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1 Estimation theory !

1.1 Introduction

Given a parameter of interest, such as a population mean y, the objective
of estimation theory is to use a sample to compute a number that represents
in some sense a good guess for the true value of the parameter. The resulting
number is called a point estimate or estimative. Obtaining a estimative en-
tails calculating the value of a statistic? such as the sample mean X or sample
standard deviation S.

When discussing general concepts and methods of inference, it is convenient
to have a generic symbol for the parameter of interest. We will use the letter
0 for this purpose. The objective of a estimation is to select a single number,
based on sample data, that represents a sensible value for 6. The estimative
of a parameter 0 is obtained by selecting a suitable statistic and computing its
value from a the given sample data. The selected statistic is called the estimator
of 0. The symbol 0 is customarily used to denote both the estimator of 6 and
the estimative resulting from a given sample.

Example 1.1. A natural estimator for the population variance o is the

sample variance:
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Here X; is a random variable. An alternative estimator would re-

sult from using divisor n instead of n — 1 (i.e., the average squared

deviation): .
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We shall see sun why Eq. (1) is a better estimator for the variance than
Eq. (2).

In the best of all possible worlds, we could find an estimator 6 for which
6=0 always. However, 0 is a function of the sample X;’s, so it is a random
variable. For some sample, 6 will yield a value larger than 0, whereas for other
samples O will underestimate 0. If we write

® = 6 + error of estimation 3)

IMost of this text is a summary of some ideas presented in Ref. [1]

2 A statistic is any quantity whose value can be calculated from sample data. Prior to obtaining
data, there is uncertainty as to what value of any particular statistic will result. Therefore, a statistic
is a random variable and will be denoted by an uppercase letter.



then an accurate estimator would be one resulting in small estimation errors,
so that estimated values will be near the true value.
1.2 Mean Squared Error

The mean squared error of an estimator 0 is® E[(§ — 0)?]. Note that by using
the variance V(Y),

V(Y) = E(Y*) - [E(V)P 4)
we can write
E[(0-0)*] = V(6 -0)+ [E@6 - 0)]?
= V() +[E®©)- 06T ©)
—— ——————
variance of (bias)?

estimator

1.3 Unbiased Estimator

An estimator 0 is said to be an unbiased estimator of 8 if E(9) = 0 for every
possible value of 0. If O is not unbiased, the difference E(0) — 6 is called the
bias of 6.

Example 1.2. Let us turn to the problem of estimating 02 based on a
random sample Xj,...,X,. First consider the estimator”,
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Now if we calculate the average value of S? we have
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Than we have show that the sample variance S? is an unbiased esti-
mator of 2. The estimator that uses the divisor 1 can be expressed as
(n— 1)S2/n, so

—1)82 - -

E[u] = ”_1)5(52) = uUZ ®)
n n n

This estimator is therefore biased.

"Here X = Y.I', Xi/n

3Here E(X) mean the expected value (or the mean value) of the random variable X.



Example 1.3. Suppose that X has an uniform distribution on the in-
terval from 0 to an unknown upper limit 6. We want to estimate 6 on
the basis of a random sample Xj, X, ..., X;.
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Since 0 is the largest possible value of the entire population, consider
as a first estimator the largest sample value:

Op = max(Xy, ..., Xn). ©9)

Note we have,
n

E[éb] - n+1

(10)

Thus, 0, is a biased estimator. It is easy to modify 6} to obtain an
unbiased estimator of 6. Consider the estimator

n+1 4

O = ——6p (11)

and now E[0,] = (”—“)E[éb] =0.

n

1.4 Estimator with Minimum Variance

Suppose 6, and 6, are two estimators of 6 that are both unbiased. Then,
although the distribution of each estimator is centered at the true values of 0,
the spread of the distributions about the true values may be different. Among
all estimators of 6 that are unbiased, the one that has minimum variance is
called the minimum variance unbiased estimator (MVUE) of 0.

Seeking an unbiased estimator with minimum variance is the same as seek-
ing an unbiased estimator that has minimum mean squared error.

Example 1.4. When Xj ..., X, is a random sample from a uniform
distribution on [0, 0], the estimator

-
6, ="

max(X, ..., Xy) (12)

is a unbiased estimator for 6, i.e. E[6;] = 6. This is not the only
unbiased estimator of 0. Note that E[X;] = 0/2. This implies that
E[X] = 0/2, from which E[2X] = 6, ie. the estimator 0, = 2X is
unbiased for 0. It is possible to show that,

62 R
and  V(0y) = = 13)

Aslong asn > 1, V(él) < V(éz), Y] 91 is a better estimator than 0.
More advanced methods can be used to show that 8; is the MVUE of
0.



1.5 The standard error of the estimator

Besides reporting the value of a point estimate, some indication of its pre-
cision should be given. The usual measure of precision is the standard error of
the estimator. The standard error of an estimator 0 is its standard deviation

o5 = \/V(0) (14)

1.6 Methods of point estimation

We now discuss two methods for obtaining estimators: the method of mo-
ments and the method of maximum likelihood.

1.6.1 The method of moments

The basic idea of this method is to equate certain sample characteristics,
such as the mean, to the corresponding population expected values. Then
solving these equations for unknown parameters values yields the estimators.

Let us start by considering Xj, . .., X,, random sample from a probability dis-
tribution function p(x). For k = 1,2, ..., the kth population moment, or kth mo-
ment of the distribution p(x), is E(X¥). The kth sample moment is (1/n1) Y., Xi.‘.
Thus the first population moment is E(X) = u and the first sample moment is
Y. Xi/n = X. The second population and sample moment are E(X?) and ¥ X2/,
respectively. The population moments will be functions of any unknown pa-
rameters 61,0, ....

Now, let X1, X5, ..., X, be a random sample from a distribution with prob-
ability distribution function p(x|0,...,0,), where 64,...,0,, are parameters
whose values are unknown. Then the moment estimators 61, ..., 0,, are ob-
tained by equating the first m sample moments to the corresponding first m
populations moments and solving for 01, ..., 0.

Example 1.5. Let Xy, ..., X, be a random sample from a gamma dis-

tribution
1 a-1,-x/B >0
= aymEaG % 1
Pl p) { 0 otherwise (15)
where @ > 0 and 8 > 0. It is possible to show that,
E[X]=ap and E[X*]=ap?(a+1) (16)

The moments estimators of @ and  are obtained by solving

; 2y
X = Z X _ ap and Z L =aa+ 1)p? 17)
i=1 i=1

From the above result, it is possible to write the estimators

R)2 1y x2— (X7
&:—(X) and A:—"Z L &)

1y x2- (X2 X i



1.6.2 Maximum Likelihood Estimation*

Let X, ..., X, have joint probability distribution function
p(x1,%x2, ..., %u|01, ..., On) (19)

where the parameters 0y, ..., 6,, have unknown values. When x, ..., x, are the
observed sample values and Eq. (19) is regarded as a function of 04, ..., 0, it is
called the likelihood function. The maximum likelihood estimates 61, ..., 6,,
are those values of the 0; that maximize the likelihood function, so that

p(x1,x2, ... ,xal01, ..., ém) >p(x1,%2,...,%4|61,...,0y) forall 04, ..., 0, (20)

When the X; are substituted in place of the x;’s, the maximum likelihood
estimators result.

The likelihood function tells us how likely the observed sample is as a
function of the possible parameter values. Maximizing the likelihood gives
the parameter values for which the observed sample is most likely to have
been generated, that is, the parameter values that "agree most closely" with the
observed data.

Example 1.6. Suppose Xj, ..., X, is a random sample from an expo-
nential distribution with parameter A. Because of independence, the
likelihood function is a product of the individual probability distribu-
tion function:

Py, ..., xlA) = (AeT)(AeH2) - (e ) = AneTA RN (21)
The logarithmic of the likelihood is
In[pCr, ..., xlA)] =nlnA =1 )" x; 22)

Now we can make

d n n
—1 s X0|A)) =0 - - =0 A= —
@G )] =0 = 2= x=0 = A=

(23)
Thus the maximum likelihood estimator is
A= )lc (24)
Example 1.7. Let Xj,..., X, be a random sample from a normal dis-
tribution. The likelihood function is
F1, e Xl 02) = eEPIRR) | /@) (25)
2702
/2
= (gagz) e oo (26)
o

SO
In[fxr, ..., vl o)) = —g In@nro?) - 2}7 Y wi-w? @)

To find the Maximizing values of y and 02, we must take the partial

4Introduced by R. A. Fisher in the 1920s. You can read more about in Ref. [2].



derivatives of In p with respect to y and 02 and equating them to zero,

%1n[f]:0:>y:2%=>p:5( (28)
)2 -~ X)?
%m[f]:o = 52:2—(x‘ n“) = 6222_()(,”)() (29)

The Maximum likelihood estimator of 62 is not the unbiased estimator,
so two different principles of estimation yield two different estimators.

Under very general conditions on the joint distribution of the sample, when
the sample size is large, the maximum likelihood estimator of any parameter
0 is close to O (consistency), is approximately unbiased [E(8) ~ 6], and has
variance that is nearly as small as can be achieved by any unbiased estimator.

Stated another way, the maximum likelihood estimator @ is approximately the
MVUE of 6.

1.7 Information and Efficiency

Consider p(x|0) a probability density function with unknown parameter
0. The Fisher information is intended to measure the precision in a single
observation. Consider a random variable U obtained by taking the partial
derivative of In[p(x|0)] with respect to O and then replacing’ x by X:

U= 2 {inlp(x;0)) 0)

the Fisher information F(0) in a single observation from a probability density
function p(x]0) is the variance of the random variable U = 89[ ln(p(XIQ))]

FO) = V] 35 mp(x16) @

There is an alternative expression for F(0) that is sometimes easier to com-
pute:

F0) = E|( 2 o) | = Y peio| S mpeion| | @)

Proof. Let us start by Let us calculate the average value of U,
d
EIU = E[ 55 In(p(x10))|

E[U = Y p(d6) 25 In(p(elo) = Y, 5p(al6) = == 3" plai6) =0
6

5Remember that here X denotes a random variable.



Now we get,

0
9 d Z 9
) = V] 2 1pX10)] = 25 1npx10)) | - E[ 2 sntpx@y)]
p) 2
F(6) = E|( 55 ine:xio) | N
m}
Example 1.8 (Fisher Information). Let X be a Bernoulli random vari-
able, so p(x,r) = (1 — )™ and x = 0,1. Then
1 9 D)
F0) = Y pe| 5 10| = 7 )
x=0
and
V(X) = E[X?] - E[X]? = r(1 - ¥) = 1/E(r) (36)

which says that the information is the reciprocal of V(X). It is reason-
able that the information is greatest when the variance is smallest.

1.8 Information in a Random Sample

Let us assume a random sample Xi, X, .. ., X, from a distribution p(x|60). Let
p(X1, Xp, -+, Xanl0) = p(X110)p(X210) - - - p(X,|0) be the likelihood function. The
Fisher information I,,(0) for the random sample is the variance of the function
do[In(p(X]6))]. Then

Holln(pXIO)] = 5 Inp(X, Xz, X,16)

d
= =g In[pCxilO)p(Xale) ... p(Xsl0)]

P d
= 55 Inp(Xil6) + -+ == Inp(X,|6) 37)

Taking the variance of both sides of Eq. (37) gives the information F,(0) in the
random sample,

F,(6) = v[% Inp(X1, Xa, . .,xn|@)] _ nV[% lnp(X1|6)] —uF(0)  (38)

Therefore, the Fisher information in a random sample is just n times the infor-
mation in a single observation. This should make sense intuitively, because it
says that twice as many observations yield twice as much information.

1.9 The Cramér-Rao Inequality

Assume a random sample Xi, Xo, ..., X, from the distribution with proba-
bility distribution function p(x|0) such that the set of possible values does not
depended on 0. If the statistic 6 = é(Xl,Xz, ..., Xy) is an unbiased estimator



for the parameter 0, then

A 1 1 1
Vo= - = (39)
V[glinp(Xa, ..., X00)1]  nV[Inpale)] O

The ration of the lower bound to the variance of @ is the efficiency. Then 0 is
said to be an efficient estimator if 8 achieves the Cramér-Rao lower bound. An
efficient estimator is a minimum variance unbiased estimator (MVUE).



2  Quantum estimation®

Several quantities of interest in quantum information, including entangle-
ment and purity, are nonlinear functions of the density matrix and cannot, even
in principle, correspond to proper quantum observables. Any method aimed
to determine the value of these quantities should resort to indirect measure-
ments and this corresponds to a parameter estimation problem whose solution,
i.e. the determination of the most precise estimator unavoidably involves an
optimization procedure.

The solution of a parameter estimation problem amounts to find an esti-
mator, i.e. a mapping 6 = é(Xl,Xz,...) from a set y of measure outcomes
into the set of parameters. As we saw in Sec. 1, optimal estimators in classical
estimation theory are those saturating the Cramér-Rao inequality,

1

VO = Tr o

(40)

which establish a lower bound on the mean square error V(0) = E[(B({X})) - 0)?]
of any estimator of the parameter 0. In Eq. (40) n is the number of measurements
and F(0) is the Fisher Information

F(6) = fdx p(xlﬁ)[—alngéxle)r = fdx ﬂ%@[a@—?r

where p(x|0) denotes the conditional probability of obtaining the value x when
the parameter has the value 0. For unbiased estimators, as those we will deal
with, the mean square error is equal to the variance

(41)

V(0) = E[6%] - E[6]? (42)

The parameter 0 that we want to estimate does not, in general, correspond
to a quantum observable and our aim is to estimate its values thorough the
measurement of some observable. A quantum estimator Oy for 0 is a selfadjoint
operator, which describe a quantum measurement followed by any classical
data processing performed on the outcomes. In quantum mechanics, according
to the Born rule we have p(x|0) = Tr[I1,pg] where {I1,} are the elements of a
positive operator-value measurement (POVM)’, and py is the density operator
parametrized by the quantity we want to estimate.

2.1 Quantum Cramér-Rao Bound
Symmetric Logarithmic Derivate (SLD)
Let us introduce the Symmetric Logarithmic Derivative Lg as the selfadjoint
operator (L}, = Ly) satisfying the equation
Lopo + poLo %
2 0
6This section is a summary of the nice work from Matteo G. A. Paris [3]
7Note that fdx I, =1

(43)




Note that
dop(x]0) = dg Tr{I1cpe} = Tr{I1.dgpo}

L L
S |

1 1
= 3 Tr{I1Lopo} + 3 Tr{ITypoLe}

1 1
= 5 Tr{lliLopo} + 5 Tr{([TpoLe)'}

1 1

=5 Tr{I1Lopo} + 3 Tr{Lopoll}* (44)

by using the cyclic property of the trace, we can write
dop(x10) = Re(Tr{polliLo}) (45)

Then we can use this result to write the Fisher information as

Re(Tr{poILLo})?
FO)= | dx ————— 46
©) f Tr{pelL] 6)

For a given quantum measurement, i.e. a POVM {I1,}, Eq. (41) and Eq. (46)
establish the classical bound on precision, which may be achieved by a proper
processing.

Quantum Fisher Information and Quantum Cramér-Rao bound

In order to evaluate the ultimate bounds to precision we have now to max-
imize the Fisher information over the quantum measurements®

2
F(0) = fdx Re(Tr{polL:Lo}) 1 fdx| Tr{PeHxLe}|2 )

Tri{poll} = Tr{pell}
1 2
= mme ) | (V)L v (48)
By using the Schwartz inequality:
| Tr(ATB)|* < Tr(ATA) Tr(B'B) (49)
we can write
+ 2 +
o {(VTT V) (Vo || < 7 { [ VI ] [ VT v
x Tr {[ VTTLo Vol I VTTiLo vPpol)
= Tr {poI T} Tr {LoTT,Lopo) (50)
By using Eq. (50) in Eq. (48), we obtain
1
F(6) < f dxTr {ILLopeLe} = Tr{( Hx)Lgngg} (51)
F(6) < Tr{poL?) (52)

8In Eq. (47) we are using |z| > Re(z).

10



The above chain of inequalities prove that the Fisher information F(0) of any
quantum measurement is bounded by the so-called Quantum Fisher Informa-
tion (QFI)°

F(0) < H(0) = Tr {poL3} = Tr{(dope)Lo) (53)

Leading the quantum Cramér-Rao bound

V(9) > (54)

nH(6)

to the variance of any estimator. The quantum version of the Cramér-Rao
theorem provides an ultimate bound.

Optimal POVM

The quantum Fisher Information is an upper bound for the Fisher Informa-
tion as it embodies the optimization of the Fisher Information over any possible
measurement. Optimal quantum measurements for the estimation of 0 thus
correspond to POVM with Fisher information equal to the quantum Fisher
information, i.e. those saturating both inequalities Eq. (47) and Eq. (50). The in-
equality Eq. (47) is saturated when Tr[pgl1,Lg] is a real number. The inequality
Eq. (50) is based on the Schwartz inequality

| Tr(A*B)]> < Tr(ATA) Tr(B'B)
Which is saturated when, e.g. B = cA (where c is a constant):
c]?| Te(ATA)? = | Tr(ATA) Tr(ATA)

In our case, we shall have

VIL Vo = ¢ VTLLg \ps (55)

The condition Eq. (55) is satisfied iff {I1,} is made by the set of projectors over
the states of Lg', which, in turn, represents the optimal POVM to estimate the
parameter 0.

Notice, however, that Lg itself may not represent the optimal observable to
be measured. In fact, Eq. (55) determines the POVM and not the estimator,
i.e. the function of the eigenvalues of Lg. This corresponds to a classical post-
processing of data aimed to saturate the Cramér-Rao inequality and may be
pursed by maximum likelihood (see Sec. 1.6.2).

9In Eq. (53) we are using

Lope + pole 0 d
w = % = Lopo + polLo = 2% = (Lopo + poLo)Lo = 290pe)Lo

Tr {(Lgpg + pQLg)LQ} - Tr{(zagpg)Lg} — Tr{poL2) = Tr{@ope)Lo)

10For instance, if Lg = ¥, Wy |qx){(qx|, we could have {IL} = {|gx){(gxl}. Thus

VI vpo = cVTilo Voo = VI vpo = cox VT vpo = VITivpo = VI ypg with ¢ = 1/ws

11



2.2 Expressions for the Symmetric Logarithmic Derivative and

for the Quantum Fisher Information

The Eq. (43) is the Lyapunov matrix equation to be solved for Ly.

general solution may be written as
Lo = 2f dtexp { — pot}(dopo) exp{—pot}
0

Proof. Let us cheek if the Eq. (56) is the solution of Eq. (43). Let us
start by writing the density matrix in its eigenbasis pg = Y., cu [P ){Unl.
Then we have

poLo =2{ Y iy wil) fo ~at Y e gl Goporx
x( X e gmnl)

= Y, 26iwilypn) f dteCrmi | @opo) Y)Wl

inm

= Y, 2 l@apel i) (57)

n,m

we also have

(Lope)' = Lopo = (P8 p)l i) W) nl

n,m

—ZC (il @opo)u Xl (58)

n,m

Combining Eq. (57) and Eq. (58), we obtain

Lopo + poLo _ Z (Cn + Cm
2 =4\ Cp + Cm

Kl@opa i)yl
= Y @l @opo)lm)tu)tml

= % Y Walpolpm) Xl

- % Y ) Wulpolym Wl
=dgpo o)
Upon writing pg in its eigenbasis pg = Y., ¢ul (x|, leads to
Lo = ZZf dt g—(cn+cm)t|¢n><¢n|(8gp9)|¢m><¢m|

 wloapelin
Z(¢|6Pe|4’ )]

Cy +Cm
n,m

12
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(56)

(60)



By using the Eq. (60) we can write the quantum Fisher information as,
H(0) = Tr{(dopo)Lo}
(Puldopolpm)
= e{@upo2 L (OO0, )|

Cn + Cm

=2y e Wo00pW ) g (opolr il

Cn + Cm

n & m
Z W00 o gpitpn

2
H(O) = ZZ |<¢nl39p9|¢m)| 61)

Cy + Cpy

2.3 Classical and Quantum contributions to the Quantum Fisher
Information

Notice that the SLD is defined only on the support of pg [see Eq. (60)] and
both the eigenvalues c, and the eigenvectors [),) may depend on the parameter.
In order to separate the two contributions to the quantum Fisher information
we explicitly evaluate dgpg

Gops = 90 Y, culir)¥hl
= Y [@oclndnl + cudowndnl + ciluX@ound|  (62)

Here we are using the notation

1909y = Dol = Y Dol (63)
k

where 1, are obtained expanding [¢,,) in arbitrary basis {|k)} independent on
0. Since (Yu|Pm) = Oum we have

Ao Wultpm)] = awaltn) + Puldotpn) = 0 = [ @ovulipn) = —~(Pulden) | (64)

Using Egs. (60) and (62) we have

2
=20

. tn
m,i

-2 2 )l + ) anf"cm [<Wnloo i) + Gl Oailiond |

-y e Pl + Z

. <wn|[(aeci)|¢i><¢i| T ldowi) il + cz-|¢i><ae¢i|]|¢m>|¢n><¢m|

[cm<¢n|ag¢m> + cn<&9¢n|¢m>]|¢n><¢m| (65)

13



Now, we can use the result Eq. (64)

Lo = Y, %1y (gl + Z

_ agcn Cm —Cn
- 2 )l + znZM] el (66)

[cm<tpn|a@zpm> — e (Unl@om) [0

Squaring the above expression, we find

R 20, +2):

(X 20 )

=Y (% gl + zz ot (C:"+ N0t M

l’l

|ae¢m>|z,bn><¢m|)x

f|ae¢m/>|¢nf><¢ml|)

) e )<¢n|ae¢m>|¢n><¢m

m

“ ) (P e Jomidopd ot ol (67)
We can use the above result to calculate the quantum Fisher information
H©O) = Trlpal) = Tr{( Y capudwal 13} = Y cutwnltBlvn) — (69)
Using the expression for L we have
(docn)*
HO) = Y, 0 44 Z e S S bty (69)
Thus, we can write!!
docn)?
H(G) = ; % +2 ; 5_nml<¢n|86¢m>|2 (70)

with G, = 2¢,4[(cy — ¢4)/ (¢ + c)]>. Note that we can also write a more general
expression

doC,
Ho = ¥, Qo) 2 Y G + Aot 7)
n+m
where Ay, is any antisymmetric term 12 ie, Apyn = =Ny If we define o,y =
Onm + Num, we have
doCn)?
HO = Y2 0¥ 6l Waldot)? (72)
n Cn n#m
classical truly quantum contribution
Fisher information

Hn Eq. (70) we are using the result Eq. (64), i.e. (m|dotn) = —(dgPm|n)
121t is easy see why that is true. Again, just remember that (0o YulYm) = —(YuldoPm)

14



Some examples of possible values for o, are

~ 0 Cm — Cn .
Onm = Onm +M: 2Cn( ) (73)
Cy + Cpr
- (cm — Cn)3 (Cm —Cn )2
= +2—m= =2 74
Onm = Onm (o + Cn)Z Crm o0+ O ( )
2(cm — Cn)(ci + C%n) Cm — Cn
= = - 7
Gm = G (Cm + Cn)? Zcm(cn + cm) )
Cn—Cn)®  (Cp —Cp)?
Gum = 6nm + ( m Vl) _ ( m }1) (76)

(Cw +Cn)>  Cp+ep

The first term in Eq. (72) represents the classical Fisher information of the

distribution ¢, [remember that pg = X, culn)(ul ] whereas the second term
contains the truly quantum contribution.

2.4 Unitary families and the pure state model

Let us consider the case where the parameter of interest is the amplitude of a
unitary perturbation imposed to a given initial state pg. The family of quantum
states we are dealing with may be expressed as

po = UppoU}) (77)

where Up = exp{-i0G} is a unitary operator and G is the corresponding Her-
mitian generator. Upon expanding the unperturbed state in its eigenbasis

po=) ekl wehave pg=) cdp)yil where |py)=Ugl) (78)
k

k

as a consequence we have
dopo = Y e[ @olp) Wl + W) @owi)] = =i Y e[ Glydwil - i)yl
k k

= —i[G, pg] = —iUQ[G, po]ug (79)

Let us calculate the SLD,

L _ ZZ <1;bn|‘99p6|¢m |1#n><'7[1m|

<n|ugu@[c, po|ULh Uglm)
Y +
=-2i E e Ugln)(m|U,

n,m

= Ue( —2 Z Mlnxml)%

Cy +Cm

n,m

= Us 21 Y trGlm)( 2 o (50

n,m

15



If we define

Lo = —2iZ<n|G|m>(Z’“+J)|n><m| we canwrite Lo = UpLoll,  (81)

n m

The corresponding quantum Fisher information is independent on the value of
the parameter and may be written in compact form as

H(6) = TrlpoLg} = Tr{(Uopolp)(UsLGUp)} = Tr{poL]) (82)

Thus we have to calculate Lg

13=|- 2zZ<n|G| (=2 Y| - 2zz<n (Gl 2 oy

=4 Y, cuiGim)niGln ) 2 ) 2 o (83)
" A
ol = (Zk] ck|k><k|)n;1 (GGl S | 2=
=—4n;n 6 (niGim) G ) 2 ) S Y| (84)

Finally we have

H(0) = Tr{poL3) =2 ) oul(niGlm)? (85)

where 0, = 2¢,((c — Cn)/(Cn + ¢))?. Here again we can write 0, = [Opm +
any antisymmetric]. Possible values for o, are, for example, Egs. (73)-(76).

Pure state model

For a generic family of pure states we have pg = [g){{g|. Since pé = pg we
have

dopo = Io(p3) = po(dope) + (Depe)po (86)

If we compare Eq. (43) and Eq. (86), we find

Lo = 2d0p0 = 200 (110 )(Wol) = 21906 )Wol + [Po)(deel] (87)
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Finally we can calculate the Fisher Information'?

H(0) = Tr{(9ope)Lo} = %Tr {2}

= 2Tr {[190v6 ol + Vo) @atol|[I9awoX el + o Xdeyol])
= 2Tr{|8911b6><4’6|86'7b6><1/)9| + [P6){(dealdaPe)(Pel+

+ oo )(WPolthe) (ool + |¢9><36¢6|¢9><39¢9|}
= 2[(YoldoPo)(weldoo) + (dotoldero)(Wolipe)+

+ (YalYo){doeldee) + (99¢6|¢9><39¢9|¢9>]
= 4[(dotpeldoo) + (otolipe)’] (88)

For a unitary family of pure states [g) = Up|yp) we have the following
results:

190w0) = do(Uslpo}) = (doUo)lo) = —iGUolypo) = —iGlpe) (89)
(Dovoldoe) = (YolGP o) = (YolUFG*Uplpo) = (1ol Glgo) (90)
(Dovolpe) = i(YolGlipe) = i(PolULGUslpo) = i(yholGliho) (91)

The quantum Fisher information thus reduces to the simple form

H(0) = 4ol G210} + (i(olGlpo))?]
= 4[ (ol G0} — (olGlyo)?

= 4(Wol(AG)*|tho)
= 4(AG)%) (92)

where we are using the definition (Yol(AG)?|[Yo) = (WolG?lYo) — (YolGlibo)>.
The quantum Fisher information is independent on 0 and proportional to the
fluctuations or the generator on the unperturbed state. Using the quantum
Crammér-Rao bound, we have

V()

1
= VO 93)

> — R —
~ nH(0) (AG)?)

Mixed state

We already calculate the QFI for a mixed state in Eq. (85). Here we intend
to recast that result in a special form. Let us start by writing

Cm — Cn

H©O) =2 ) ounl(lGlm)P = Y deu( L= fnlGlyamGiny - (94)

We would like to rewrite this result as a function of the variance ((AG)?),

(AGP) =Tr{(AGPpo) = (G —(GP = Tr[GPpo} - Te{Gpo]  (95)

13Here we will use again the result (doyglipe) = —(Poldoe)-
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First, note that we can write

Tr (Gpo) = Tr{Gz(chlanl)} = Y cutnlGn)

n

= Y cu(nlGlm)(miGln) (%)
Using this result we can write

H(O) = 4(ACP) + 4G + ), 4] 22 ), [tniGlm)miGly

n,m

= KACP) +4(© + ), 26, = )eulGlun)amiGin)|

Cy + Cpy

Jetmynic|m  ©7)

m

= 4(AG)*) + 4 2 cn<n|[<G>2 + Z Z(Cn Cffc

Finally, if we define

) _ Crm
K™ = ; 2 m) (98)
we can write
H(0) = 4T {(AG)po} +4 ) cn(nl[(G>2 £y 2G1<<”>G]|n> (99)

Now the quantum Crammér-rao bound, V(6) > 1/nH(0), can be written as

V(0) > %[«AG)% + Z cn(nl[(G)z + Z 2GI<<">G]|n> ]_1 (100)

classical contribution
due to the mixing

The second term in Eq. (100) thus represents the classical contribution to
uncertainty due to the mixing thus represent the classical contribution to un-
certainty due to the mixing of the initial signal.
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