
 

Statisticalmechanicsilecturet

Meanfieldmodelst
Mean field in the name we give to a series of models which

display phase transitions
and are also analytically soluble

They provide the starting point we always start with mean

field and then move air to consider more sophisticated

models

Here we shall ecensider mean field within the context

of me Ising model As the course moves are we will also

see it in other models and contexts

We will also consider both the classical as well as

the quantum Ising models As we will see this will

serve to introduce us to the notion of greenrhem

phase transitions

Recommended reading Salinas chapter 12 2 I 2.3 and

13 2 13 3



CurrieWeissmolecularfieldhypothesi
eceurieler a system of independent spin 42 particles

with Hamiltonian
N

H h E TZ Ct
i 1

The magnetization per particle
N Z

nu I soit
N I

will be 3
in tanh Bh

This magnetization describes
a paramagnetic materiel

this means a material where the magnetization responds

in the same direction as the field
in

ph



Same materials in nature however can have a

magnetizationeven in the absence of a field
m

ph

they are called ferromagnetic

this spontaneous magnetization
in a consequence of

interactions among the spins The interaction
induces them

to align our a common direction

Curie and Weiss proposed a phenomenological theory

to describe thin they argued
that each spin also felt

the effects of all other spins around
it as a kind of

effective field They called this a molecular field the

Marne molecular in waw old fashioned But its
meant

to be interpreted as microscopic because its generated

by the surrounding spins
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Curie and Weiss argued that this could be modeled by
simply modifying Eq 3 to

m tanh pcht Xm ca

where X in a constant the logic in that this molecular field

is generated by all spins around a spin thus it should

depend em the magnetization itself the constant then

measures the straight of the molecular field

Eq 4 in called the Curie Weiss equation It is a

self consistent Eg to be solved for rn Consider first the

case h 0 CS
m tanh pirn

we can get an idea of the solutions by comparing

the left and right
hand sides graphically

D m
s m

y r
r D M

D m

at
r



close to x o

6
tanh Cre e n

Thes near our 0

tanh px in BX rn 7

If pi L s then tanh pim starts below rn as in the left

plot above In this case the only solution in om o But

if pj s sum tourhpTwr starts
above us Since it then has

to eventually curve back there will be two new solutions

with info

The solutions of 5 thus look like this

M m 0 is always a

solution we will

learn later that when

me www.o

with ma o in actually

a unstable

this model therefore has a phase transition The

critical temperature of the model in when pT S so

Te J 8



Above To the model in in a paramagnetic phase where

m 0 But as we cool below Tc the model enters a

ferromagnetic phase characterized by a spontaneous

magnetization
y
1mL

IMA T
Tc

when T Tc rn will be very small so that we may

expand
tanh n e n I 9

3

Eq 5 then becomes

lo
m e p Xm

13
3

Thin has a solution rn 0 Or if unto then

3m2 pi s

3

Let us write this in terms of Tc
X

me 1 CE s



or
m PII Te T

c

thin solutions in real early when
T Tc Otherwise the only

solution of IO in me 0 The important part of this result

in the team in blue It says that our trends to zero

algebraicallyin the FM phase with an exponent Yz this is called a

critical exponent In fact quite often
we will write cry

only as

1
rn 1 To Tl 2

where n means the poet that actually matters



Equation of state going back now to Eg ca we can

also write it as

12
h Tc nm t T tanh rn

Thin in the thermodynamic equation of
state h plays the

role of pressure Ca stimulus and our plays the role of volume

the response

close to the critical point we may expand
13

tanh om z un t
3
3

to get ke

h T Tc un t Try
3

Exactly at 7 To we then get

me Ea h b
Cis

chin in another critical exponent exactly at
T Tc the

magnetizationgrows algebraically
with h with an exponent

513



Susceptibility the susceptibility at zero field in

deferred as

X 21 IG
2h Ih o

Let us look close to Tc Differentiating both sides of

1a with respect to h we get

J T Tc 2mi T m2 due
2h

2h

T Tc Tmz 2mL
2h

Thus 17
l

x
T Tc Turn Z

If T Tc then we 0 end we get
18

x 1
T Tc

If Tstc then m2 Te T Eq Il so that

Tc3

T Tc Tmi Te T s 3

Te T 31 3 Tc's



Since we are close to Tc

31 3 Td 2 9 C
Tcb Tc

Thus to heeding order in T Tc we can pick only the Z

leading to

1 T L TC
X

2 Tc T

Thus we earrelude that both above as well as below to

l
X n 19

T Tc1

The susceptibility diverges at the critical point with

exponents
b l

Vi L T

Tc
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Countingbandsthir
is a small parenthesis to facilitate what will come

next Consider a classical Ising model

if J E TIZ gZ h TiZ go
i j

where L i j in a swim over nearest neighbors For concreteness let

us assume we are our a d dimensional cubic lattice with

periodic Bcs
o o

One way to run over all m m s i j is to run over all sites

and for each site
consider the interaction above and to the

right This way we never covert each band twice Alternatively

we can count all bands for each site 4 in the ZD lattice then

we will be counting each
band twice so we have to divide

by 2 in the end

In any case
we ecenclude from thin that in 20 there will be

2N bounds where N in the total number of sites In 30 there will

be 3N and in d dimensions d N



This server to define the coordination number of a
lattice

coordination number v number of nearest car

neighbors

In a d dimensional lattice

Zd ZZ

think about the square lattice the number of bends

will then be

meof bounds VI 23
z



Mean fieldappro.sc imateem

Considering meeee the Ising model 1207 let us introduce

fluctuation operators

ggzi.fi L Tzi za

they represent the fluctuations of
F i around the average

If we assume that the system in translation invariant then

all Lozi will be equal
25

Tzi in

the interaction term.in 207 then becomes

Tzi Oz's nut fozi un i 8oz

m2 our Sofie foyt i fTzi Sofi ZG

the idea of the mean field approximation
in that the east

term is squared in the fluctuations If she fluctuations

are small then this town can be neglected leading to

rzi Tz's e wi t m Sofia fred 1 Sofi Sofi zz

0 CMFapp on



we can now go back to working with Jzi

TziTzi m2 1 in Ofi a Ozi 2am

28
m2 1 rn Ozi Tzi

Eq 207 then becomes

it e J
g
f met in Lozi 1 Tz't h E i ca

In the first term we use 23 to obtain

30m2 m2 NI
Z

i j

where v in the coordination number In the 2nd term of

29 we have a sum over all bands
but the summand depends

on in We earn tires eoop over
each site i and for each site

there will be V12 values of j

Moti MI F
i 131

she sewn over j in the same

Mozi MI Foz in ozi



whence Eg 29 becomes

N

H N Jvm E run 1 h Tei zz
2 i i

we therefore see that within the mean field approximation the

Hamiltonian reduces to that of independent spins subject
to our

effective magnetic field
33

heff h 1 Trim

But there is a catch the field in a function of our Cozi the

problem is thus self causer
tent

The partition functions
in

N 3M

Z e
PNTrunk cosh pheff

Ten 2cosh pheffl Css
so

f Terr Z Man
2

or considering the free energy per particle f FIN

f JvzI2 Ten 2 cosh ph 113 Jvm go



the self eausirterney part causes more From f we compute

themagnetization as

137
m If

2h

yielding
rn tanh Bht PTVom 387

we waw recognize this as being precisely the Curie Weiss

equation CH with the molecular field being given by

X Jv 39

This makes sense the molecular field depends on the

interactionsas well as the number of nearest neighbors
More

neighbors means a stronger molecular field

we also know what will be the critical temperature

no

Tc X Tv

for future reference
let us rewrite the free energy in terms

of

f.tqnzteufzcoshch.IT car

this is a very important formula we will come back to it many

times



thelandavfv.ee ergy

Let us analyze Chi in more detail when we are close

to Tc In this case we can expand Chl for small rn

Assume first that h O Then we can use

92
en cosh n e I n ca s

12

This yields

f e Tey T I TE IT ten Z

M
I If nu If in Terra

T Tc m t TI wit Tevez gz

121 3

The east term in a constant so we can forget about it

The 1st two towns we now write as

ft
Ma

where a Icy CT
Te 45

b Td
31 3

This is called the Landau free energy



close to criticality f un is a simple polynomial in

rn the coefficient b is always positive
But a on the other

hand changes sign at the
critical point

a o T h TC 4G

T Tc
a 0

A plot of f will therefore look like this
fs

f
s

ut

T L To
T 2 Tc

for T To there in only one minimum at our _0 But

when T L Te two new minima appear at
our o and m O

becomes a maximum



the importance of these minima in that we can view

the solutions of the Curie Weiss equation as those skates

which uninimize the free energy going back to call

consider

Tenn Tc tanh ph 1 ptc un
2M

Thus we see that

our tanh pht PRM 47
2 f moO
2M

The solutions are those which minimize the free energy

We already knew this of course equilibrium in the state which

minimizes the free energy

this explains wow why rn o becomes an unstable solution

when T Tc it corresponds to a maximum instead of mini

morn of f



Spantaneoussymmetrybreaking

The Landau free energy 44 preserves the symmetry of

the original Ising Hamiltonian Namely it is invariant

under Zz symmetry
rn m 48

f early contains even powers of our

Below Tc however the system will tend to either

one of the
minima of f

99
m Falb

If the system is in such a state then the symmetry c48

in broken If the system is at 1Falls it cannot jump to

half because there is a huge energy barrier between

them So if it is put in one minimum it stays there

the FM phase thus has a lower symmetry than she IM phase

because Cms is lost

when the system undergoes a phase transition a symmetry

in spontaneously broken
this is what phase transitions are all

about



Owantumphasetrar nsitions

we can make the Ising model quantum by adding

a transverse field

H J C Tzirzi h Fi g Ti Cso

i j

The reason why this is quantum in because the different

parts of the Hamiltonian no longer commute
so that it is

not trivially diagonal In fact we will see how he

diagonalizethin model in SD In ZD on 3D we do not know how

to do it

we are going to treat 50 here at the mean field level

The black part of Eq 50 is modified as before using Eq 323 we

then get
N

H Ntm E Tom h Tei g Tui Cst

z i

where our Lozi their in again the Hamiltonian for no

independent spins Bet each Hamiltonian is not yet

diagonal



Let us focus on a single spin 112 with Hamiltonian

H herz g on G 2

where for us he Tcm th this Hamiltonian in diagonalized

by a rotation

v e 9h III I L css

with G4tano S he

We then get
O

ut Hu Theta
F 8 1551

Going back waw to Eq Js we introduce a global

rotation

we e II Hi G as

which will diagonalize all parts of the Hamiltonian

ut Hu Nigg thetgT Ei Csx

we are then back to Eq 32



the partition function in

Z tr epH

using the cyclicproperty of
the trace and out s we can

also write this as

2 tr eP'tout tr ut e B u tr eputHo esse

Thus we are back to 32 and 34

N

z eBN 2 cosh pfhelagT 591

The free energy per particle will then be

f T s

As a sanity check this clearly reduces to the classical case

41 when 8 0



the magnetization in the z direction is

me If hatem tanh fhtTcm 8 ca

2h he Tcm GZ

which is a modified Curie Weiss equation Let us focus our

h D

t7
Cos

clearly m o is still a solution If into then we set

fTc 2 tanh Gamete 63

Tc

If g o this reduces to Eq 5 Instead let us consider

what happens when
T o 0 In this ease

tanh I I

so we are left with

I

Tc



ar

m I 8,2 64

Tc

this behaves like

a

II
Gc Tc

this is very similar to the classical transition except

that here it occurs as a fouretian of g enskend
and at

T o this is the idea of a quantumphase transition there

in a critical parameter gc which coincidentally equals

Tc for this model where our changes from being non zero

to being identically
zero

the parameter g represents
the transverse field applied

in the re direction this field directly competes
with the

interaction 5 in C 50 which wants the spins to be aligned in

the 2 direction For sufficiently strong g J eventually

capitulates



To see Him earmpetition even more clearly we can compile
the magnetization in the re direction

µ Loki 657

Since g in the transverse field

N I
f gz

tanh Ga

2g

At T o Him reduces to

G 67
do

Tc2m2 g2

If g go then m o and we get D 5 If g eye then

m is given by 64 so

N vena Tc Sc 68

Tc Sc

Thus the n magnetization behaves
as

a arm

i

So

clearly as mr goes down a goes up



Going back to 647 it is also nice to mate how it scales as

69
rn

2 gz
2

It depends an g and not g him in a consequence of the

feet that the transition in symmetric with respect
to applying

gFei ar gont But we can simply factor

70
rn Rfc g Sc 18

g

then if g o the relevant part of the sealing in

nm lGc 81 2 71

il

Let us meeee go back to Tfo and the solutions of GZ

we kmaw that if T 0 there in a solution at g ge Tc And

we Uwaw that if 8 0 there in a transition at F Tc But

what happens when both Ho and 8 10

S
Te what happens

hereI

g
FM Le



we wucew that the characteristic feature of the vicinities

of the critical point in that M 0 but very tiny consider

them

fTc 2 tanh FdmIt8
Tc

which already assumes M 0 We expand both sides assuming

mess the expansion here is easy because we can take only

the zeroth order town

III tanh II

we can also write this as

TC8
t A

tanh 1811Tc

This gives the phase diagram of the model It describes the curve

in the CT g plane where the phase transition occurs

T
s

Ta IM

Sc



Finally we can look at the Landau free energy close to

criticality Expanding 607 for mass we get

C73
f fo t zam

t b om
m

where fo in a constant

a
zTgI

181 Tc tanh 1811T

u
b TI sich 1811T smh 21811T

21811T

81813

g l tanh481T t T tanh SH

Iz sech 81T Tsurh 281T 28


