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In these notes we introduce two fully connected models

That in models where everyone interacts with everyone the Ising

version has a classical phase transition The transverse field

version called the LMG medal has a Swanton phase transition

Recommended reading Salinas 13 3 and appendix A
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Since the integral vanishes quickly as we move out of
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Efe Stirling's formula for N
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Fully connected classical Ising model

we start by considering a variation of the Ising model

which is mean field like without any approximations
the

model is composed of N spins where everyone interacts
with

everyone
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Here the lattice does not matter since all interactions are

taken to have the same strength Moreover since the

numberof bonds
is now NZ I divided the 1st term by n

to make it extensive

the reason why 7 can be treated analytically in

because if we define the collective spin operator
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Let us wow look at the eigenvalues and eigenvectors of Sz

the operators Tzi are all simultaneously diagonalized by
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which has 2N states But Sz on the other hand in highly degenerate

the eigenvalues of Sz are
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which is the number of ways we can arrange Nztm spins up

and Nz m down so that the net spin in rn the eigenvalues

of it may thus be written as
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the partition function may be written as
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The advantage of thin in that we earn now eampute feast the

serum ever of and this serum we know how to do because it

is linear let K 2ph t 2K F then Z can be written as
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This is an integral representation for
2 we got rid of the seams

over 0 and replaced it with a single integral in n

To make things a bit clearer let us change variables to
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Finally we define
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The significance of thin expressions can become clear if we

use Laplace's formula 5 According to it in the TL

N ooo the dominant contribution to 267 will come from

the value of our which minimizes the function f Cy

Bet if we look at 25 for a second we realize that fry

in exactly the free energy of the
mean field Ising model

we discussed in lecture 7 But what in the meaning of g y

the free energy per particle in the thermodynamic limit

in
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and in a function of T and h not y since we integrate

over y



But using Laplaces method Eq Ca we have
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what in the meaning of y in Egs 25 and 267 To

answer that let us compute the magnetization
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Using C25 we get
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this introduces a meat interpretation clearly this looks like

an average ever a distribution of y
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where I Joly eNP8 t in a normalization constant

Thus instead of thinking
about a distribution for all

possiblespin configurations
we can think about a distribution

for the order parameter y itself Of course y is not exactly

the magnetization
but its pretty close to it After all

from 307 we can think of the magnetization
as

being tanh ph ipTg



theliphim Mes.hu Glickmodel

The LMG model in the transverse field analog of the Geely

connected Ising model 7
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what changes in the east term which is now proportional to Tui

I also call the transverse field
as g instead of

h

As before we can write this in terms of collective spin

operators as 33

H 55 2g Sn

This Hamiltonian is now no longer diagonal
because of

the Ssc town Diagonalizing
it for arbitrary spine

size is

actuallya hard problem But we are only interested
in the thermo

dynamic limit N soo or S soo In this case we can divide

the diagonalization
in two steps First we look at the classical

ground state
then we analyze the quantum fluctuations

around

this ground state



ClassicalGrouon dstate

Let us first assume that the Sa are actually classical

spins that in they can be written as

39
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This will give us some intuition on how to treat the

quantum ease The Hamiltonian 33 then becomes our

energy
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To get the minima we need to look at the End derivatives as
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This defines the critical field

Gc T

at which the nature of the solution changes the

magnetizationin the 2 direction then reads
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for 8 LT and in 0 otherwise we can also write this in

a more suggestive way as
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which is of the form of the

mean field solution we saw
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Thin result points to the existence of Gc

a broken symmetry phase when g CT

But this in all at the classical levee Now we have to see how

to carry Him
over to the quantum regime



Landaufreeenergy
Going back to the energy 35 since the minima are

always on 4 0 let focus only on the 0 part
no

E O e S J cos20 2g sure

Thin actually represents the
Landau free energy of the

system of zero temperature To see this let us express it

in terms of the order parameter our cos 0 Assuming of
in 0

we get
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Holstein Irimakofftraw sformation

The key to understanding quantumfluctuations in
a neat

transformation between spin operators and harmonic oscillate

creation and annihilation operators

alto operators satisfy
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whereas spin operators satisfy
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thin in the Holstein Irimakoff transformation the idea in that we

can convert QHO operators into spivs operators in this weird but

beautiful way
The reason why their unakes sense is because it preserves

the algebra For instance
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Another way to think about the HI transformation is in terms

of the leader of States Spins and OHOs both have equally spaced

levels the only difference in that the spin ladder in ferrite

on both sides whereas she QHO ladder is infinite in one

direction

Introduce the HO States In defined from
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Them from C45e we get
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Indeed if we were to try to go up even more by applying Se

we get Zero
Cas

S to TES ate a lot 0

The other States is 127 13 corresponds to lower values

of M the lowest value should of course be M S which

corresponds to m 25 In this case if we try to lower

even more we set

S 12g at TI 125 O Cso

this in the reason for the weird square root in the HD map



Flectuatiansoverthegroundstate
we can use the HR transformation to describe thefluctuationsover the classical ground state But to do that we

must first be sure that the vacuum to in the actual GS As

we saw in 37 and 381 the classical GS corresponds to mom

zero values of 0 Thus to set to to be the GS we must first

rotate the Hamiltonian 33 by 0 Let
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Let us first focus on g T then we have to rotate by 0 7 2

leading to 54
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this is exactly like the original Hamiltonian 33 but with

n and Z exchanged



we now apply the HR transformation our 54 we have
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56

se fzs atae fzs.fi ate a
ZS

If we are only interested in large S we can appronimate

the square root to unity leading to
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Let us introduce positions and momentum operators
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and so 59 becomes
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Neglecting the constant 285 we can finally write this

as
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This in just a harmonic oscillator
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the excitation energies are therefore of the alto type
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the energy gap between
the ground state and the first excited state
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we see that as we approach the critical point g T the gap

closes thin in a signature of quantumphase transitions At

the critical point the Hamiltonian 62 becomes that of a free

particle P212ms here in no cost to create our excitation you

kick it and it starts moving

For g L f the frequency in CG2 would become imaginary

thin is because the rotation angle in no longer 0 Hz Instead

we have to use surf 815

To treat 8 5 we have to go back to H in C53 and rotate by

the right angle we then get
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The quadratic term when expanded becomes
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I know it in ugly but this result is very important Have a

look The 1st line in just a constant The 2nd line in linear in

a at However if you look at the coefficients his term

vanishes Finally the last team in grey may seem quite

complicated But it's proportional to its and thus becomes

negligible when S ooo



As a result omitting the constant term we are early left

with the team in beach
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what
Let us summarize what we learned In the limit

S ooo we obtain a classical spine described by the energy Geo

f O S Sco slot 28 simo 73

This energy in extensive and represents the Landau free energy

of the system Minimizing it leads to the order parameter
M
s

g go J th
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This represents the behavior of the system in the thermodynamic

limit Our top of that however we have the quantum fluctuations

To welede thin we write the total Hamiltonian as
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The first team in 1757 in extensive E S whereas the Ed

in intensive independent of S Generally therefore the

fluctuationsare a kind of correction to the Landau energy

the Hamiltonian 751 shows that the fluctuations are

like a harmonic oscillator in the sense that the excitations

have equally spaced energies

The energy gap between the ground state and the first excited

skate is essentially hw so it's given by C761 It looks as

follows Gap D tow
is

go

the gap closes at the critical paint Thin in a signature

of a quantum phase transition at the vicinity of the

critical point it becomes very easy to create
our excitation

As a consequence even though the fluctuations are not

extensive they become quite significant at the vicinity of

g c

thin procedure in quite useful we first look at the Landau

Energy for N soo and then we analyze the fluctuations on top

of that by looking at the energy gap



Alternativeder ivation

Alternatively we can also compute the partition

function without the Gaussian integral truth Instead

of writhing 2 as a swim over all T we write it as a

serum over M taking into account the degeneracy is
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we now change variables
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we then get
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To ecenvert the sewn to an integral we multiply by the

convenient s
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thin in an alternative way of expressing Z as an integral



To show that thin air equivalent to 26 we change

variables to y defined as

rn tanh phi Psy

we then get
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Completing squares in the first focus we get
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