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The Quantum Many-Body Problem
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Quantum many-body problem is solving behavior of 
electrons in matter 

• continuum problem 

• three dimensional 

• strong interaction (repulsion) between electrons
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Interestingly, we know exactly what to do

Just solve i
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The "electronic structure problem"
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Paul Dirac remarked in 1929

The underlying physical laws necessary for the mathematical theory of 
a large part of physics and the whole of chemistry are thus completely 
known, and the difficulty is only that the exact application of these 
laws leads to equations much too complicated to be soluble. It 
therefore becomes desirable that approximate practical methods of 
applying quantum mechanics should be developed, which can lead to 
an explanation of the main features of complex atomic systems 
without too much computation.

Proceedings of the Royal Society of London. Series A, Containing Papers of a Mathematical and Physical 
Character, Vol. 123, No. 792 (6 April 1929)
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Can simplify various ways: 

• Born-Oppenheimer approximation (classical nuclei) 

• project electron motion to certain orbitals 

• treat high & low energy states with approximations 
such as LDA density functional

Credit: EVA PAVARINI
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Can even reduce to model systems, fewer 
dimensions:

But size of problem grows exponentially with 
number of electrons
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Quantum wavefunction assigns an amplitude 
to each classical state:

1:

2:

3:

Four states per site {0, ", #, "#}
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Could try to store all the amplitudes, but

N = 10, 410  ~ 106

N = 20, 420  ~ 1012

N = 30, 430  ~ 1018

For N > 130, number of amplitudes 
greater than number of atoms in 
the known universe
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But can "nature's computer" really work this 
way?

Are the amplitudes of a realistic wavefunction all 
different?

Or is there some relationship between them?

!
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Many-body wavefunction is a weighted sum 
(superposition) of basis states
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General discussion applies to any basis, for 
example fermions in "orbital basis"
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Let's write the wavefunction
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+
<latexit sha1_base64="O8mRNHKFkezAPkxfOMOVQpc41dk="></latexit><latexit sha1_base64="O8mRNHKFkezAPkxfOMOVQpc41dk="></latexit><latexit sha1_base64="O8mRNHKFkezAPkxfOMOVQpc41dk="></latexit><latexit sha1_base64="O8mRNHKFkezAPkxfOMOVQpc41dk="></latexit>

. . .
<latexit sha1_base64="c00IoUMVVa6IBkPpKkglK261OKY="></latexit><latexit sha1_base64="c00IoUMVVa6IBkPpKkglK261OKY="></latexit><latexit sha1_base64="c00IoUMVVa6IBkPpKkglK261OKY="></latexit><latexit sha1_base64="c00IoUMVVa6IBkPpKkglK261OKY="></latexit>

in a more compact form ...
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Many-body wavefunction in compact form

| i =
X

s

 s1s2s3···sN |s1s2s3 · · · sN i
<latexit sha1_base64="MqoQZ2XMUvtD/3Mn/Mrr63xLdcA="></latexit><latexit sha1_base64="MqoQZ2XMUvtD/3Mn/Mrr63xLdcA="></latexit><latexit sha1_base64="MqoQZ2XMUvtD/3Mn/Mrr63xLdcA="></latexit>

amplitudes basis

 s1s2s3···sN
<latexit sha1_base64="NXxN+jZjCIaEmEuDe7ESIe1r4nc="></latexit><latexit sha1_base64="NXxN+jZjCIaEmEuDe7ESIe1r4nc="></latexit><latexit sha1_base64="NXxN+jZjCIaEmEuDe7ESIe1r4nc="></latexit><latexit sha1_base64="NXxN+jZjCIaEmEuDe7ESIe1r4nc="></latexit>

amplitude tensor
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Examples
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Simplest state

| i = | " " i = | " i| " i
<latexit sha1_base64="wiu57I7hzxn3oxBkDZFNTM1Oe9s="></latexit><latexit sha1_base64="wiu57I7hzxn3oxBkDZFNTM1Oe9s="></latexit><latexit sha1_base64="wiu57I7hzxn3oxBkDZFNTM1Oe9s="></latexit><latexit sha1_base64="wiu57I7hzxn3oxBkDZFNTM1Oe9s="></latexit>

 "" = 1
<latexit sha1_base64="Am9EXXxXstHegn0C4izAKDuC720="></latexit><latexit sha1_base64="Am9EXXxXstHegn0C4izAKDuC720="></latexit><latexit sha1_base64="Am9EXXxXstHegn0C4izAKDuC720="></latexit><latexit sha1_base64="Am9EXXxXstHegn0C4izAKDuC720="></latexit> ,  all other amplitudes zero

Example of a product state 
Has zero entanglement (factorized)
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More interesting state

Also a product state (no entanglement) 
Not obvious in z basis though!

| i = | " i| ! i
<latexit sha1_base64="M1FnikOaNugoFm+16ujkdQcPiQk="></latexit><latexit sha1_base64="M1FnikOaNugoFm+16ujkdQcPiQk="></latexit><latexit sha1_base64="M1FnikOaNugoFm+16ujkdQcPiQk="></latexit><latexit sha1_base64="M1FnikOaNugoFm+16ujkdQcPiQk="></latexit>

= | " i( 1p
2
| " i+ 1p

2
| # i)

<latexit sha1_base64="mtTkmMWHej55Uy4II/u0VE8qtg4="></latexit><latexit sha1_base64="mtTkmMWHej55Uy4II/u0VE8qtg4="></latexit><latexit sha1_base64="mtTkmMWHej55Uy4II/u0VE8qtg4="></latexit><latexit sha1_base64="mtTkmMWHej55Uy4II/u0VE8qtg4="></latexit>

=
1p
2
| " i| " i+ 1p

2
| " i| # i

<latexit sha1_base64="V4GKYNJfx+IDhNenipYlM1+7i2c="></latexit><latexit sha1_base64="V4GKYNJfx+IDhNenipYlM1+7i2c="></latexit><latexit sha1_base64="V4GKYNJfx+IDhNenipYlM1+7i2c="></latexit><latexit sha1_base64="V4GKYNJfx+IDhNenipYlM1+7i2c="></latexit>
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Maximally entangled state

"Singlet" state of two spin 1/2's

| i = 1p
2
| " i| # i � 1p

2
| # i| " i

<latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit>

Cannot be written as a product state in any basis 
transformation of individual sites

Entangled because spins (anti-)correlated
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Entanglement
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Can evaluate entanglement of simple states "by inspection"

But what about more complicated states?

How to be sure whether state is entangled? 
How to quantify amount of entanglement?
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Intuition:  

• limited information in two spins 

• more information shared between spins, less 
information about each separately
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Intuition:  

• limited information in two spins 

• more information shared between spins, less 
information about each separately

" #

Low entanglement intuition:
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Intuition:  

• limited information in two spins 

• more information shared between spins, less 
information about each separately

" #

Low entanglement intuition:

"
Remains pure
Observe state of first spin only:

"
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"

#
#
"

+

Intuition:  

• limited information in two spins 

• more information shared between spins, less 
information about each separately

High entanglement intuition:
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"

#
#
"

+

Intuition:  

• limited information in two spins 

• more information shared between spins, less 
information about each separately

High entanglement intuition:

Observe state of first spin only: #"1

2
<latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit><latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit><latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit><latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit>

1

2
<latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit><latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit><latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit><latexit sha1_base64="FlZbVS5DdX4P38COb7ooAmidVeI="></latexit>

,
Highly mixed

"
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Quantify by using reduced density matrix

| i =  s1s2 |s1s2i
<latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit><latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit><latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit><latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit>

s1
<latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit>

s2
<latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit><latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit><latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit><latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit>
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Quantify by using reduced density matrix

| i =  s1s2 |s1s2i
<latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit><latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit><latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit><latexit sha1_base64="6nScuoLoTqovPW6lmKL7tDf1HOg="></latexit>

s1
<latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit>

s2
<latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit><latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit><latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit><latexit sha1_base64="BBLWjUeCZP1AiPdrdeMRu5FwVLs="></latexit>

⇢
s01
s1 =

X

s2

 s01s2 s1s2

<latexit sha1_base64="YkTSzK5lxLcUL4E2KQfGdzkJ/xY="></latexit><latexit sha1_base64="YkTSzK5lxLcUL4E2KQfGdzkJ/xY="></latexit><latexit sha1_base64="YkTSzK5lxLcUL4E2KQfGdzkJ/xY="></latexit><latexit sha1_base64="YkTSzK5lxLcUL4E2KQfGdzkJ/xY="></latexit>

s01
<latexit sha1_base64="UNE0+WNbnLMzU3tPBBRs8q/9+Bg="></latexit><latexit sha1_base64="UNE0+WNbnLMzU3tPBBRs8q/9+Bg="></latexit><latexit sha1_base64="UNE0+WNbnLMzU3tPBBRs8q/9+Bg="></latexit><latexit sha1_base64="UNE0+WNbnLMzU3tPBBRs8q/9+Bg="></latexit>

s1
<latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit><latexit sha1_base64="N+W5xd6Vqvi7EAzF/HqEveOP4Pw="></latexit>

= Tr2[| ih |]
<latexit sha1_base64="dBBfDgB6gOwS3lelxUzURlxQWI4="></latexit><latexit sha1_base64="dBBfDgB6gOwS3lelxUzURlxQWI4="></latexit><latexit sha1_base64="dBBfDgB6gOwS3lelxUzURlxQWI4="></latexit><latexit sha1_base64="dBBfDgB6gOwS3lelxUzURlxQWI4="></latexit>
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Why reduced density matrix?

Characterizes all observables of spin #1:

h |Ô1| i
<latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit><latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit><latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit><latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit>

= Tr[⇢1Ô1]
<latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit><latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit><latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit><latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit>
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Why reduced density matrix?

Characterizes all observables of spin #1:

h |Ô1| i
<latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit><latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit><latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit><latexit sha1_base64="HBkPRQuVEWz+gcnvaPQraHOFU+I="></latexit>

= Tr[⇢1Ô1]
<latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit><latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit><latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit><latexit sha1_base64="dTehecJhlWA3jUPBAsOmLVQJ2GQ="></latexit>

=
X

s1s01s2

 ⇤
s1s2Ôs1

s01
 s01s2

<latexit sha1_base64="x+neDp8pIC/uSIEVTh5f/DgQ8Dw="></latexit><latexit sha1_base64="x+neDp8pIC/uSIEVTh5f/DgQ8Dw="></latexit><latexit sha1_base64="x+neDp8pIC/uSIEVTh5f/DgQ8Dw="></latexit><latexit sha1_base64="x+neDp8pIC/uSIEVTh5f/DgQ8Dw="></latexit>

=
X

s1s01

⇢
s01
s1Ôs1

s01
<latexit sha1_base64="SOAY7WMrgS6CK4c0JiNyENF+XvI="></latexit><latexit sha1_base64="SOAY7WMrgS6CK4c0JiNyENF+XvI="></latexit><latexit sha1_base64="SOAY7WMrgS6CK4c0JiNyENF+XvI="></latexit><latexit sha1_base64="SOAY7WMrgS6CK4c0JiNyENF+XvI="></latexit>
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Reduced density matrix in extreme cases

Case #1: trivial product state

 s1s2 =
<latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit><latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit><latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit><latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit> [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

1     0 
0     0 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

⇢
s01
s1 =

X

s2

 s01s2 ⇤
s1s2 =   †

<latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit><latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit><latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit><latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

1     0 
0     0 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

1     0 
0     0 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

1     0 
0     0 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

=<latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit> =<latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit>

| i = | " " i
<latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit>
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Case #2: singlet state

 s1s2 =
<latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit><latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit><latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit><latexit sha1_base64="2P+n2u3hxLgavJEuodUxXufQCQ0="></latexit> [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

0     1 
-1    0 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

⇢
s01
s1 =

X

s2

 s01s2 ⇤
s1s2 =   †

<latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit><latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit><latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit><latexit sha1_base64="zq0+bvZnFDPpLSgV9IMWxes5zFo="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

1     0 
0     1 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

=<latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit> =<latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit><latexit sha1_base64="/YTB9o//ZK4+Q6BtydanDOyfs1g="></latexit>

1p
2

<latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="JXJeYttUzkNAK5GsaydR5gdsmvA="></latexit><latexit sha1_base64="T5m+GhQqGk+UqZ7M+0NEMJt5xmA="></latexit><latexit sha1_base64="T5m+GhQqGk+UqZ7M+0NEMJt5xmA="></latexit><latexit sha1_base64="5shU3EpgvPJCJZwiN9qDCFsKfCU="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit><latexit sha1_base64="Zb9j2Wv8mbZgbGWEH7Icw/F4s4A="></latexit>

| i = 1p
2
| " i| # i � 1p

2
| # i| " i

<latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit>

1

2
<latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit><latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit><latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit><latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit>

0     1 
-1    0

0    -1 
1    0

1

2
<latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit><latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit><latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit><latexit sha1_base64="8wk/IQetGX8Zsjdz4fVkoGCH1i4="></latexit>
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Summary of cases:

Case #2: singlet state | i = 1p
2
| " i| # i � 1p

2
| # i| " i

<latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

⇢1 =
<latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit>

Case #1: product state

1     0 
0     0 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

⇢1 =
<latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit>

| i = | " " i
<latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit>

0
<latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit>

0
<latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit>

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>

one non-zero 
eigenvalue

two non-zero 
eigenvalues

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Entanglement Entropy

Convenient to summarize eigenvalues as an "entropy"

Let eigenvalues of       be ⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>

{pn}
<latexit sha1_base64="MNJ7Qv2hoHBS4R5tOhsKmZZnhCk="></latexit><latexit sha1_base64="MNJ7Qv2hoHBS4R5tOhsKmZZnhCk="></latexit><latexit sha1_base64="MNJ7Qv2hoHBS4R5tOhsKmZZnhCk="></latexit><latexit sha1_base64="MNJ7Qv2hoHBS4R5tOhsKmZZnhCk="></latexit>

SvN = �
X

n

pn ln(pn)
<latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit>

Define "von Neumann entanglement entropy" as

= �Tr
⇥
⇢ ln(⇢)

⇤
<latexit sha1_base64="9UA9Dv1i+ifIGnxGm7ZagBUwgTM="></latexit><latexit sha1_base64="9UA9Dv1i+ifIGnxGm7ZagBUwgTM="></latexit><latexit sha1_base64="9UA9Dv1i+ifIGnxGm7ZagBUwgTM="></latexit><latexit sha1_base64="9UA9Dv1i+ifIGnxGm7ZagBUwgTM="></latexit>

Quantifies sharing of information between spins
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Entanglement Entropy

SvN = �
X

n

pn ln(pn)
<latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit>

Case #1: product state

1     0 
0     0 [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

⇢1 =
<latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit>

| i = | " " i
<latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit><latexit sha1_base64="bQC/m5RGXl7tMZeDe6gPvf8NOsU="></latexit>

= �1 · ln(1)� 0 · ln(0) = 0 + 0
<latexit sha1_base64="1N7UiAyZjLBJl+9mVZZG2+bKsOw="></latexit><latexit sha1_base64="1N7UiAyZjLBJl+9mVZZG2+bKsOw="></latexit><latexit sha1_base64="1N7UiAyZjLBJl+9mVZZG2+bKsOw="></latexit><latexit sha1_base64="1N7UiAyZjLBJl+9mVZZG2+bKsOw="></latexit>

= 0
<latexit sha1_base64="8cTfIIKUeZGQa3oU8r/d5WI1+Tg="></latexit><latexit sha1_base64="8cTfIIKUeZGQa3oU8r/d5WI1+Tg="></latexit><latexit sha1_base64="8cTfIIKUeZGQa3oU8r/d5WI1+Tg="></latexit><latexit sha1_base64="8cTfIIKUeZGQa3oU8r/d5WI1+Tg="></latexit>
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Entanglement Entropy

SvN = �
X

n

pn ln(pn)
<latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit>

Case #2: singlet state | i = 1p
2
| " i| # i � 1p

2
| # i| " i

<latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit><latexit sha1_base64="SFHNo8pKOP/1kPda8+9DtWSJC2c="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

⇢1 =
<latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit>

0
<latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit>

0
<latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit><latexit sha1_base64="moZEEgx9tudqrs4RRdyVHCUYsmE="></latexit>

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>

= �1

2
ln
⇣1
2

⌘
� 1

2
ln
⇣1
2

⌘
= � ln

⇣1
2

⌘

<latexit sha1_base64="oqYCh8F9OoRCBpjWmzPeMe44j24="></latexit><latexit sha1_base64="oqYCh8F9OoRCBpjWmzPeMe44j24="></latexit><latexit sha1_base64="oqYCh8F9OoRCBpjWmzPeMe44j24="></latexit><latexit sha1_base64="oqYCh8F9OoRCBpjWmzPeMe44j24="></latexit>

= ln(2)
<latexit sha1_base64="TDBeLDpfP+J6hQDY7DF2JMzHtHI="></latexit><latexit sha1_base64="TDBeLDpfP+J6hQDY7DF2JMzHtHI="></latexit><latexit sha1_base64="TDBeLDpfP+J6hQDY7DF2JMzHtHI="></latexit><latexit sha1_base64="TDBeLDpfP+J6hQDY7DF2JMzHtHI="></latexit>

maximum possible!
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Entanglement Entropy

Important note: if reduced density matrix not diagonal, 
must diagonalize to get eigenvalues

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

⇢1 =
<latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit><latexit sha1_base64="K4T87Pzjjp8/EJQIAsBc/agGa/g="></latexit>

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>

For example,

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>

1/2
<latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit><latexit sha1_base64="D0ERkRIyLAJzmmxKWmaXDmDBiw0="></latexit>
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Compute the entanglement entropy of the following state:

Test Your Knowledge!

| i = 1

2
| " " i+ 1

2
| " # i+ 1

2
| # " i+ 1

2
| # # i
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Rényi Entropy

von Neumann entropy just one way to summarize  
density matrix eigenvalues

Alternative is Rényi entropy with Rényi index ↵
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Defined to reproduce von Neumann entropy as

S↵ =
1

1� ↵
lnTr[⇢↵] =

1

1� ↵
ln

"
X

n

(pn)
↵

#
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Second Rényi Entropy
The second Rényi entropy with  
is especially interesting

↵ = 2
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Can be measured in experiment and by quantum Monte Carlo 5
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Figure 4. Entanglement in the ground state of the Bose-Hubbard model. We study the Mott insulator to superfluid transition with four
atoms on four lattice sites in the ground state of the Bose-Hubbard model, Eq. (4). a. As the interaction strength U/J

x

is adiabatically reduced
the purity of the subsystem A (green and blue, inset), Tr(⇢2

A

), become less than that of the full system (red). This demonstrates entanglement in
the superfluid phase, generated by coherent tunneling of bosons across lattice sites. In terms of the second-order Rényi entanglement entropy,
S2(A) = � log Tr(⇢

2
A

), the full system has less entropy than its subsystems in this state. In the Mott insulator phase (U/J

x

� 1) the full
system has more Rényi entropy (and less purity) than the subsystems, due to the lack of sufficient entanglement and a contribution of classical
entropy. The circles are data and the solid lines are theory calculated from exact diagonalization. The only free parameter is an added offset,
assumed extensive in system size and consistent with the average measured entropy in the full system. b. Second-order Rényi entropy of all
possible bi-partitioning of the system. For small U/J

x

, all subsystems (data points connected by green and blue lines) have more entropy
than the full system (red circles), indicating full multipartite entanglement [45] between the four lattice sites. The residual entropy in the Mott
insulating regime is from classical entropy in the experiment, and extensive in the subsystem size. Right: The values of all Renyi entropies of
the particular case of U/J

x

⇡ 1 are plotted, to demonstrate spatial multipartite entanglement in this superfluid.

beam splitter operation alone, suggesting significantly higher
purity for the many-body state. The measured entropy is thus
a sum of an extensive classical entropy due to the imperfec-
tions of the beam splitter and any entanglement entropy.

Our site resolved measurement simultaneously provides in-
formation about all possible spatial partitionings of the sys-
tem. Comparing the purity of all subsystems with that of the
full system enables us to determine whether a quantum state
has genuine spatial multipartite entanglement where every site
is entangled with each other. Experimentally we find that this
is indeed the case for small U/J

x

(Fig. 4b). In the super-
fluid phase, all possible subsystems have more entropy than
the full system, demonstrating full spatial multipartite entan-
glement between all four sites [33, 45]. In the Mott phase
(U/J

x

� 1), the measured entropy is dominated by extensive
classical entropy, showing a lack of entanglement.

By measuring the second-order Rényi entropy we can cal-
culate other useful quantities, such as the associated mutual
information I

AB

= S2(A) + S2(B) � S2(AB). Mutual in-
formation exhibits interesting scaling properties with respect
to the subsystem size, which can be key to studying area laws
in interacting quantum systems [51]. In some cases, such as
in the ‘data hiding states’ [52], mutual information is more
appropriate than the more conventional two point correlators
which might take arbitrarily small values in presence of strong
correlations. Mutual information is also immune to present
extensive classical entropy in the experiments, and hence is
practically useful to experimentally study larger systems. In
our experiments (Fig. 5a), we find that for the Mott insula-

tor state (U/J
x

� 1), the entropy of the full system is the
sum of the entropies for the subsystems. The mutual informa-
tion I

AB

⇡ 0 for this state, consistent with a product state in
the presence of extensive classical entropy. At U/J

x

⇡ 10,
correlations between the subsystems begin to grow as the sys-
tem adiabatically melts into a superfluid, resulting in non-zero
mutual information, I

AB

> 0.
It is instructive to investigate the scaling of Rényi entropy

and mutual information with subsystem size [13, 51] since
in larger systems they can characterize quantum phases, for
example by measuring the central charge of the underlying
quantum field theory [11]. Figure 5b shows these quantities
versus the subsystem size for various partitioning schemes
with a single boundary. For the atomic Mott insulator the
Rényi entropy increases linearly with the subsystem size and
the mutual information is zero, consistent with both a product
state and classical entropy being uncorrelated between vari-
ous sites. In the superfluid state the measured Rényi entropy
curves are asymmetric and first increase with the system size,
then fall again as the subsystem size approaches that of the full
system. This represents the combination of entanglement en-
tropy and the linear classical entropy. This non-monotonicity
is a signature of the entanglement entropy, as the entropy for a
pure state must vanish when the subsystem size is zero or the
full system. The asymmetry due to classical entropy is absent
in the mutual information.

The mutual information between two subsystems comes
from the correlations across their separating boundary. For
a four site system, the boundary area ranges from one to three

Islam, et al. arxiv:1509.01160

To derive an estimator for S2, we construct two copies of
the system (higher entropies Sn require n copies); one
‘‘real,’’ one ‘‘ancillary’’ (Fig. 1). Then we define an opera-
tor SwapA which acts between the copies of the system,
swapping the configurations within region A. To define this
operator, we give its matrix elements in a product basis,

e.g., the Sz basis. Let j!i be a complete basis of states in
the region A and let j"i be a complete basis of states in
the complement region B. The state of each copy can
be decomposed in this product basis as j!i ¼P

!;"C!;"j!ij"i for some amplitudes C!;". We define the

unitary operator SwapA by

Swap A

! X

!1;"1

C!1;"1
j!1ij"1i

"
"
! X

!2;"2

D!2;"2
j!2ij"2i

"
¼

X

!1;"1

C!1;"1

X

!2;"2

D!2;"2
ðj!2ij"1iÞ " ðj!1ij"2iÞ: (3)

The two copies of the system will not interact with each other, so the ground state of the combined system will be the
product of the ground states on each copy: j!0 "!0i. Thus, the expectation value of SwapA is

h!0 "!0jSwapAj!0 "!0i ¼
X

!1;!2;"1;"2

C!1;"1
"C!2;"1

C!2;"2
"C!1;"2

¼
X

!1;!2

ð#AÞ!1;!2
ð#AÞ!2;!1

¼ Trð#2
AÞ; (4)

where ð#AÞ!1;!2
¼ P

"1
C!1;"1

"C!2;"1
denotes a matrix ele-

ment of #A. Therefore,

S2ð#AÞ ¼ % lnðTrð#2
AÞÞ ¼ % lnðhSwapAiÞ: (5)

Equation (5) is basis independent [13]. In particular it
holds in the valence bond basis, where the SwapA operator
is not defined by Eq. (3). Rather, it is defined to swap the
endpoints of valence bonds between the real and ancillary
copies in the region A, as illustrated in Fig. 1.

Measuring the SWAPoperator in QMC simulations.—We
now present a procedure for measuring the entropy S2 via
importance sampling of the SwapA operator in QMC simu-
lations. A projector scheme in the valence bond basis has
recently been pioneered by Sandvik, and we only briefly
review the notation here, referring the reader to Refs. [10–
12] for details of implementation. The method is a T ¼ 0
projector QMC algorithm, where high powers of a
Hamiltonian H are used to project out the ground state
j!0i from a trial wave function !: ð%HÞmj!i / j!0i. In
Sandvik’s QMC scheme, ð%HÞm is written as a sum of all
products of m bond operators,

ð%HÞm ¼
X

r

Ym

i¼1

Hari b
r
i
¼

X

r

Pr; (6)

where for concreteness we use the spin 1=2 Heisenberg
model, defining H ¼ %P

ha;biHab and Hab ¼ %ðSa & Sb %
1=4Þ. The ‘‘operator string’’ Pr is sampled according to its
weight,Wr, accrued upon evolution of a trial valence bond
state jVi under projection:

PrjVi ¼ WrjVðrÞi: (7)

As shown in Ref. [10], for the Heisenberg model, Wr is
simply related to the number of off-diagonal operations
moff in the projection, Wr ¼ 2%moff .
To sample the SwapA operator, one requires a double-

projector valence bond QMC scheme [10], where a general
expectation value for any observable O is given by

hOi ¼
P

rlhVjP'
lOPrjViP

rlhVjP'
l PrjVi

¼
P

rl WlWrhVðlÞjOjVðrÞiP
rl WlWrhVðlÞjVðrÞi

: (8)

In this case, the two operator strings, Pl and Pr, are ap-
plied to two copies of the system; the expectation value of
the SwapA operator as illustrated in Fig. 1 can then be
calculated directly. Specifically, one performs importance
sampling of operator strings according to the weight
WlWrhVðlÞjVðrÞi, and measures the QMC average expec-
tation value

hSwapAi ¼
#hVðlÞjSwapAjVðrÞi

hVðlÞjVðrÞi

$
; (9)

calculating S2 from Eq. (5).
Results for a 1D chain are illustrated in Fig. 2. There,

simulations were performed using a double-projector
QMC algorithm, with a simple ‘‘columnar’’ trial state jVi
(alternating nearest-neighbor bonds in 1D). In the follow-
ing data, four random bond operators were changed in each
operator string per Monte Carlo step, and (unless otherwise
stated)m ¼ 40N. Exact results for S2 were obtained with a
DMRG simulation, converged with 1000 states. One im-
mediately sees that the naive expectation value hSwapAi
results in very large statistical error bars when the region

FIG. 1 (color online). A six-site chain, with two noninteracting
copies (top and bottom) before (a) and after (b) the SwapA
operation. The region A consists of three light-colored sites on
the left; the complement region B of three dark sites on the right.
The curved lines denote singlets in the state jVri, which is a
product of two different valence bond states, one per copy. The
ground state of the entire system is a linear combination of
similar jVri.

PRL 104, 157201 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

16 APRIL 2010

157201-2

Hastings, Gonzalez, Kallin, Melko, PRL 104, 157201 (2010)
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Many-Body Entanglement
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To discuss many-body wavefunctions, very helpful to introduce 
tensor diagrams

Simple way to notate large tensors & sums

X

↵

Ms1
↵1
Ms2

↵1↵2
Ms3

↵2↵3
Ms4

↵3↵4
Ms5

↵4↵5
Ms6

↵5

=
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N-index tensor represented as "blob" with N lines

s1 s2 s3 s4

 s1s2s3···sN =

sN
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Diagrams for simple tensors

vj
j

j Miji

j

i Tijkk
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Joining lines implies contraction, can omit names

X

j

Mijvj
ji

AijBjk = AB

AijBji = Tr[AB]
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Undecorated line means identity tensor 
(Kronecker delta tensor)

i
<latexit sha1_base64="RbgdNXnlQugGhMTbAhnsIMeBgcM="></latexit><latexit sha1_base64="RbgdNXnlQugGhMTbAhnsIMeBgcM="></latexit><latexit sha1_base64="RbgdNXnlQugGhMTbAhnsIMeBgcM="></latexit><latexit sha1_base64="RbgdNXnlQugGhMTbAhnsIMeBgcM="></latexit>

j
<latexit sha1_base64="b6ooN2Ax4dNqV/xwG8rEgVNVsZs="></latexit><latexit sha1_base64="b6ooN2Ax4dNqV/xwG8rEgVNVsZs="></latexit><latexit sha1_base64="b6ooN2Ax4dNqV/xwG8rEgVNVsZs="></latexit><latexit sha1_base64="b6ooN2Ax4dNqV/xwG8rEgVNVsZs="></latexit>

=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> �ij
<latexit sha1_base64="jckRdwA6PZn/DEbuGyGo3vuNpPw="></latexit><latexit sha1_base64="jckRdwA6PZn/DEbuGyGo3vuNpPw="></latexit><latexit sha1_base64="jckRdwA6PZn/DEbuGyGo3vuNpPw="></latexit><latexit sha1_base64="jckRdwA6PZn/DEbuGyGo3vuNpPw="></latexit>

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Test Your Knowledge! !

Write a "classical" (index) expression for the following 
diagrams:

Which ones give a scalar result?

(1)

(2)

(3)

(4)
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How is entanglement defined for many-body wavefunctions?

What does entanglement reveal about wavefunctions?

Which wavefunctions?
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Many-Body Entanglement

Define entanglement by dividing sites into region "A" and "B"

| i =
<latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit><latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit><latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit><latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit>
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Many-Body Entanglement

Define entanglement by dividing sites into region "A" and "B"

{
<latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit>

A<latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit> {
<latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit>

B
<latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit>

| i =
<latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit><latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit><latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit><latexit sha1_base64="Hp9bOikIH3wJqocpr6L4fnQYD90="></latexit>
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Many-Body Entanglement

Trace over region B to get reduced density matrix of A

| i
<latexit sha1_base64="Ftyl+ljB4hLFEpj2R/xQYbOdUbA="></latexit><latexit sha1_base64="Ftyl+ljB4hLFEpj2R/xQYbOdUbA="></latexit><latexit sha1_base64="Ftyl+ljB4hLFEpj2R/xQYbOdUbA="></latexit><latexit sha1_base64="Ftyl+ljB4hLFEpj2R/xQYbOdUbA="></latexit>

h |
<latexit sha1_base64="Eh4XiZFc611xTh7kh/AmMTixkm0="></latexit><latexit sha1_base64="Eh4XiZFc611xTh7kh/AmMTixkm0="></latexit><latexit sha1_base64="Eh4XiZFc611xTh7kh/AmMTixkm0="></latexit><latexit sha1_base64="Eh4XiZFc611xTh7kh/AmMTixkm0="></latexit>

= ⇢A
<latexit sha1_base64="rE411mrrVkQx986IqjSLParrGRs="></latexit><latexit sha1_base64="rE411mrrVkQx986IqjSLParrGRs="></latexit><latexit sha1_base64="rE411mrrVkQx986IqjSLParrGRs="></latexit><latexit sha1_base64="rE411mrrVkQx986IqjSLParrGRs="></latexit>
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Many-Body Entanglement

Diagonalize        to get eigenvalues ⇢A
<latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit>

⇢A
<latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit> =<latexit sha1_base64="W76Txko4GTsJPJi6KAToHkK52AA="></latexit><latexit sha1_base64="W76Txko4GTsJPJi6KAToHkK52AA="></latexit><latexit sha1_base64="W76Txko4GTsJPJi6KAToHkK52AA="></latexit><latexit sha1_base64="W76Txko4GTsJPJi6KAToHkK52AA="></latexit>

U
<latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit>

U †
<latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit><latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit><latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit><latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit>

P
<latexit sha1_base64="+dMgSd7Qb7oIosnB92YfVNo+PNE="></latexit><latexit sha1_base64="+dMgSd7Qb7oIosnB92YfVNo+PNE="></latexit><latexit sha1_base64="+dMgSd7Qb7oIosnB92YfVNo+PNE="></latexit><latexit sha1_base64="+dMgSd7Qb7oIosnB92YfVNo+PNE="></latexit>

P =
<latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit><latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit><latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit><latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit> [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

p1
<latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit><latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit><latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit><latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit>

p2
<latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit><latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit><latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit><latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit>

p3
<latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit><latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit><latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit><latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit>

p4
<latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit><latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit><latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit><latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit>

p5
<latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit><latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit><latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit><latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit>

. . .
<latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit><latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit><latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit><latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit>
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SvN
<latexit sha1_base64="1cgwd0YlF2z4fRg9hvTNrLLBYaQ="></latexit><latexit sha1_base64="1cgwd0YlF2z4fRg9hvTNrLLBYaQ="></latexit><latexit sha1_base64="1cgwd0YlF2z4fRg9hvTNrLLBYaQ="></latexit><latexit sha1_base64="1cgwd0YlF2z4fRg9hvTNrLLBYaQ="></latexit>

Many-Body Entanglement

Use eigenvalues of           to compute

P =
<latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit><latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit><latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit><latexit sha1_base64="4JiBzT6o4e1gXmLx/c6moEoQ9+I="></latexit> [

<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit><latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

[
<latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit> <latexit sha1_base64="UINbYQrbf+Ha/xMv27looQVJQrQ="></latexit>

p1
<latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit><latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit><latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit><latexit sha1_base64="Sz6tjRS78iGW9cqgl0gLimnNm98="></latexit>

p2
<latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit><latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit><latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit><latexit sha1_base64="kObL5ykGDtcBGgrWAtKj6XN63wU="></latexit>

p3
<latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit><latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit><latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit><latexit sha1_base64="y9eh9voupgE7XM7mMnEUsOin8tw="></latexit>

p4
<latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit><latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit><latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit><latexit sha1_base64="zjt8+vrlvKgbAcCOrHK7bGD7yjM="></latexit>

p5
<latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit><latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit><latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit><latexit sha1_base64="DKsxaRS+UVqBywm/B6Z3QS8osDg="></latexit>

. . .
<latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit><latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit><latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit><latexit sha1_base64="aeS2tpC/ELAaA2UcjN+eR2HDvEM="></latexit>

⇢A
<latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit>

SvN = �
X

n

pn ln(pn)
<latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit><latexit sha1_base64="aPInhN9vIzr/oMRF+X3Sx1lMlog="></latexit>
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Many-Body Entanglement

What is the maximum amount of entanglement?

SvN = �
2N/2X

n=1

pn ln(pn) = �2N/2 1

2N/2
ln(2�N/2)

<latexit sha1_base64="2ol9gfUIrUu5o2f7l2EvSeyeNJM="></latexit><latexit sha1_base64="2ol9gfUIrUu5o2f7l2EvSeyeNJM="></latexit><latexit sha1_base64="2ol9gfUIrUu5o2f7l2EvSeyeNJM="></latexit><latexit sha1_base64="2ol9gfUIrUu5o2f7l2EvSeyeNJM="></latexit>

=
N

2
ln(2)

<latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit><latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit><latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit><latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit>

⇠ N
<latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit><latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit><latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit><latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit>

maximum entropy if all eigenvalues same, pn ⌘ 2�N/2
<latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit><latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit><latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit><latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit>

          eigenvalues, trace has to be 12N/2
<latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit><latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit><latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit><latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit>

        is a                         matrix ⇢A
<latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit> 2N/2 ⇥ 2N/2

<latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit><latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit><latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit><latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit>

"volume law"
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Many-Body Entanglement

Fact: randomly chosen wavefunctions have 
maximum entropy with probability 1.0

Hilbert space:

S ~ N

S not max 
entangled 

max entangled
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Many-Body Entanglement

Which wavefunctions live in the special region 
that is not maximally entangled?

Hilbert space:

S ~ N

S not max 
entangled 

max entangled
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Consider ground states of 1D Hamiltonians

H =
X

j

Sj · Sj+1

<latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit><latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit><latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit><latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit>

Heisenberg spin chain:

H = �t
X

j,�

(c†j,�cj+1,� + c†j+1,�cj,�) +
X

j

Unj"nj#
<latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit><latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit><latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit><latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit>

Hubbard chain:
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1D "electronic structure" Hamiltonian:

H =

Z

x

 †(x)
h
� 1

2
@2
x

+ v(x)
i
 (x) +

Z

x,x

0
u(x� x0)n(x)n(x0)

<latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit><latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit><latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit><latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit>



By ground state we mean

H| ni = En| ni
<latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit><latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit><latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit><latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit>

E0  E1  E2  . . .
<latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit><latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit><latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit><latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit>

Then the ground state is | 0i
<latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit><latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit><latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit><latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit>

(May be degenerate, meaning                                    )|E1 � E0| ⇠ e�aN
<latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit><latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit><latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit><latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit>

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Special cases of ground states

Case #1: Heisenberg ferromagnet

H = �
X

j

Sj · Sj+1

<latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit>

| 0i = | " " " " " " i = | " i| " i| " i| " i| " i| " i
<latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit>
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Special cases of ground states

Case #1: Heisenberg ferromagnet

H = �
X

j

Sj · Sj+1

<latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit>

zero entanglement

| 0i = | " " " " " " i = | " i| " i| " i| " i| " i| " i
<latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit>
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Special cases of ground states

Case #2: "Majumdar-Ghosh chain"

H =
X

j

Sj · Sj+1 +
1

2

X

j

Sj · Sj+2

<latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit><latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit><latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit><latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit>

Ground state a product of singlets:

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>
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Special cases of ground states

Case #2: "Majumdar-Ghosh chain"

H =
X

j

Sj · Sj+1 +
1

2

X

j

Sj · Sj+2

<latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit><latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit><latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit><latexit sha1_base64="c7GlQCsAcJ+RKvDfXmGOBG+S1GQ="></latexit>

Ground state a product of singlets:

entanglement S=ln(2)

Non-extensive entanglement (not volume law)

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = ln(2)
<latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit><latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit><latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit><latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = 2 ln(2)
<latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit><latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit><latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit><latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = 3 ln(2)
<latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit><latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit><latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit><latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = 4 ln(2)
<latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit><latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit><latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit><latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit>

Would give a "volume law" of entanglement: S ⇠ N
<latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit><latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit><latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit><latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit>

But Hamiltonian would be non-local: 

H = S1 · S8 + S2 · S7 + S3 · S6 + . . .
<latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit><latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit><latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit><latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit>
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What is the case for local Hamiltonians?

Around 2000-2005 many researchers observed for 1D systems, 
that                                       for the ground stateSvN ⇠ const. ⇠ N0

<latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit>

But logarithmic violations also observed (Vidal, 2003)
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What is the case for local Hamiltonians?

Around 2000-2005 many researchers observed for 1D systems, 
that                                       for the ground stateSvN ⇠ const. ⇠ N0

<latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit>

But logarithmic violations also observed (Vidal, 2003)

Then in 2007, M. Hastings proved:

For 1D, local Hamiltonians with a gap between 
ground and excited states, the entanglement 
entropy of a bipartition is independent of system 
size as N ! 1

<latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit><latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit><latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit><latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit>

this is the "area law" or "boundary law"
Hastings, J. Stat. Mech. P08024 (2007)
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Intuition of boundary law

A<latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit>

All entanglement between A and B due to entangled spins 
near their boundary

B
<latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit>
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Intuition of boundary law

A<latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit>

All entanglement between A and B due to entangled spins 
near their boundary

B
<latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit>

Local H and gap required implies a correlation length

⇠
<latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit>

⇠
<latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit>
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