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Now change variables in each integral to x = hcyk/T. This removes the tem-
perature dependence from the integral completely

o o)
|4 T4 23
Uz 3 Gor | w1
0

A=1,2,3
Forget the pre-factors for now. All that matters is that U o< T%. Consequently,
cox T3 (5.109)

which is indeed what is observed experimentally. We therefore conclude that
the quantum description of the lattice vibrations yields the correct specific heat
of a solid, both at high and low temperatures.

The Debye model

Without knowing anything about the dispersion characteristics, we have
shown that the phonon descriptions adequately describes both low and high
temperatures. If you do know the entire phonon spectra of all branches, then
you can use Eq. (5.105) to compute the exact specific heat over all temperature
ranges. People rarely do this however. Crystal defects, impurities and other
complications, make such an application restricted only to very well prepared
samples. Instead, it would be nice to have an approximate formula to describe
the specific heat over the entire temperature range, but which does not require
a deep knowledge of the phonon branches.

This formula was proposed by Peter Debye in 1912.° Debye’s result is an
interpolation formula. That is, a formula which gives the correct result at
both low and high temperatures and which fills the space in between with a
smooth good looking function. His idea is as follows. The approximation that
we just did to assume that cy (k) is roughly independent of k is not bad, even
at higher temperatures. It is also not bad to assume that all ¢, are equal to a
single velocity c, since this roughly corresponds to assuming that c is an average
of the ¢). Finally, distorting the first BZ to make it look like a sphere is again
not all bad. After all, every object can be approximate as a sphere!

The realiy important aspect of the approximation we just did was that ex-
tended the limit of the k-integration to +oco. Debye’s idea was to restrict this
upper limit to a finite value kp called the Debye wavelength (very creative
name). And the value of kp is determined by noting that the first BZ has ex-
actly N (not N,) phonon modes. Thus, the volume of the first BZ must be

5 P. Debye, Annalen der Physik (1912) 39 789. This paper is in German. Your years of
listening to Rammstein will finally pay off!
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N(27)3/V and, as Debye argued, this must also be the number of modes in a
sphere of radius kp. With this argument we fix kp as:

dr 5 3 N k3,
kb =30n — =5 (5.110)
The Debye wavelength define the entire Debye family: you have the Debye
wavelength

wp = ckp (5.111)

and the Debye temperature

O©p = hwp = kckp (5.112)

With this approximation, instead of Eq. (5.113), we write

kp
|4 hck 2
U= 3(27r)3 (4m) / ekt 1k dk (5.113)
0

where the factor of 3 is because we have 3 acoustic branches. The heat capacity
is
kp 5
ou 3V hick /T
0
We now change variables to z = fick/T. The upper limit of integration changes
from kp to hckp/T = ©p/T. Thus we get

sv /r\2 7T
x*e®
C‘P(E) (ez—1)2d“

To finish the problem with style we use Eq. (5.110) to write V in terms of
kD:
3V 3 6N 9N

But k3, together with (fic)3 will give ©%,. Thus we finally obtain

¢ 7\ FT g
e
c= 1_V =9 (5) / '(rl)z dx (5.115)
0

This is Debye’s famous formula. It expresses the specific heat per particle as
begin a function only of the ratio T/©p. This formula is shown in Fig. 5.8(a) as a
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function of T/©p (the integral must be computed numerically). Remember that
to convert from our ¢ in dimensionless units, to experimental values in J/mol
K, you simply need to multiply by the gas constants [see Sec. ??]. The Debye
temperature ©p is interpreted as a parameter which changes from one material
to another. Thus, we may use Eq. (5.115) to fit ©p to experiment. There are
different strategies to estimate ©p for different materials since the specific heat
may also contain other contributions, which must be subtracted (more about
this in a second). Typical values are shown in Table 5.1. From Fig. 5.8 we see
that when T' ~ ©p the specific heat is almost at the Dulong and Petit value.
Thus, the Debye temperature may be interpreted as the temperature below
which quantum effects become important.

Table 5.1: Debye temperature for selected elements. Stolen from Ashcroft and Mer-
min.

Element Op (K)

Li 400
Na, 150
K 100
Be 1000
Mg 318
Ca 230
Al 394
Ga 240
C (diamond) 1860

Si 625
Ge 360
Cu 315
Ag 215
Au 170
Cr 460
Fe 420
Co 385
Ni 375

When T < 0p we may extend the upper limit of integration in Eq. (5.115)
to +o00. The remaining integral is tabled and has the funny value
zie® 47t
——dr = — .
12 T (5.116)
0

143



(a) = (b)
a,
2.5} 0% )
/
2.0 05 '/
/
’
L 15 < 04 III,
03
1.0
02
05 0.1
0.0

0.0
02 04 06 08 10 12 14 0.05° (0.1 (0.13)* (0.15°
T/Op (T/0p)®

Figure 5.8: (a) The specific heat of the Debye model, Eq. (5.115). (b) Low temper-
ature behavior plotted as a function of (T/©p)3. The dashed curve is
simply a straight line for comparison.

Thus, at low temperatures we obtain

Lt (TN
= 5 ©p

This, in an insulating crystal, at low temperatures a plot of ¢ vs. T2 should
yield a straight line with coefficient

(5.117)

A= ——

5 63
whose fit yields the Debye temperature. This behavior is illustrated in Fig. 5.8(b),
which shows that this approximation is reasonable for 7/Op ~ 0.1. In metals,
on the other hand, there is usually a contribution to the specific heat due to
the conduction electrons which has the form ¢ ~ 4T. Thus, for metals at low

temperatures,
c=~T + AT? (5.118)

Thus, for metals one usually plots ¢/T vs. T2, which should be a straight line.

The Debye formula is just a rough approximation. It should not be taken
as an absolute truth of what is happening in a crystal. The absolute truth is (i)
the full phonon spectra and (ii) possible anharmonic contributions. An example
is shown in Fig. 5.9 for the case of Diamond, which has an unusually high Debye
temperature of ©p = 1860 K. But this value is only a rough estimate. In fact,
in diamond it is impossible to find a single value of ©p which fits the entire
curve. Instead, what some people do is assume that ©p itself depends on the
temperature. I personally think that is nonsense. If the model is no longer valid,
don’t force it. Forcing it makes it sound like the model is the whole truth. It is
not; it is just a (very) rough approximation to reality.
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Figure 5.9: The specific heat of diamond. Solid circles were taken from W. DeSorbo,
J. Chem. Phys. 21 (1953) 876 and open circles were taken from A. C.
Victor, J. Chem. Phys. 36 (1962) 1903. The dotted curve is the Debye
function (5.115) for ©p = 1860 K.

5.4 Polarons

I want to discuss with you now a lovely application of the phonon theory:
the propagation of electrons in ionic crystals. Ionic crystals, like NaCl, have
strong localized polarizations since the Na and the Cl are oppositely charged. If
you place an electron inside an ionic crystal it will therefore polarize the region
around it. And if this electron moves, it will carry this polarization distortion
with it. In ionic crystals there is, therefore a strong coupling between an elec-
tron and the optical phonons. The electron, plus its accompanying polarization
distortion is called a polaron. In this section we will establish a Hamiltonian
for the electron-phonon interaction and show that the phonon moves with a
mass that is higher than that of the electron, due to the polarization that it has
to carry in its back.

This problem was discussed by many people, but the formulation we will
study here is due to Herbert Frolich. He has a paper whose name is absolutely
beautiful: “Electrons in lattice fields”.® I think that this name captures very
well some of the ideas discussed in this chapter.

The first step is to derive the Frolich Hamiltonian. I will give here just
a “sketch” of the derivation. A more rigorous calculation requires too many
technical details and is filled with a bunch of annoying constants. I refer the
reader to Frolich’s paper for more details. If you place an electron inside a ionic
crystal, the local charge density p(r) will fluctuate substantially in the atomic
level. Let V(7) denote the electrostatic felt by the electron. It obeys Poisson’s
equation

V2V = —ep(r) (5.119)

The charge density may also be written in terms of the polarization vector in

SH. Frolich, Advances in physics. 3 (1954) 325.
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