



































































































































statisticelmechanicsilecturesispantaneousemissions

pentamerous emission in the processthrough which
an atom

emits a photon to the electromagnetic field It in the first

pretty picture you
saw when you ferest learned about the

Bohr model in quantum mechanics
And in the simplest

and mostelegant example
of thermalization

Recommended reeediang Scully and Zubair Quantum optics

chapters s for field quantization

and 8 for spontaneous emission

In thesenotes I set b s This only means that b w o w that is

frequency and energy
have the same units






































































































































fieldgwantizatiomina.mu sh

the EM field can be decomposed into different modes A mode

is specifiedby the wave vector Te and the polarization 1 which

can take on two values e f X I fo se polarized and X 2

go y polarized we characterize radiation by specifying such

medes

For each Ti the associated frequency
is determined by the

dispersions relation
i

way c II I cTien 1by WE

where e in the speed of eight

The EM field in quantized
This means that each mode I may have

a discrete number of photons
in them O I 2 We describe this

mathematically using the same creation and annihilation operators

of the harmonic
oscillator Bet we meeee

have one operator for each

I that in we introduce

af operator that annihilates
a phohem 2

with wave vectorKT and polarization
X

we then have an infinite number of operators one for each Ii these

operators satisfy

3
air ate SE E fxx






































































































































meaning gear E I it's like the alto Ca at s But for Ti't E

they commute In the language of tensor products AI and a i

live an different Hiebert spaces

The operator at a counts the number of photons with wareweeto

I Its eigenstuff are as with the alto

MI O J Z 3 Cqafixatix In ME 1min37

Since we have multiple values of E a complete basin for the

Hiebertspace in then given by

5

IMuta MinaMiisXz

when Ii in just a pictorial way of referring to all the infinite

number of allowed values of Tv the States 5 are called Fochstates






































































































































ThefaymesGrummingsuredelf
the goal of this lecture in to discuss the spontaneous emissions

of radiation by an atom Usually the atom emits at multiple

values of E Bet you can force it to emitt at a single mode by

confirming the field in a tiny cavity

III It
mirrors

If the cavity in sufficiently small only a single mode will

matter In this case the interactions between the atom and this mode

will be described by the Jaymes Cummings model i

H.eu ai ro r gCatr aT co

Here or in the annihilation operator for the
mode in question which

we assume has some frequency w The 2nd term in the atomic part

which we assume has gap r We introduce a set of basin status

183 Ie for the atom fear the ground and excited skate respectively

then we can write r 18 set which lowers the state from ie Igy

we also have then that of set le 81 in the revising operator






































































































































The east term in CG in the atom field interactions It describes

she exchange of excitations att lowers the state of the atom and

creates a photon thin in emission Similarly art represents

absorption

The TI operators satisfy 0 2 0 2 0 Moreover

T.ir le 4818 Let le et
7

T Tt If set e Lf I 187481

using the completeness relation le set 1 187 81 s we see that

8
rt it I

where A B AB l BA in the anti commutator this is to be contrasted

with the property of the a operators
9

a at

the algebra determines the property of
the operators Eg18 gives the

infinite dimensional Fock states whereas 9 gives a 2 dimensional

space
notwithstanding I will leave for you to check that

eta at a
ota a h CIO

0 0 I o Cat a J Tt

Thus TI act as lowering and raising operators for Tt 0 in the same

way as a.at act fear ate






































































































































The interaction term in 6 satisfies the very special symmetry

t cm

which means that the total number of quanta in ecenserved the logic

in that atr and at take a quanta from one system and put it

in the ether so the total number of quanta in eouserved
we

can verify that Cil indeed works

ate ate art Cata at r t ate a a

at o a rt

no at a tart at a a a a a a a

at o tart

the two therefore cancel leading to Ef Il

e

A convenient set of basin vectors for the
Hamiltonian G ni

IZ
In g IMi e m O s 2

where m are the eigenstates of eden and 148 of se r i

ate In mln
i3

0 0 187 0 see Ef CF
to I e le






































































































































The symmetry il affords us a massive simplification Since

the number of quanta is conserved there can be no teams in H

connecting sectors with different guanta order the skates Cia

lexicographically as

14
10 g lo e I 1 g I die I 2 g 12 e

0 quanta s quante 2 grant e

the status are naturally divided in seekers subspaces using co

we find

Hlm s e w m s r Im see t g FT lm g 751

Hlm 87 won In g GET In s e

Thus we see that It only connects states in the same sector

This means that in the basis In gie the Hamiltonian is already

block diagonal
O

H Hz
Hz

The list O is the state 10,87 and the other Hu are 2 2 matrices

From 157 we find






































































































































pi gHm
grin won

this in the Hamiltonian in the subspace with an excitations

In order to diagonalize the full H we thes only need to

worry about these 2 2 blocks the Hen can be diagonalized as

Hml hit Xi 14nF is

where

Iz t w m Hz DoeXm Z 19

D Fw d 2 t 4gZm

and eigenvectors 0m12

0m12

Hint Ten Hi Isan
W

0m12

tano
2gift
r w

Sanity check If g o D I w RI and the eigenvalues cuz tend
to

w m Imig

zz Wcm 12 I
a w mu ion l e






































































































































the eigenvectors Go are written in the basin sm l e in g as in C 7

Thus what C 20 actually means is

Iput cos In 1m t e t sure Im 8
z 2 Zi

145 semenIm ne t cos In 1mi 87
z 2

Note also that these skates are entangled they
cannot be written as a

product






































































































































Spontaneous emission

Let us suppose that the field started in the vacuum to Cmophotons

and the atom started in the excited state le Then the entire

dynamicswill be restricted to the subspace I o e Is g We can

decompose the initial state as

1 Io lo e 14 54 lo e 14 344 lo e

since 44nFI o e o for all other valves of n using 21 we get

ZZ

Io cosof 14 sine 14

It in waw easy to compute the state at any time t

1 It cosez e
it t IX t sine e

i'it 14 y es

Let us now ecempute the reduced density matrix of the atom

Sa tr l It It I

tr cos 14,4554 I t sur 14 354 I can

singcosez e
i

t ti't 14,7 4 I i ei
t ti't y apply






































































































































Using Zi we get for instance

rf 14Mt 4411 the cosEzln
i e t surefire 8

cosEz m I et

i rurez 4m81

cos28 tr Im i e Lm s e I t SuiOE tr
lm s cm I

sun cosEz tr I
m l e Cm f t sur cosEz tr lm s Cm

r e

cos le Let t ruling 187 81

Iroceeding similarly we obtain

trp 141 Kiki le Costen
le Let sines Is g

tr 1455 451 simony le set
cos202 18 81 agg

tr Hi stil trp 145 still

smog cos
183281 le Le






































































































































Thus Eq 24 reduces to

Sa cos2oz cos i level true e 187281 1

sneeze sine level taste 18kg1

surfaosq e
is't

e id't ie cel 18kg1

cos E suite ie set z sing 18 Csl

2 sin
2 cos Det ie Let 183281

ft T 6

sendscos cat ie cel 183281
2

The prob of finding the atom in the ground state in

Ig t LSI Sal87 Serio sin cos C t
z 2

sur sued 42

Using Czo we get

a sun 0 28 2
tan 0 ZI qg2 r w 2

r w






































































































































whence

Ig sufos.su Dit 48Z serrZDyt z 27

4gL x r w 2

where D fer w 1482

This starts at 0 when t o and then oscillates back and forth

between 0 and senior This maximum valve is affected by whether

or not the atom and field are resonant If they are w D

then send s g

In this case there are therefore instants of time when Ig s

meaning the atom fully emitted

The reason why this oscillates back and forth in because the

emitted photon may
be reabsorbed by the atom

This is a consequence

of the feet that
the field is confined to a cavity

III It
In order to observe true spontaneous emission we have to consider

the interaction with an infinite number of modes as we will do

below






































































































































Thermal properties

The Hamiltonian is written in Block form as in 40

consequently the same will also be true for eB't the reason

is that Block diagonal matrices
never ruin The rules of unatrin

multiplication also hold for blacks so if

Ao 301

then 311
it I 5 IE Iga

which is five irrespective of
the size of the blades A

and B

As a consequence for any
function f se

32
FCA 0

f H o f B

this means that due to the structure of H in EqGeo

e
pH

EP
Eph Css






































































































































the partition function in the sewer of the diagonal entries so

Z I ePHM
me 34

o.o

I t e Bhi eBhi

m

the final formula unfortunately in ugly But in principle now tha

we have Z all thermodynamic quantities
are accessible






































































































































Spantaneousemissiomanteespace
we now turn to the problem of an atom emitting onto free

space this means it will now interact with all modes of

radiationand not just a single one like in the Jaymes Cummings

model G The Hamiltonian is naturally generalized to

35
H r ri r t Wu ait au gu auto away

far simplicity of notation
I label the modes by k instead of

TE X Each mode he has frequency w u and interacts with the

atom with strength fu Lucky for
us we ee een t need to

specify exactly
how fu looks like but if you are curious gunwalk

so that high frequency
modes tend to couple more strongly

We assume as before that the system
starts in the excited i fete

e and the field starts in the vacuum to Cmo photons in any g

the modes 3G
Io I 0 e

the Hamiltonian 357 also conserves the number of excitations

c f Ef se
37

H Q o t EautQu 0

This means that since the initial state 36 has e excitation

the evolution will be restricted to 1 excitation for all future times






































































































































Let us define a set of estates

38
Iu Qu l o

that represent a single photon in mode K In terms of tensor

structure this looks like

to to ox to OX Is to to

i e tons of zeros and a single lonely d at mode k

The state of atom a field at any time will be restricted

to a subspace spammed by
the states lo e and Isu 87

thus we may decompose

1 If y Co t 10 e t E cu t Hu G sq

where coCtl and cult are coefficients the initial ecendition

36 implies Go
Co o I Cn O 0

we waver eve 39 to solve Schrodinger's equation

91
Lt Itt E H left

Using 357 we get

It lo e rot E WuAut au lo e t Gu auto taut lo e

r lo e gu auto lo e

r lo e t Gu Hu 8






































































































































and

H Isn g roti t wethothot 11m87 i f Gg agt E af F Isn g

Wu lSu g QE Lg Ag
T Isn g

The only annihilation
that will

be successful in when 9
k

Wu l Ju f t Gu lo e

Thus

H IIe a Co H 19 e t f cu H Isn g

Co r lo e t Su Hu 8

q cu Wu Hu 83 t Gu lo e uz

eco Gu Cu J lo e t f Wu cu t Guco Isu e

Plugging thin into
41 and exploiting the fact

that to.es 11m83

forum an orthonormal basin we can get an equation for
each

coefficient 43

This is now a system with an infinite number of coupled

differential equations






































































































































To proceed we use a naughty trick Consider a simple

differential equation like

dye an f t 4S

dt

where f t in some known function The solution is

to

x Ct no eat Jolt ca
t ti f E 4G

0

If we focus now our 941 you will see it looks like 45 the

difference in that f Ctt is not a given function but in part

of the thing we want to find Colt Notwithstanding the

solution Chai still holds our a formal level so we may write

wut Wu Cma
cult Cuco e

i i ga dt e
i Ct E Coco

this is formally true although not immediatelyuseful sence
we

don't burrow co Ct yet Since Cuco o the first term drops

out and we are left with
t

i Wu 48
cult iguf.dz e

t t coat

0

we now plug this in Eq 43 leading to

2
Wu

Eo in co 8 Jolt e
i t t

Coco egg

o






































































































































this is now an equation for co only But the equation in integro

differential It in earnenient to define a new variable

e rt 50
co e co

Then

I i r I t ee et Ceo

is I eid is co gut t e
w t t ct

I
cancel out

gu It e
int e

i Wn t E e
in t

6 z

Thus

E giftdt ein
Wu t t za

151

we can make this even cleaner by introducing

t
csu

so that we arrive at

t.tx.tw 53

0

this equation shows that x Ct t l in a memory kernel It weights

the contribution of Eo ti from all past times t






































































































































So far we have said absolutely nothing about the structure of

gene field such as the functions Wu and Su Quite remarkably

we see that all propertiesof the field are contained in the

memory kernel X The detailed values of gu and Wu are not

important the only thing that matters is the specificcombinationof Ef 52

The electromagnetic modes k actually vary continuously

It is therefore useful to introduce
the spectraldensity

JCw 2 8u28Cw Wu 59

this is the most important quantity characterizing an environmen

The idea in that J W in a S comb but since the Wu are so close

together the comb becomes a kind of smooth ferretian

In terms of T W we can rewrite 52 as

X t J.dz sJCw ee r w t 55

To understand why just substitute
5h here and you will see you

get back 527






















































































Now let's look at c 55 there is an integral overall frequencies

og J w But the exponential has ei r w t where R is the frequency

of the atom when W is really far from S ei CR w t will oscillate

very very fast and things will thus have a tendency to cancel out

The main contribution should therefore come from TCW close to

R JCW
s

w

r

since all that will weather in Tcs we can substitute

J W a 5 Cr in 155 which can then be taken outside the integral

i r w t
x t z Jcr btw e 56

2T
0

This is called the Wigner Weiskopf approximation A more rigorous

analysis shows that this approximation is good when Tcw is smooth

and Jcr c r For simplicity of notation we w ite

57
J r ye

the resulting integral in 561 looks like a S functions Recall

the identity
dw e w t

f Ct J e 58
Zi

ooo



Naw change variables in 556 to w e w r

i i w't
X t je f de e 59

ZA
R

This is not 581 only because of the lower limit of integration

But it can be shown that the correction that comes from this

is small so we may approximate

Xlt
Go

Going back to 537 we now get
t

dt Xlt E ToCt dt Sct ti Colt

0

If Ict

where the factor of 12 in because we only get 42 of the S
since it

is evaluated at the limit of integration To summarize

z
s H EH

where I also used Coco s But co in the coefficient multiplying
10 e

Thus co t in precisely the probability of finding
the atom in the

excited state



Ie 1co12lEoi e Co2

The prob that the atom is found
Ft voila E mission Spoontanee

in the excited state decays exponentially in time with a coefficient

of which depends on the spectral density c f Efs 57 and 54

That is if depends on how the atoms couples to the electromagnetic

field
It is remarkable that it ceeeples even with the vacuum Owautoan

systems are always open

Now where does the atom emitt to To answer that we go back

to Eq 48
t

cuCt i guJdt e
w Ct t colt

O
t

i guJdt e
i Wu Ct E e

ist e NE Iz

O

ign e
i'wut s e CE ti Cwu rye 163

1ft i Wu s

For long times the 2 D term vanishes because of e Atk and

we get

lcucooif y.es

g
Wu 2 2



thin in a Lorentzian distribution centered in r and wi th

wid th R

S i

i h Wu
r

The atom therefore does not emit on the same frequency r but it

actually emits on a setof frequencies around r However in most

systems ye se r so that veris peak is very sharp


