

e cosh x De sur ha coshx i i Te tanh x 671

Let us then introduce a new eaustant J such that

tanhpTeE2P 682

Then by comparening GG and 677 we can write

v e'PT it e213J rn EPT s rn tanhps

EPT EPT on 69

eceshpy



To clean up these constants we play with case this relation

between J and J forms out to be really really cute first you

may check that

tank pig e 213T
70

it's symmetric And second

smh 2ps surh 213J I 71

It is also useful to know that

72

f n a arctanh e
2k

in monotonically decreasing
in 2e for n o So if PJ

goes up PJ goes down

Flaying with these trigonometric identities one finds

3T
Cz smh2ps 2

coshps

whence

ipad



Forsemplicity let us assume that h o Then Vz s and Vs

Ef 63 Recall also Eq 471 for the correlation function

cont air tr of roz un
r

we can write this as

TMZon.ir Iz tr
V r

Tz
r
of v N r Cas

Finally looking et v v in 73 let us define an effective
Hamiltonian 76

He J on

Them r e rP He 771

the reason why I am doing this in to draw attention to the

relation between Eq 75 and a two time correlation function

of the forum iHtits iHttp g g 80
Act B o tr e a e

where A and B are arbitrary operators the logic
in that the system

is prepared at g and then 80 aneasures how B at time 0 is

correlated with A at time t



Eq 757 in very similar but operates in imaginary time

it Pr 90
Ts

moreover time here is actually discrete because r o e e 3

Thus time runs discretely in steps of p this gives another way of

thinking about why the transfer matrix transfers it propagates

the solution along the lattice just like e
i t propagates the solution

in time

what is most important to realize about their discussion however

in that we have reduced the classical Ising model in SD into

a quantum model in Cs s O D the reason why I say quantum

in because our effective Hamiltonian wow involves ok which is

not trivially diagonal
like the original model this kind of

mapping actually turns out to be more general a d dimensional

classical model wraps
into a d i dimensional quantum model

This is exactly the logic behind path integrals
in general actually

we will talk more about it later on

Actually let me be even more precise Looking at 179 we

see that the largest eigenvalue Xt og v in actually the smallest

eigenvalue of He that is Xt in the ground state of Hee

what we actually learned therefore in that the finite

temperature partition function of a d dimensional classical

model was actually mapped into the ground state of a Cd i

dimensional fur auteur model



the2DIsi.mg odel

I sing studied the ID Isiong model and concluded it did

not have a phase transition He then wrongly presumed that

this was also true in higher dimensions But that is not true

In ZD and higher dimensions
the Ising model does have

a transition
Tz

we consider here the un del o o o n

in a square lattice worth o o

N
each site cnn.mn being associated

o

s d
with a set of Ieee operators

II Eh Erin o o o o v

It in eceneenient for beekeeping to assume that the lattice is

asymmetric with M spins in each row and N spins in each

column Moreover the spin couplings are also assumed to be

different I for horizontal couplings and T2 for vertical cones

The Hamiltonian is thus taken to be

N M

H E J Timon Saturn Emt ai

m I m 1

we assume no magnetic fields Notice how by counting

me to the right and one up we never count the bands twice



we also assume DBcs in Css This means

To s om Js un t rn
92

Tn m on tu

Effectively therefore we are wrapping the square lattice

to form a torus

we want the partition function like before

Z to ePH C e PE co

t 93

exp p f an Ji0mm
9 1 t Tz 0mm On me

where of in a shorthand notation for the sum over all spin

configurations

Define meeee a function
M

Gm Ents exp p E J Tum ome m t 12 Tmm Tmm 1 egg
rn l Z

t Tm is our Jmt auntl

where Tm Tms Tmz 0mm in a shorthand fee the spin

configuration of row the factor of 12 in 94 in pet to make

more symmetric exactly like we did in the ID model Eg 25



Eq 93 in then written as

z aqgVCQ.be
VCrziB7 VKN iiT VC 10 95

we see that min in looking again like a transfer matrix

But now the transfer matrix transfers entire rows Each

Com Tmts can be viewed as one entry of the matrix But

since Tm can take on 2M values the transfer anotrin will

meeee have dimensions 2M x 2M

The problem in hurefore Mathematically much
more difficult

But the logic still applies we can write 95 as

z

mean an

and in the thermodynamic limit N ooo

contribution will be the largest eigenvalue of

N X man largest elf of V S2
2 imam

Finding Inman in though But we will do it later on in the

course



It is convenient to split as we did in 163

vz z V Vik 98

where Vz in a diagonal matrise

VzConTnt Sonoma exp pJz Tnm Turnt 991

It in diagonal because it does not onnin In with Jones then v in

98 in the remainder

too

v kn ont exp psi From Tuscan

we can check that the decomposition 987
is indeed true To do

this the Kronecker Sin gg is essential

VI v vz 2 rn rn
Vik quoi Vi Va 2 o ont

Vik Jomon Vi V2 2 on Tmi

Vz 2
mom

Vi on i Va 2 ri om

VI Jomon V Sonoma v2 Tnt Tnt

The combination of the 3 terms then gives us back 93



We can now finally introduce a matrix representation

for Vc and V2 for Vz its easy because it is alreadydiagonal

we simply interpret Tom as the eigenvalues of a set of M Iowa

matrices Turf m s M Cane for each element of the row

then

vzn.ee pLpJz
0mZ0mZtst Goi

As for Vs in Eq too we need to remember 73

V co o EPT
O

na v zsurh2ps
2 EPT on

The matrix in Cloo is simply a product of M such terms

M

v Cr o exp pse E om Em
me 1 102

eph 90 epd's 99 epJ Omar

Thus 1 103

v zsurhps.IM2ePIQnepTIM ept ai
s

where Inn are a set of M Imei n matrices Since they commute

we can also write

hP e c on



we have therefore like before wrapped a ZD classical

model into a SD quantum model

We are not gonna solve their model meeee To do so will

require some additional techniques that we will develop

later on So let me summarize our results so we can come

back to their problem later

x XIartitian function of the ZD Ising model using

the trek una hin method

Tz
o o o o H J Timon t

o o O Sz Tnf Tm i

n Js
z rn wya

o O O Vz Z v Vz Z

M
M

vz exp pJz onion
m l

vs zsinhzps.IM2ePTiE i tanhpg e2ps

Remmaining taste find 1 man the largest eigenvalue of
V

xx



Onsager showed and so will we 1 that this model

does present a phase transition Assuming J Tz e T the

equilibriummagnetization is found to be given by the

insanely simple formula

m

t

J Jc
0

where Tc in the critical temperature defined as the point where

106
sen h Ttt I

which gives
Tc 2 2 269 I 9 C 07

J en f FT

this formula looks like this
rn

Tls
Jc

This is really a phase transition auto in one phase and

rn o in the other it is not small it's zero zero Zero Zero


