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Review of Previous Lecture



Reduced density matrix

Trace over region B to get reduced density matrix of A
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Eigenvalues of         define entanglement between A and B⇢A
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Boundary law implies limited entanglement of ground states 
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Entanglement between A and B due to spins near boundary 
(for ground state of gapped, local Hamiltonian)
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Local H and gap implies a correlation length
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Truncating Wavefunctions



Boundary law means entanglement much less than it could be

So density matrix eigenvalues fall quickly...

eigenvalue number

Random 
state:
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eigenvalue number

Ground 
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Suggests an approximation

Idea of truncating density matrix spectrum

eigenvalue number0.0

1.0



Implication of boundary law (= area law):

Number of eig. vals m needed for accuracy 
doesn't grow with N
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Why approximate density matrix?

Reduced density matrix determines all observables in region A
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Any observable in region A can be written as

h |Ô| i = Tr
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If we diagonalize        ⇢A =
X

n

pn|nihn|
<latexit sha1_base64="7ywhM2Xo9mfuGBmvPC9qCcVal34="></latexit><latexit sha1_base64="7ywhM2Xo9mfuGBmvPC9qCcVal34="></latexit><latexit sha1_base64="7ywhM2Xo9mfuGBmvPC9qCcVal34="></latexit><latexit sha1_base64="7ywhM2Xo9mfuGBmvPC9qCcVal34="></latexit>

Tr
h
⇢AÔ

i
=

X

n

pnhn|Ô|ni
<latexit sha1_base64="+p/Rfqmkw6yR2hJmZlz18UFIjUE="></latexit><latexit sha1_base64="+p/Rfqmkw6yR2hJmZlz18UFIjUE="></latexit><latexit sha1_base64="+p/Rfqmkw6yR2hJmZlz18UFIjUE="></latexit><latexit sha1_base64="+p/Rfqmkw6yR2hJmZlz18UFIjUE="></latexit>

hÔi =
<latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit><latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit><latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit><latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit>

hÔi =
<latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit><latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit><latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit><latexit sha1_base64="QUdV6eNAXbG9EGMvVWcBjRhPIYY="></latexit>

discarding small        means small error in pn
<latexit sha1_base64="ynX5sczQ78igOkjkWQV9R/R9sKQ="></latexit><latexit sha1_base64="ynX5sczQ78igOkjkWQV9R/R9sKQ="></latexit><latexit sha1_base64="ynX5sczQ78igOkjkWQV9R/R9sKQ="></latexit><latexit sha1_base64="ynX5sczQ78igOkjkWQV9R/R9sKQ="></latexit>

hÔi
<latexit sha1_base64="opZUb1oQhDWOl0AzsbVT6oo0h+c="></latexit><latexit sha1_base64="opZUb1oQhDWOl0AzsbVT6oo0h+c="></latexit><latexit sha1_base64="opZUb1oQhDWOl0AzsbVT6oo0h+c="></latexit><latexit sha1_base64="opZUb1oQhDWOl0AzsbVT6oo0h+c="></latexit>



Ability to truncate        means the following⇢A
<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit>

There is an isometry (rotation + projection) from sites of A  
to truncated basis of        ⇢A

<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit>

Ũ
<latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit>

m

2 2 2 2 2

Ũ
<latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit>

Ũ †
<latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit>

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

         is first m columns of unitary diagonalizing ⇢A
<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit>

Ũ
<latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit>



Proposition: following approximation holds

Ũ
<latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit>

Ũ †
<latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit>

'<latexit sha1_base64="ULHLNAAhA72iYg2lDSpD2B3H4OA="></latexit><latexit sha1_base64="ULHLNAAhA72iYg2lDSpD2B3H4OA="></latexit><latexit sha1_base64="ULHLNAAhA72iYg2lDSpD2B3H4OA="></latexit><latexit sha1_base64="ULHLNAAhA72iYg2lDSpD2B3H4OA="></latexit>

| i
<latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit>

Where                               is the sum of discarded eigenvalues

Ũ Ũ †| i
<latexit sha1_base64="WgrpFqPvWLZZHNKXKukYIPlMi2A="></latexit><latexit sha1_base64="WgrpFqPvWLZZHNKXKukYIPlMi2A="></latexit><latexit sha1_base64="WgrpFqPvWLZZHNKXKukYIPlMi2A="></latexit><latexit sha1_base64="WgrpFqPvWLZZHNKXKukYIPlMi2A="></latexit>

+O(✏)
<latexit sha1_base64="V6iyJCTQM1ZL9Q6t0Sj3jAVw510="></latexit><latexit sha1_base64="V6iyJCTQM1ZL9Q6t0Sj3jAVw510="></latexit><latexit sha1_base64="V6iyJCTQM1ZL9Q6t0Sj3jAVw510="></latexit><latexit sha1_base64="V6iyJCTQM1ZL9Q6t0Sj3jAVw510="></latexit>

Why?

of ⇢A
<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit>

✏ =
dAX

n=m+1

pn
<latexit sha1_base64="XybVSCXr//nBn0hTutqivHqqnQM="></latexit><latexit sha1_base64="XybVSCXr//nBn0hTutqivHqqnQM="></latexit><latexit sha1_base64="XybVSCXr//nBn0hTutqivHqqnQM="></latexit><latexit sha1_base64="XybVSCXr//nBn0hTutqivHqqnQM="></latexit>



To prove, compute overlap 

Ũ
<latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo=">AAACv3icdVHBTtwwEPWmhcJCKbRHLlajSpxW8apSe6Ti0iOVukC1idDEmQ3W2k5kT6hWIV/Rayv1t/o39YY9ALuMZOnpzXt+Y09ea+UpSf4Nohcvt7Zf7ewO9/ZfH7w5PHp74avGSZzISlfuKgePWlmckCKNV7VDMLnGy3x+tuxf3qLzqrLfaVFjZqC0aqYkUKB+pKR0ge2kuz6Mk1HSF18HYgVitqrz66PB37SoZGPQktTg/V QkNWUtOFJSYzdMG481yDmUOA3QgkGftf3EHf8QmILPKheOJd6zDx0tGO8XJg9KA3Tjn/aW5KbetKHZ56xVtm4IrbwPmjWaU8WXz+eFcihJLwIA6VSYlcsbcCApfNIwtfhTVsaALdp0jtRNRdamaH3jcJnV3sUidWDL8MDusTp3sKZOdS+Nxd0GdX/9eKOBB0c85s8kwW35XFIwPnCFnYqnG1wHF+ORSEbi28f49Gy13R12zN6zEybYJ3bKvrJzNmGSGfaL/WZ/oi9RGdmovpdGg5XnHXtU0eI/f/jfdg==</latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo=">AAACv3icdVHBTtwwEPWmhcJCKbRHLlajSpxW8apSe6Ti0iOVukC1idDEmQ3W2k5kT6hWIV/Rayv1t/o39YY9ALuMZOnpzXt+Y09ea+UpSf4Nohcvt7Zf7ewO9/ZfH7w5PHp74avGSZzISlfuKgePWlmckCKNV7VDMLnGy3x+tuxf3qLzqrLfaVFjZqC0aqYkUKB+pKR0ge2kuz6Mk1HSF18HYgVitqrz66PB37SoZGPQktTg/V QkNWUtOFJSYzdMG481yDmUOA3QgkGftf3EHf8QmILPKheOJd6zDx0tGO8XJg9KA3Tjn/aW5KbetKHZ56xVtm4IrbwPmjWaU8WXz+eFcihJLwIA6VSYlcsbcCApfNIwtfhTVsaALdp0jtRNRdamaH3jcJnV3sUidWDL8MDusTp3sKZOdS+Nxd0GdX/9eKOBB0c85s8kwW35XFIwPnCFnYqnG1wHF+ORSEbi28f49Gy13R12zN6zEybYJ3bKvrJzNmGSGfaL/WZ/oi9RGdmovpdGg5XnHXtU0eI/f/jfdg==</latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo=">AAACv3icdVHBTtwwEPWmhcJCKbRHLlajSpxW8apSe6Ti0iOVukC1idDEmQ3W2k5kT6hWIV/Rayv1t/o39YY9ALuMZOnpzXt+Y09ea+UpSf4Nohcvt7Zf7ewO9/ZfH7w5PHp74avGSZzISlfuKgePWlmckCKNV7VDMLnGy3x+tuxf3qLzqrLfaVFjZqC0aqYkUKB+pKR0ge2kuz6Mk1HSF18HYgVitqrz66PB37SoZGPQktTg/V QkNWUtOFJSYzdMG481yDmUOA3QgkGftf3EHf8QmILPKheOJd6zDx0tGO8XJg9KA3Tjn/aW5KbetKHZ56xVtm4IrbwPmjWaU8WXz+eFcihJLwIA6VSYlcsbcCApfNIwtfhTVsaALdp0jtRNRdamaH3jcJnV3sUidWDL8MDusTp3sKZOdS+Nxd0GdX/9eKOBB0c85s8kwW35XFIwPnCFnYqnG1wHF+ORSEbi28f49Gy13R12zN6zEybYJ3bKvrJzNmGSGfaL/WZ/oi9RGdmovpdGg5XnHXtU0eI/f/jfdg==</latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo=">AAACv3icdVHBTtwwEPWmhcJCKbRHLlajSpxW8apSe6Ti0iOVukC1idDEmQ3W2k5kT6hWIV/Rayv1t/o39YY9ALuMZOnpzXt+Y09ea+UpSf4Nohcvt7Zf7ewO9/ZfH7w5PHp74avGSZzISlfuKgePWlmckCKNV7VDMLnGy3x+tuxf3qLzqrLfaVFjZqC0aqYkUKB+pKR0ge2kuz6Mk1HSF18HYgVitqrz66PB37SoZGPQktTg/V QkNWUtOFJSYzdMG481yDmUOA3QgkGftf3EHf8QmILPKheOJd6zDx0tGO8XJg9KA3Tjn/aW5KbetKHZ56xVtm4IrbwPmjWaU8WXz+eFcihJLwIA6VSYlcsbcCApfNIwtfhTVsaALdp0jtRNRdamaH3jcJnV3sUidWDL8MDusTp3sKZOdS+Nxd0GdX/9eKOBB0c85s8kwW35XFIwPnCFnYqnG1wHF+ORSEbi28f49Gy13R12zN6zEybYJ3bKvrJzNmGSGfaL/WZ/oi9RGdmovpdGg5XnHXtU0eI/f/jfdg==</latexit>

Ũ †
<latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit>

h |
⇣
Ũ Ũ†| i

⌘

<latexit sha1_base64="mMLv12ooCfdQMgqhKL8PQYH2ILU="></latexit><latexit sha1_base64="mMLv12ooCfdQMgqhKL8PQYH2ILU="></latexit><latexit sha1_base64="mMLv12ooCfdQMgqhKL8PQYH2ILU="></latexit><latexit sha1_base64="mMLv12ooCfdQMgqhKL8PQYH2ILU="></latexit>

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

Ũ †
<latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit><latexit sha1_base64="K26Sa1O+GIUJInSozA8l2ZxyT4I="></latexit>

Ũ
<latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit><latexit sha1_base64="2iBY+RILseghQg/489KCNUqzcGo="></latexit>

⇢A
<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit>{

<latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit> <latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit> <latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit> <latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit>

= Ũ†⇢AŨ =
mX

n=1

pn = 1� ✏
<latexit sha1_base64="nFUcRwtr0niKsuBMQQjlZuEQ9pE="></latexit><latexit sha1_base64="nFUcRwtr0niKsuBMQQjlZuEQ9pE="></latexit><latexit sha1_base64="nFUcRwtr0niKsuBMQQjlZuEQ9pE="></latexit><latexit sha1_base64="nFUcRwtr0niKsuBMQQjlZuEQ9pE="></latexit>



Can approximately rewrite         as follows| i
<latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit>

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

m ( m << 2N/2 )



The upshot is we can factorize any ground state

m
=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

2N dimensional 'vector' two (2N/2 x m) 'matrices'

huge reduction in 
parameters!



Density matrix approach is "roundabout" however

Simpler approach is singular value decomposition (SVD)

Recall, for any rectangular matrix:

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit> [
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

�1
<latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit><latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit><latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit><latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit>

�2
<latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit><latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit><latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit><latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit>

�3
<latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit><latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit><latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit><latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit>

�4
<latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit><latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit><latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit><latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit>

M
<latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit><latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit><latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit><latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit>

U
<latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit>

V
<latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit>⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

U and V are unitary, and singular values       are real & positive�n
<latexit sha1_base64="d/oZmvg4nYDyzGo5TUOdhSZBwaA="></latexit><latexit sha1_base64="d/oZmvg4nYDyzGo5TUOdhSZBwaA="></latexit><latexit sha1_base64="d/oZmvg4nYDyzGo5TUOdhSZBwaA="></latexit><latexit sha1_base64="d/oZmvg4nYDyzGo5TUOdhSZBwaA="></latexit>



0.435839   0.223707    0.10 
0.435839   0.223707   -0.10 
0.223707   0.435839    0.10 
0.223707   0.435839   -0.10

M =

Can decompose as

1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0       0.300    0 
  0        0         0.200  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0                   0             1

Consider a numerical SVD example:



1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0.300   0 
  0        0          0.200  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

U V

= M =
0.435839   0.223707    0.10 
0.435839   0.223707   -0.10 
0.223707   0.435839    0.10 
0.223707   0.435839   -0.10

||M �M ||2 = 0

⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

Keep fewer and fewer singular values:



0.933   0          0 
  0        0.300   0 
  0        0          0  

1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

0.435839   0.223707    0 
0.435839   0.223707    0 
0.223707   0.435839    0 
0.223707   0.435839    0

= M2 =

||M2 �M ||2 = 0.04 = (0.2)2

U V⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

Keep fewer and fewer singular values:



1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0          0 
  0        0          0  

0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0

= M3 =
Truncating SVD = 

Controlled 
approximation for M

||M3 �M ||2 = 0.13 = (0.3)2 + (0.2)2

Keep fewer and fewer singular values:
U V⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1



Diagrammatically, SVD looks like:

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit> [
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit><latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

[
<latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit> <latexit sha1_base64="8I7pPcMXSaX6vWJFErdYslV8Gp0="></latexit>

�1
<latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit><latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit><latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit><latexit sha1_base64="5ww5DajiMpTY71ilgBNSZkoqSfQ="></latexit>

�2
<latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit><latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit><latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit><latexit sha1_base64="94NWn2RUNmHKZoA9VV+iARYU2Fc="></latexit>

�3
<latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit><latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit><latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit><latexit sha1_base64="FGppN8qUVrWbl3IVlWBEDw6SRL0="></latexit>

�4
<latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit><latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit><latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit><latexit sha1_base64="9sjhew2CGw7NHNBUd2vNSC+2+08="></latexit>

M
<latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit><latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit><latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit><latexit sha1_base64="ovkzH9WfrUyiUIvhG4dCpt3jwDI="></latexit>

U
<latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit>

V
<latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit>⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

Let's apply it to our wavefunction



=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

Treat wavefunction as matrix by grouping indices

 (s1s2s3s4s5)(s6s7s8s9s10) =
X

n

U (s1s2s3s4s5)
n ⇤nV

(s6s7s8s9s10)
n

<latexit sha1_base64="MYQcY2x4bpyBB9zw09lpVtyYqiU=">AAADQXicdVHNbtNAEF6bvxL+WhAnJFhhIbWXyBtKWw5IlXrhwCFIJK2UNdZ6vUlX2V1bu+tWkesH4C14F56CR+AE4sqFiZtD2ySz+qRPM983M/ZkpZLOx/HPILx1+87dexv3Ow8ePnr8ZHPr6dAVleViwAtV2JOMOaGkEQMvvRInpRVMZ0ocZ9Ojef34TFgnC/PFz0qRaDYxciw585BKN7/RvpNf622XEuzSHuAtYBfwbgdDdg /YPuAA8B5Qk7jZaTCF94FiTF2lU4MHazo0UKOfYJucARu2qtUdU9glirtxG3iZkAWJ0CL66VbwneYFr7Qwnivm3IjEpU9qZr3kSjQdWjlRMj5lEzECapgWLqnbf9bgN5DJ8biwAONxm73qqJl2bqYzUGrmT93N2jy5qjaq/PggqaUpKy8Mvxw0rhT2BZ4fAOfSCu7VDAjjVsKumJ8yy7iHM3WoEee80JqZvKZT4ZsRSWoqjKusmM+qLyJCLTMT+MDmujqzbElNVSuNyMUKddu+t9KAwRH18JpJ7GyybhIYr7jgpuTmBZfJsNclcZd83o0OjxbX3UAv0Gu0jQjaR4foI+qjAeLod/A8eBm8Cn+Ev8I/4d9LaRgsPM/QtQj//QdKzAg+</latexit><latexit sha1_base64="MYQcY2x4bpyBB9zw09lpVtyYqiU=">AAADQXicdVHNbtNAEF6bvxL+WhAnJFhhIbWXyBtKWw5IlXrhwCFIJK2UNdZ6vUlX2V1bu+tWkesH4C14F56CR+AE4sqFiZtD2ySz+qRPM983M/ZkpZLOx/HPILx1+87dexv3Ow8ePnr8ZHPr6dAVleViwAtV2JOMOaGkEQMvvRInpRVMZ0ocZ9Ojef34TFgnC/PFz0qRaDYxciw585BKN7/RvpNf622XEuzSHuAtYBfwbgdDdg /YPuAA8B5Qk7jZaTCF94FiTF2lU4MHazo0UKOfYJucARu2qtUdU9glirtxG3iZkAWJ0CL66VbwneYFr7Qwnivm3IjEpU9qZr3kSjQdWjlRMj5lEzECapgWLqnbf9bgN5DJ8biwAONxm73qqJl2bqYzUGrmT93N2jy5qjaq/PggqaUpKy8Mvxw0rhT2BZ4fAOfSCu7VDAjjVsKumJ8yy7iHM3WoEee80JqZvKZT4ZsRSWoqjKusmM+qLyJCLTMT+MDmujqzbElNVSuNyMUKddu+t9KAwRH18JpJ7GyybhIYr7jgpuTmBZfJsNclcZd83o0OjxbX3UAv0Gu0jQjaR4foI+qjAeLod/A8eBm8Cn+Ev8I/4d9LaRgsPM/QtQj//QdKzAg+</latexit><latexit sha1_base64="MYQcY2x4bpyBB9zw09lpVtyYqiU=">AAADQXicdVHNbtNAEF6bvxL+WhAnJFhhIbWXyBtKWw5IlXrhwCFIJK2UNdZ6vUlX2V1bu+tWkesH4C14F56CR+AE4sqFiZtD2ySz+qRPM983M/ZkpZLOx/HPILx1+87dexv3Ow8ePnr8ZHPr6dAVleViwAtV2JOMOaGkEQMvvRInpRVMZ0ocZ9Ojef34TFgnC/PFz0qRaDYxciw585BKN7/RvpNf622XEuzSHuAtYBfwbgdDdg /YPuAA8B5Qk7jZaTCF94FiTF2lU4MHazo0UKOfYJucARu2qtUdU9glirtxG3iZkAWJ0CL66VbwneYFr7Qwnivm3IjEpU9qZr3kSjQdWjlRMj5lEzECapgWLqnbf9bgN5DJ8biwAONxm73qqJl2bqYzUGrmT93N2jy5qjaq/PggqaUpKy8Mvxw0rhT2BZ4fAOfSCu7VDAjjVsKumJ8yy7iHM3WoEee80JqZvKZT4ZsRSWoqjKusmM+qLyJCLTMT+MDmujqzbElNVSuNyMUKddu+t9KAwRH18JpJ7GyybhIYr7jgpuTmBZfJsNclcZd83o0OjxbX3UAv0Gu0jQjaR4foI+qjAeLod/A8eBm8Cn+Ev8I/4d9LaRgsPM/QtQj//QdKzAg+</latexit><latexit sha1_base64="MYQcY2x4bpyBB9zw09lpVtyYqiU=">AAADQXicdVHNbtNAEF6bvxL+WhAnJFhhIbWXyBtKWw5IlXrhwCFIJK2UNdZ6vUlX2V1bu+tWkesH4C14F56CR+AE4sqFiZtD2ySz+qRPM983M/ZkpZLOx/HPILx1+87dexv3Ow8ePnr8ZHPr6dAVleViwAtV2JOMOaGkEQMvvRInpRVMZ0ocZ9Ojef34TFgnC/PFz0qRaDYxciw585BKN7/RvpNf622XEuzSHuAtYBfwbgdDdg /YPuAA8B5Qk7jZaTCF94FiTF2lU4MHazo0UKOfYJucARu2qtUdU9glirtxG3iZkAWJ0CL66VbwneYFr7Qwnivm3IjEpU9qZr3kSjQdWjlRMj5lEzECapgWLqnbf9bgN5DJ8biwAONxm73qqJl2bqYzUGrmT93N2jy5qjaq/PggqaUpKy8Mvxw0rhT2BZ4fAOfSCu7VDAjjVsKumJ8yy7iHM3WoEee80JqZvKZT4ZsRSWoqjKusmM+qLyJCLTMT+MDmujqzbElNVSuNyMUKddu+t9KAwRH18JpJ7GyybhIYr7jgpuTmBZfJsNclcZd83o0OjxbX3UAv0Gu0jQjaR4foI+qjAeLod/A8eBm8Cn+Ev8I/4d9LaRgsPM/QtQj//QdKzAg+</latexit>

U
<latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit>

V
<latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit>⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

(s6s7s8s9s10)
<latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit><latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit><latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit><latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit>

(s1s2s3s4s5)
<latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit><latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit><latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit><latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit>

 
<latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit><latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit><latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit><latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit>



=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

Multiplying singular vals into V, get same factorization as before

U
<latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit>

V
<latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit>⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

(s6s7s8s9s10)
<latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit><latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit><latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit><latexit sha1_base64="u2jB2pJgHocCh6AzQQvoRyLPpjI="></latexit>

(s1s2s3s4s5)
<latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit><latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit><latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit><latexit sha1_base64="i8EG4NNfGc1HWAKryNFoIgt7ESM="></latexit>

 
<latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit><latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit><latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit><latexit sha1_base64="GsOT4lSAqFNk+Txl061x/8BL1cY="></latexit>

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

U
<latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit><latexit sha1_base64="zHUj4r99tCzmfHt+mw0H53PYSqg="></latexit>

V
<latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit><latexit sha1_base64="cw8Sf3Am/UM2Fu5BSd3SgV677nc="></latexit>

⇤<latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit><latexit sha1_base64="9WGNu59bCjIVydZxgtIDFcebGgQ="></latexit>

(      )

Matrix U is the same as from diagonalizing density matrix



Central idea of tensor networks: 

can factorize (s1 s2 s3) (s4 s5 s6), but what is special about this 
bond or partition?  

why not factorize all partitions at once?

etc.



Motivates following factorization

Known as matrix product state

Key example of a tensor network



Matrix Product States



Wavefunction just a rule to 
map spin configurations to numbers

" #" # " " " " ""
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" #" # " " " " ""

 
" # " " " " "" " " " " "#

 
" " "" " "" #" #

 
" # " " "" # # #

 s1s2s3s4s5s6s7s8

Simplest rule: store every amplitude separately



Wavefunction a "machine" mapping configurations to numbers

 

# #" " " "

0.1



 

# #" "

0.05

# #

Wavefunction a "machine" mapping configurations to numbers



Can make up any rule assigning patterns to numbers

 

" " "

0.2

"# "



How about this rule:

• to each spin state (up, down) associate a matrix

• multiply matrices to get the probability



Pictorially:

"

#



Pictorially:

" [ [=M"

# [ [=M#



Compute wavefunction by multiplying matrices together
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Compute wavefunction by multiplying matrices together
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Compute wavefunction by multiplying matrices together
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Compute wavefunction by multiplying matrices together
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Ansatz known as matrix product state

 s1s2s3s4s5 = Ms1
1 Ms2

2 Ms3
3 Ms4

4 Ms5
5



More detail & diagrammatic form

 s1s2s3s4s5 = Ms1
1 Ms2

2 Ms3
3 Ms4

4 Ms5
5

X

{↵}

Ms1
↵1
Ms2

↵1↵2
Ms3

↵2↵3
Ms4

↵3↵4
Ms5

↵4

<latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit><latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit><latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit><latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit>

=

=

=

s1
<latexit sha1_base64="g1VNW/DQ1E/WLLL0+eRS2EHpc50="></latexit><latexit sha1_base64="g1VNW/DQ1E/WLLL0+eRS2EHpc50="></latexit><latexit sha1_base64="g1VNW/DQ1E/WLLL0+eRS2EHpc50="></latexit><latexit sha1_base64="g1VNW/DQ1E/WLLL0+eRS2EHpc50="></latexit>

s2
<latexit sha1_base64="4sWS4aMXDiYMQLezdWbQHapQY1s="></latexit><latexit sha1_base64="4sWS4aMXDiYMQLezdWbQHapQY1s="></latexit><latexit sha1_base64="4sWS4aMXDiYMQLezdWbQHapQY1s="></latexit><latexit sha1_base64="4sWS4aMXDiYMQLezdWbQHapQY1s="></latexit>

s3
<latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit><latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit><latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit><latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit>

s4
<latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit><latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit><latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit><latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit>

s5
<latexit sha1_base64="4+hgbtAC5kLEGAKkUIgptyeb9rc="></latexit><latexit sha1_base64="4+hgbtAC5kLEGAKkUIgptyeb9rc="></latexit><latexit sha1_base64="4+hgbtAC5kLEGAKkUIgptyeb9rc="></latexit><latexit sha1_base64="4+hgbtAC5kLEGAKkUIgptyeb9rc="></latexit>

↵1
<latexit sha1_base64="7gJ+AhZjNrd+NUfg4eeatKsUGMw="></latexit><latexit sha1_base64="7gJ+AhZjNrd+NUfg4eeatKsUGMw="></latexit><latexit sha1_base64="7gJ+AhZjNrd+NUfg4eeatKsUGMw="></latexit><latexit sha1_base64="7gJ+AhZjNrd+NUfg4eeatKsUGMw="></latexit>

↵2
<latexit sha1_base64="+ySogRHb/ybX5t/iAK5RASkLTtE="></latexit><latexit sha1_base64="+ySogRHb/ybX5t/iAK5RASkLTtE="></latexit><latexit sha1_base64="+ySogRHb/ybX5t/iAK5RASkLTtE="></latexit><latexit sha1_base64="+ySogRHb/ybX5t/iAK5RASkLTtE="></latexit>

↵3
<latexit sha1_base64="4uEk/1zk5BLGO3VDrOYBE+XFGpA="></latexit><latexit sha1_base64="4uEk/1zk5BLGO3VDrOYBE+XFGpA="></latexit><latexit sha1_base64="4uEk/1zk5BLGO3VDrOYBE+XFGpA="></latexit><latexit sha1_base64="4uEk/1zk5BLGO3VDrOYBE+XFGpA="></latexit>

↵4
<latexit sha1_base64="Kf1oK6gbDn4yZiM5tzhlV4d/ytI="></latexit><latexit sha1_base64="Kf1oK6gbDn4yZiM5tzhlV4d/ytI="></latexit><latexit sha1_base64="Kf1oK6gbDn4yZiM5tzhlV4d/ytI="></latexit><latexit sha1_base64="Kf1oK6gbDn4yZiM5tzhlV4d/ytI="></latexit>



More detail & diagrammatic form

 s1s2s3s4s5 = Ms1
1 Ms2

2 Ms3
3 Ms4

4 Ms5
5

X

{↵}
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↵2↵3
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↵3↵4
Ms5

↵4

<latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit><latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit><latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit><latexit sha1_base64="wZL2lRGu3pLxFMaw70melNZH9+Q="></latexit>

=

=

=



Key facts about matrix product states

• linear size of matrices (dimension of bond indices) known as 
the bond dimension m  (sometimes     or D) 

• for large enough m, can represent any state    (m = 2N/2) 

• entanglement of left-right cut bounded by log(m), so 
boundary law guaranteed

m

�
<latexit sha1_base64="UkfzTYwG9I33R3MbStwaHulHyZg="></latexit><latexit sha1_base64="UkfzTYwG9I33R3MbStwaHulHyZg="></latexit><latexit sha1_base64="UkfzTYwG9I33R3MbStwaHulHyZg="></latexit><latexit sha1_base64="UkfzTYwG9I33R3MbStwaHulHyZg="></latexit>



Computations with Matrix Product States



Key reason to use matrix product states (MPS) is many 
computations become efficient



Key reason to use matrix product states (MPS) is many 
computations become efficient

By contrast, all operations with full wavefunction inefficient



Key reason to use matrix product states (MPS) is many 
computations become efficient

By contrast, all operations with full wavefunction inefficient

Consider computing norm of full wavefunction

h | i
<latexit sha1_base64="ohOasTzdKcLw2++ccp5RZ2IxOk4=">AAACy3icdVHBThsxEHW20NKUllCOXKyukHqK1lGl9ojEpRekVCKAFK+iWWcSrNjele0FpZs99jvgSD+pf1NnkwOQMJKtp5n3POM3WaGk80nyrxW92dl9+27vffvD/sdPB53Dz5cuL63AgchVbq8zcKikwYGXXuF1YRF0pvAqm50t61e3aJ3MzYWfF5hqmBo5kQJ8SI06RzyzMENf8b6T9eoedeKkmzRBNwFbg5isoz86bD3wcS 5KjcYLBc4NWVL4tALrpVBYt3npsAAxgykOAzSg0aVVM31NT0JmTCe5Dcd42mSfKirQzs11Fpga/I17WVsmt9WGpZ/8SCtpitKjEatGk1JRn9OlFXQsLQqv5gGAsDLMSsUNWBA+GNbmBu9ErjWYccWDQ/WQpRVH40qLy17VImbcgpmGD9bP2cHSDTZXDTVmiy3s5vneVgENirhHX+kEt9PXOgXhE1XYKXu5wU1w2euypMt+fYtPz9bb3SPH5Av5Shj5Tk7JT9InAyLInNyTR/I3Oo9c9DtarKhRa605Is8i+vMfSwzkJQ==</latexit><latexit sha1_base64="ohOasTzdKcLw2++ccp5RZ2IxOk4=">AAACy3icdVHBThsxEHW20NKUllCOXKyukHqK1lGl9ojEpRekVCKAFK+iWWcSrNjele0FpZs99jvgSD+pf1NnkwOQMJKtp5n3POM3WaGk80nyrxW92dl9+27vffvD/sdPB53Dz5cuL63AgchVbq8zcKikwYGXXuF1YRF0pvAqm50t61e3aJ3MzYWfF5hqmBo5kQJ8SI06RzyzMENf8b6T9eoedeKkmzRBNwFbg5isoz86bD3wcS 5KjcYLBc4NWVL4tALrpVBYt3npsAAxgykOAzSg0aVVM31NT0JmTCe5Dcd42mSfKirQzs11Fpga/I17WVsmt9WGpZ/8SCtpitKjEatGk1JRn9OlFXQsLQqv5gGAsDLMSsUNWBA+GNbmBu9ErjWYccWDQ/WQpRVH40qLy17VImbcgpmGD9bP2cHSDTZXDTVmiy3s5vneVgENirhHX+kEt9PXOgXhE1XYKXu5wU1w2euypMt+fYtPz9bb3SPH5Av5Shj5Tk7JT9InAyLInNyTR/I3Oo9c9DtarKhRa605Is8i+vMfSwzkJQ==</latexit><latexit sha1_base64="ohOasTzdKcLw2++ccp5RZ2IxOk4=">AAACy3icdVHBThsxEHW20NKUllCOXKyukHqK1lGl9ojEpRekVCKAFK+iWWcSrNjele0FpZs99jvgSD+pf1NnkwOQMJKtp5n3POM3WaGk80nyrxW92dl9+27vffvD/sdPB53Dz5cuL63AgchVbq8zcKikwYGXXuF1YRF0pvAqm50t61e3aJ3MzYWfF5hqmBo5kQJ8SI06RzyzMENf8b6T9eoedeKkmzRBNwFbg5isoz86bD3wcS 5KjcYLBc4NWVL4tALrpVBYt3npsAAxgykOAzSg0aVVM31NT0JmTCe5Dcd42mSfKirQzs11Fpga/I17WVsmt9WGpZ/8SCtpitKjEatGk1JRn9OlFXQsLQqv5gGAsDLMSsUNWBA+GNbmBu9ErjWYccWDQ/WQpRVH40qLy17VImbcgpmGD9bP2cHSDTZXDTVmiy3s5vneVgENirhHX+kEt9PXOgXhE1XYKXu5wU1w2euypMt+fYtPz9bb3SPH5Av5Shj5Tk7JT9InAyLInNyTR/I3Oo9c9DtarKhRa605Is8i+vMfSwzkJQ==</latexit><latexit sha1_base64="ohOasTzdKcLw2++ccp5RZ2IxOk4=">AAACy3icdVHBThsxEHW20NKUllCOXKyukHqK1lGl9ojEpRekVCKAFK+iWWcSrNjele0FpZs99jvgSD+pf1NnkwOQMJKtp5n3POM3WaGk80nyrxW92dl9+27vffvD/sdPB53Dz5cuL63AgchVbq8zcKikwYGXXuF1YRF0pvAqm50t61e3aJ3MzYWfF5hqmBo5kQJ8SI06RzyzMENf8b6T9eoedeKkmzRBNwFbg5isoz86bD3wcS 5KjcYLBc4NWVL4tALrpVBYt3npsAAxgykOAzSg0aVVM31NT0JmTCe5Dcd42mSfKirQzs11Fpga/I17WVsmt9WGpZ/8SCtpitKjEatGk1JRn9OlFXQsLQqv5gGAsDLMSsUNWBA+GNbmBu9ErjWYccWDQ/WQpRVH40qLy17VImbcgpmGD9bP2cHSDTZXDTVmiy3s5vneVgENirhHX+kEt9PXOgXhE1XYKXu5wU1w2euypMt+fYtPz9bb3SPH5Av5Shj5Tk7JT9InAyLInNyTR/I3Oo9c9DtarKhRa605Is8i+vMfSwzkJQ==</latexit>



Key reason to use matrix product states (MPS) is many 
computations become efficient

By contrast, all operations with full wavefunction inefficient

Consider computing norm of full wavefunction
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=
X

{s}

 s1s2s3s4s5s6s7s8s9s10 ̄s1s2s3s4s5s6s7s8s9s10

<latexit sha1_base64="C2/PNk9YhiEK8M3oWjKDkt13JYQ="></latexit><latexit sha1_base64="C2/PNk9YhiEK8M3oWjKDkt13JYQ="></latexit><latexit sha1_base64="C2/PNk9YhiEK8M3oWjKDkt13JYQ="></latexit><latexit sha1_base64="C2/PNk9YhiEK8M3oWjKDkt13JYQ="></latexit>

Requires summing 210 terms



Is there a more efficient strategy to compute norm of MPS?

h | i =
<latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit>



Is there a more efficient strategy to compute norm of MPS?

h | i =
<latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit> Yes!
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Is there a more efficient strategy to compute norm of MPS?

h | i =
<latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit> Yes!
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Is there a more efficient strategy to compute norm of MPS?

h | i =
<latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs=">AAACznicdVFNaxsxEJW3H0ndtHVa6KUX0aWQk1mZQnsJBHLp0YU4CViLmZXHjrCkXSStg1kvueZnhF7bP9R/E3ntQxI7AxKPmfc0mjdZoaTzSfK/Fb14+er13v6b9tuDd+8/dA4/nru8tAIHIle5vczAoZIGB156hZeFRdCZwotsdrqqX8zROpmbM78oMNUwNXIiBfiQGnU+88zCDH3F+07W65se01EnTrpJE3QbsA2IySb6o8 PWHR/notRovFDg3JAlhU8rsF4KhXWblw4LEDOY4jBAAxpdWjUD1PRbyIzpJLfhGE+b7ENFBdq5hc4CU4O/ck9rq+Su2rD0k59pJU1RejRi3WhSKupzunKDjqVF4dUiABBWhr9ScQUWhA+etbnBa5FrDWZc8WBSPWRpxdG40uKqV7WMGbdgpmHA+jE7uLrF5qqhxmy5g90839spoEER9+gznWA+fa5TED5QhZ2ypxvcBue9Lku67Pf3+OR0s9198oV8JUeEkR/khPwifTIggizJH/KX/Iv60Tyqo5s1NWptNJ/Io4hu7wH3huTA</latexit> Yes!
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etc. until all tensors are contracted



Full contraction process:
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equals a scalar (why?)



Another key computation is an expectation value
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What is the scaling of the computational cost ?

To calculate, break computation into separate steps, 
such as:
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Then use rule for cost of tensor contraction: 
               (dimension of contracted indices) 
            x (dimension of uncontracted indices)



Complicated tensor contraction

A

B

Can always be written as matrix mult. with grouped indices

A B



Complicated tensor contraction
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Can always be written as matrix mult. with grouped indices

A B



To compute scaling, consider index dimensions

A B
d1

d2

d3

d4

d5
C

d5
d1

d2

Computation of C equivalent to:

for i1=1:d1, i2=1:d2, i5=1:d5

end

for i3=1:d3, i4=1:d4

end

C[i1,i2,i5] = A[i1,i2,i3,i4]*B[i3,i4,i5]



Computation of C:

for i1=1:d1, i2=1:d2, i5=1:d5

end

for i3=1:d3, i4=1:d4

end

C[i1,i2,i5] = A[i1,i2,i3,i4]*B[i3,i4,i5]

Each  in loop takes dn operations to complete

Overall scaling: (d1d2d5)⇥ (d3d4)
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(dim. contracted indices) x (dim. uncontracted indices)



Summary of scaling rule

A

B

Whenever you see a tensor contraction

Multiply dimension of every index (just once)

d1

d2

d3

d4

d5
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Write down the cost of the following tensor contractions 
(letters are index dimensions):

Test Your Knowledge! !

(1)
k q

(4)

m

m
d

m

p

(3)

(2)
t1

t2

a

b

n
n
n



What is the scaling of calculations with MPS?



What is the scaling of calculations with MPS?
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What is the scaling of calculations with MPS?

Two key operations
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What is the scaling of the computational cost ?

Two key operations
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What is the scaling of the computational cost ?

Two key operations
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What is the scaling of the computational cost ?
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Consider norm calculation, MPS bond dimension m,  
site dimension d

m
d

So overall scaling of norm calculation is 

m3 d



Rule of thumb: most every operation needed to manipulate 
MPS can be made to scale as

m

m3

mmm

Intuition: MPS involves multiplying mxm matrices

Scaling of mxm matrix multiplication is m3



Examples of Matrix Product States
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How to see this is an MPS?
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Example #2: AKLT wavefunction

The AKLT wavefunction is the exact ground state of the 
following S=1 Hamiltonian

H =
X

j

Sj · Sj+1 +
1

3

X

j

(Sj · Sj+1)
2
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In the same phase as S=1 Heisenberg model, plus 'small' 
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Can construct AKLT wavefunction as follows

Start with 2N spin 1/2's in singlet pairs
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Can construct AKLT wavefunction as follows

Act on pairs of S=1/2's with projection operator P

= P̂ = |+ih "" |+ |0i h "# |+ h #" |p
2

+ |�ih ## |
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Can construct AKLT wavefunction as follows

After projection, blue ovals are S=1 spins



Can construct AKLT wavefunction as follows

After projection, blue ovals are S=1 spins

Can predict interesting properties: 

• doubly degenerate entanglement spectrum 

• emergent S=1/2 edge spins



Tensor approach to AKLT
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Tensor approach to AKLT
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"<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit> #<latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit>

= � 1p
2

<latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit><latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit><latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit><latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit>



Tensor approach to AKLT

=
1p
2
| " i| # i � 1p

2
| # i| " i

<latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit><latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit><latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit><latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit>

= |+ih "" |+ |0i h "# |+ h #" |p
2

+ |�ih ## |
<latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit>



Tensor approach to AKLT

=
1p
2
| " i| # i � 1p

2
| # i| " i

<latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit><latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit><latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit><latexit sha1_base64="dUqQLD1d3cv2sS7g3CcwDxW6AKM="></latexit>

= |+ih "" |+ |0i h "# |+ h #" |p
2

+ |�ih ## |
<latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit>

+
<latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit><latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit><latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit><latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit>

"
<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

"
<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

= 1
<latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit><latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit><latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit><latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit>

"
<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

"<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

0
<latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit>

=
1p
2

<latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit><latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit><latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit><latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit> "<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

"
<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

0
<latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit>

=
1p
2

<latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit><latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit><latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit><latexit sha1_base64="8HfEIm2FkUVeJ4AtbGzcE+ISVNc="></latexit> "<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit> "<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

= 1
<latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit><latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit><latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit><latexit sha1_base64="M70tc+/BEYcRpnlKKbJstdNUsPQ="></latexit>

�<latexit sha1_base64="7zSOqlKHi1EdT/6EPdDsLKHdcVg="></latexit><latexit sha1_base64="7zSOqlKHi1EdT/6EPdDsLKHdcVg="></latexit><latexit sha1_base64="7zSOqlKHi1EdT/6EPdDsLKHdcVg="></latexit><latexit sha1_base64="7zSOqlKHi1EdT/6EPdDsLKHdcVg="></latexit>
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Put into MPS form

Contract pairs of tensors:



Put into MPS form

Contract pairs of tensors:

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>



Nice form of AKLT matrix product state with 
periodic boundary conditions

Can actually show the following:

| AKLTi = Tr [Ms1Ms2Ms3 · · ·MsN ] |s1s2s3 . . . sN i
<latexit sha1_base64="1BKA5oqeT6LsO7sHxabIBrhFtbw="></latexit><latexit sha1_base64="1BKA5oqeT6LsO7sHxabIBrhFtbw="></latexit><latexit sha1_base64="1BKA5oqeT6LsO7sHxabIBrhFtbw="></latexit><latexit sha1_base64="1BKA5oqeT6LsO7sHxabIBrhFtbw="></latexit>

where
M+ =

r
2

3
�+

<latexit sha1_base64="l4icv6Lp2dPpsuxUrxrzd+9NNeU="></latexit><latexit sha1_base64="l4icv6Lp2dPpsuxUrxrzd+9NNeU="></latexit><latexit sha1_base64="l4icv6Lp2dPpsuxUrxrzd+9NNeU="></latexit><latexit sha1_base64="l4icv6Lp2dPpsuxUrxrzd+9NNeU="></latexit>

M0 = �
r

1

3
�z

<latexit sha1_base64="V/wYUz6e/wQJ2UNp/lWxiRkq1lw="></latexit><latexit sha1_base64="V/wYUz6e/wQJ2UNp/lWxiRkq1lw="></latexit><latexit sha1_base64="V/wYUz6e/wQJ2UNp/lWxiRkq1lw="></latexit><latexit sha1_base64="V/wYUz6e/wQJ2UNp/lWxiRkq1lw="></latexit>

M� = �
r

2

3
��

<latexit sha1_base64="htJJe6GrXq+6y7FF+2hTlcvGxFo="></latexit><latexit sha1_base64="htJJe6GrXq+6y7FF+2hTlcvGxFo="></latexit><latexit sha1_base64="htJJe6GrXq+6y7FF+2hTlcvGxFo="></latexit><latexit sha1_base64="htJJe6GrXq+6y7FF+2hTlcvGxFo="></latexit>



Takeaway 

• MPS guaranteed to obey boundary law, as do all 1D ground 
states (of gapped, local Hamiltonians) 

• MPS can capture certain interesting states exactly 

• maybe they are a useful class of wavefunction to optimize!


