
Tensor Networks and Applications

E.M. Stoudenmire Apr 2018 - Sao Paulo



Review of Previous Lecture



Motivated matrix product state (MPS) ansatz for ground states
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<latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit><latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit><latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit><latexit sha1_base64="fB0E9+g7sdROS30qd8VLlylJTO0="></latexit>
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<latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit><latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit><latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit><latexit sha1_base64="5xw8KSJhsNX3MGxyNMV89eeAhqk="></latexit>
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Calculations of MPS with bond dimension m 
scale as m3

m
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<latexit sha1_base64="KuviA9hjUto3ElV4NTIFhI5ZShA="></latexit><latexit sha1_base64="KuviA9hjUto3ElV4NTIFhI5ZShA="></latexit><latexit sha1_base64="KuviA9hjUto3ElV4NTIFhI5ZShA="></latexit><latexit sha1_base64="KuviA9hjUto3ElV4NTIFhI5ZShA="></latexit> A<latexit sha1_base64="rOngKDzSfW+tT2DXimSEdS9a54c="></latexit><latexit sha1_base64="rOngKDzSfW+tT2DXimSEdS9a54c="></latexit><latexit sha1_base64="rOngKDzSfW+tT2DXimSEdS9a54c="></latexit><latexit sha1_base64="rOngKDzSfW+tT2DXimSEdS9a54c="></latexit>



Gauging Matrix Product States



Matrix product state representation of a state  
is highly redundant



Matrix product state representation of a state  
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Matrix product state representation of a state  
is highly redundant
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Still represents the same state (same observables / amplitudes)

=<latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit><latexit sha1_base64="N8YTSY5h7j1e+HmUk/7xKJTSJp8="></latexit>

Internal parameters differ though



Interesting gauges can be motivated from two-site MPS

Consider arbitrary two-site wavefunction

 s1s2 =<latexit sha1_base64="PjiSUyUZxNE+tb7vk+0zE6K0mZI="></latexit><latexit sha1_base64="PjiSUyUZxNE+tb7vk+0zE6K0mZI="></latexit><latexit sha1_base64="PjiSUyUZxNE+tb7vk+0zE6K0mZI="></latexit><latexit sha1_base64="PjiSUyUZxNE+tb7vk+0zE6K0mZI="></latexit>
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Huge freedom to manipulate parameters, but which such 
"gauge" transformations are interesting or useful?



Use SVD to factorize the        tensor 
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=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>



Could treat as an MPS, just with extra "bond tensor"

Or contract      with U or V to restore standard MPS form⇤
<latexit sha1_base64="+pHervWvXT1A7TzXFZH284gmanQ="></latexit><latexit sha1_base64="+pHervWvXT1A7TzXFZH284gmanQ="></latexit><latexit sha1_base64="+pHervWvXT1A7TzXFZH284gmanQ="></latexit><latexit sha1_base64="+pHervWvXT1A7TzXFZH284gmanQ="></latexit>

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>
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V
<latexit sha1_base64="T1lWHWjbFQZlJwJtuyI9EHKBNOc="></latexit><latexit sha1_base64="T1lWHWjbFQZlJwJtuyI9EHKBNOc="></latexit><latexit sha1_base64="T1lWHWjbFQZlJwJtuyI9EHKBNOc="></latexit><latexit sha1_base64="T1lWHWjbFQZlJwJtuyI9EHKBNOc="></latexit>
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<latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit>

⇤V
<latexit sha1_base64="YI/EsTjcTusW4XdalQ+1RPZotRw="></latexit><latexit sha1_base64="YI/EsTjcTusW4XdalQ+1RPZotRw="></latexit><latexit sha1_base64="YI/EsTjcTusW4XdalQ+1RPZotRw="></latexit><latexit sha1_base64="YI/EsTjcTusW4XdalQ+1RPZotRw="></latexit>



Note that U and V tensors have the following nice property

U †
<latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit><latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit><latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit><latexit sha1_base64="HgQqZ28THgwPnf+M4NYNinqEhKQ="></latexit>

U
<latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit><latexit sha1_base64="oy4fuTaQSY21v3mmjMemx9qvafw="></latexit>

=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>

=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>
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<latexit sha1_base64="YsF2sopIFHJAGx2dYOWKax3YCJc="></latexit><latexit sha1_base64="YsF2sopIFHJAGx2dYOWKax3YCJc="></latexit><latexit sha1_base64="YsF2sopIFHJAGx2dYOWKax3YCJc="></latexit><latexit sha1_base64="YsF2sopIFHJAGx2dYOWKax3YCJc="></latexit>

V
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Realize a similar property beyond the two-site case?



Start with generic MPS – no special properties

Multiply first two tensors together, then SVD (no truncation!)

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit> =<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

SVD



Start with generic MPS – no special properties

Multiply first two tensors together, then SVD (no truncation!)

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit> =<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>
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=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

Unitary first 
site tensor

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>



Multiply second two tensors together, then SVD (no truncation!)

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit> =<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

SVD



Multiply second two tensors together, then SVD (no truncation!)

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit> =<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

Unitary second 
site tensor

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

SVD



Multiply third pair together, then SVD (no truncation!)

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit> =<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

SVD



Multiply third pair together, then SVD (no truncation!)

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit> =<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

Unitary third 
site tensor

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

SVD



Repeating for all tensor pairs, left to right, gives

Because yellow               tensors were from  
left-hand side of SVD's, they are "left orthogonal"

=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>



Can do the same procedure from right to left

Because red               tensors were from  
left-hand side of SVD's, they are "right orthogonal"

=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>



=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>

Or partway from left, partway from right

=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>

"left orthogonal" "right orthogonal"



=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit><latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>

Or partway from left, partway from right

=<latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit> <latexit sha1_base64="Wl4ZR7rKQhgXzrAh+ZscDeNx4Xg="></latexit>

"left orthogonal" "right orthogonal"

"orthogonality center" site



MPS gauging important for many reasons: 

• accurate truncations of MPS 

• efficient computation of observables 

• good conditioning properties for optimization algorithms 

• connections to unitary quantum circuits (quantum 
computing)



Efficient computation of observables

Say we want expectation value of operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

If        acts on block of sites including 'center' site, 
can cancel all other MPS tensors

O
<latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit>



Efficient computation of observables

Say we want expecation value of operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

If        acts on block of sites including 'center' site, 
can cancel all other MPS tensors

O
<latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit>



Efficient computation of observables

Say we want expecation value of operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

If        acts on block of sites including 'center' site, 
can cancel all other MPS tensors

O
<latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit>



Efficient computation of observables

Say we want expecation value of operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

Much smaller diagram to compute!



Accurate truncation of MPS

Say we act on the MPS with some operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

And affected sites include 'center' site



Accurate truncation of MPS

Say we act on the MPS with some operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

And affected sites include 'center' site

Multiply into MPS tensors acted on by O
<latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit><latexit sha1_base64="H78wLeUCii+tug/SqZ906S8xKZ8="></latexit>



Accurate truncation of MPS

Say we act on the MPS with some operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

And affected sites include 'center' site

Contract to form new "bond tensor"



Accurate truncation of MPS

Say we act on the MPS with some operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

And affected sites include 'center' site

SVD to restore MPS form

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

SVD

Ok to truncate SVD? 



Accurate truncation of MPS

truncated 
SVD

Can show small local error incurred in truncated SVD of bond 
translates to small global error for whole MPS



Accurate truncation of MPS

truncated 
SVD

Can show small local error incurred in truncated SVD of bond 
translates to small global error for whole MPS

{
<latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit>

orthogonal  
change of basis {

<latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit><latexit sha1_base64="vvhHyIWfSP6cLHG6WFG/XFBr7RQ="></latexit>

orthogonal 
change of basis



Accurate truncation of MPS

Important: acting with some operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

away from orthogonality center

and performing local truncation could give 
a large global error



Accurate truncation of MPS

Important: acting with some operator O =
<latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit><latexit sha1_base64="pqXBGteo61nWrtB9G5cvqf+Jsos="></latexit>

away from orthogonality center

and performing local truncation could give 
a large global error



Matrix Product Operators



Idea of a matrix product operator (MPO): 
chain of tensors like an MPS, but two sets of indices 
(up and down; bra and ket) just like an operator

Very useful for algorithms involving MPS, such as 
DMRG



To motivate MPO construction, consider 
a two-site operator

S1 · S2 = Sz
1S

z
2 +

1

2
S+
1 S�

2 +
1

2
S�
1 S+

2
<latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit><latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit><latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit><latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit>

Write as dot product of operator-valued vectors

S1 · S2 =
<latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit><latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit><latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit><latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit> Sz

1
<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Sz
2

<latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit>

S+
2<latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit>

S�
2

<latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit>

1

2
S+
1

<latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit>

1

2
S�
1

<latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit>

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>



To motivate MPO construction, consider 
a two-site operator

S1 · S2 = Sz
1S

z
2 +

1

2
S+
1 S�

2 +
1

2
S�
1 S+

2
<latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit><latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit><latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit><latexit sha1_base64="ZVCF7hJjwm0dHxXugBJHPcZ5EwE="></latexit>

Write as dot product of operator-valued vectors

S1 · S2 =
<latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit><latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit><latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit><latexit sha1_base64="SB6XN4PXiNDE4xumzocMuWSOj2s=">AAAC2nicdVHLbhMxFHWGVwmvFJZsrI6QWEXjCAk2SJW6YVkEaSvFo+iO505qxWOPbE9RNJ0NKxBbPoAvYAu/wt/gmWaRNumVLB2de47vK6uUdD5J/g2iO3fv3X+w93D46PGTp89G+89PnKmtwKkwytizDBwqqXHqpVd4VlmEMlN4mi2PuvzpBVonjf7sVxWmJSy0LKQAH6j56ICX4M+zovnUzhnlIjeeblAT+p7OR3EyTvqg24 CtQUzWcTzfH/ziuRF1idoLBc7NWFL5tAHrpVDYDnntsAKxhAXOAtRQokubfpiWvgpMTgtjw9Oe9uymo4HSuVWZBWXXp7uZ68hduVnti3dpI3VVe9TiqlBRK+oN7TZDc2lReLUKAISVoVcqzsGC8GF/Q67xizBlCTpv+BJ9O2Npw1G72mJXq7mMGbegF2HA9ro6s7Cl5qqXxuxyh7r/frLTQIMjntBbKsHF4rZKwbjhCjdlNy+4DU4mY5aM2cc38eHR+rp75CU5IK8JI2/JIflAjsmUCPKN/CZ/yN+IR1+j79GPK2k0WHtekGsR/fwP9p7o/A==</latexit> Sz

1
<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Sz
2

<latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit><latexit sha1_base64="DU/zkkjdVd0OEPBVp/TCvHRTmmU="></latexit>

S+
2<latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit><latexit sha1_base64="pJSBJdjVz+MTNdPLFFpC5xTm8rw="></latexit>

S�
2

<latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit><latexit sha1_base64="/wI2PK9n5mDOANYlRsqGsQAucv0="></latexit>

1

2
S+
1

<latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit><latexit sha1_base64="KPe1njQDLEu6pUUj9aB3maOGBBE="></latexit>

1

2
S�
1

<latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit><latexit sha1_base64="4x7lmkMiOqNfr0O+7hpBST7m7N4="></latexit>

=<latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit><latexit sha1_base64="XSw6LXSGL6kH4AILhXKvtGDWhbc="></latexit>

↵
<latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit>

↵
<latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit><latexit sha1_base64="zsObyQNtkk32jjWbHhmNoQ5C344="></latexit>

s1
<latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit><latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit><latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit><latexit sha1_base64="W7CONleuun100zFusTqcWVG2ibM="></latexit>

s01
<latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit><latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit><latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit><latexit sha1_base64="p1LbDMmC6mZETdNGPA6pSjwSVsw="></latexit>

s02
<latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit><latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit><latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit><latexit sha1_base64="DouxXuAy7Gak3CZ4aKLtpiWYx9A="></latexit>

s2
<latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit><latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit><latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit><latexit sha1_base64="bYfZA42pb63i5eVnqhanjIX7pB4="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

H = Sz
1S

z
2 + Sz

2S
z
3

<latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

H = Sz
1S

z
2 + Sz

2S
z
3

<latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit>

= Sz
1S

z
2I3 + I1S

z
2S

z
3

<latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

H = Sz
1S

z
2 + Sz

2S
z
3

<latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit><latexit sha1_base64="xbhQC4SAtmPID3uEecWEw7Ju6tE="></latexit>

= Sz
1S

z
2I3 + I1S

z
2S

z
3

<latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit><latexit sha1_base64="1VEqOwX54AWMsAW1LsEamRMdYG8="></latexit>

Can write as

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

Can write as

H = Sz
1S

z
2 + Sz

2S
z
3 (= Sz

1S
z
2I3 + I1S

z
2S

z
3 )

<latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit>

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit><latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

(
<latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit> <latexit sha1_base64="Tqvf/6QibZQ4dWxnL3KEqVm7Ego="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

=<latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit><latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit><latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit><latexit sha1_base64="bymU9SdZpjPojkT0cdw9lYo29sI="></latexit>



More generally, will involve operator-valued matrices 
Consider the Hamiltonian:

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

Can write as

H = Sz
1S

z
2 + Sz

2S
z
3 (= Sz

1S
z
2I3 + I1S

z
2S

z
3 )

<latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit><latexit sha1_base64="XPTSn+Ref/KninRppT/010+n8QM="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

= Sz
1S

z
2I3 + I1S

z
2S

z
3

<latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit><latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit><latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit><latexit sha1_base64="UvBJXg2SpLDMjIPPW0jqkOyrsq4="></latexit>



Chaining the pattern will give Hamiltonian for 
arbitrarily big system

Sz
1

<latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit><latexit sha1_base64="/JqAV2m1qu+/vXD3eDZr8UQVRww="></latexit>

I1
<latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit><latexit sha1_base64="MVA0qIhlJKkIGQ2sH5NViI51p8A="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

I2
<latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit><latexit sha1_base64="6ydYA2Tr/BHykOeGcVtWpPfNT/c="></latexit>

Sz
2

<latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit><latexit sha1_base64="rbTmXNh2tmBxWKyDUs6oQjvrZKU="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

H =
X

j

Sz
j S

z
j+1

<latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

Sz
3

<latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit><latexit sha1_base64="X4DN9XYwpPEVZfORQRqoJrFWuOs="></latexit>

I3
<latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit><latexit sha1_base64="kx99nBus/wshOEUZqJnvoQGu8a8="></latexit>

IN
<latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit><latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit><latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit><latexit sha1_base64="tmyu6ga3pNKTUf/OHoCEYxtivHc="></latexit>

Sz
N

<latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit><latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit><latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit><latexit sha1_base64="POgyfeVTzqLQuYAzRmEXl7YKcho="></latexit>



Why this pattern?

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

H =
X

j

Sz
j S

z
j+1

<latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit><latexit sha1_base64="RrVn1Nbq9P7hi4CPx5u5iV9cDrs="></latexit>

Sz
j

<latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit>

Ij
<latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit>

Sz
j

<latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit><latexit sha1_base64="eDwQYyE3jRwmHpi7DqHJFX+QNaw="></latexit>

Ij
<latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit><latexit sha1_base64="MJtWtmEZOSeftitZCBu96DrTcF8="></latexit>



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3

Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 1 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Start in state 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 2 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 3

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 3State 3 { <latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit><latexit sha1_base64="9GfP25+aBlFCpEJtD8YYTcj2Zak="></latexit>

Choose an 
operator

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 4

State 2

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result: I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4



View as a "machine" or "automaton"

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

0
<latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit><latexit sha1_base64="At2nGupqY7MGEkaeL8NnWeX9Ryc="></latexit>

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5

Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 5 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 1Result:

State 1

I
<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 2 Sz

<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 3 Sz
<latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit><latexit sha1_base64="5s8pj2JmG1GonvWL8qlBIDoPrUA="></latexit> 4 I

<latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit><latexit sha1_base64="NPyawi/ab09QWm9ZyoZTZ7e3KkY="></latexit> 5



Familiar 1D Hamiltonians as MPOs
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<latexit sha1_base64="xdHDvlP1Utvw6C15wHRBLXM1T1Y="></latexit><latexit sha1_base64="xdHDvlP1Utvw6C15wHRBLXM1T1Y="></latexit><latexit sha1_base64="xdHDvlP1Utvw6C15wHRBLXM1T1Y="></latexit><latexit sha1_base64="xdHDvlP1Utvw6C15wHRBLXM1T1Y="></latexit>

1

2
S�
j

<latexit sha1_base64="grXQ6Kc7ceaoNLXutpUp99wUPzk="></latexit><latexit sha1_base64="grXQ6Kc7ceaoNLXutpUp99wUPzk="></latexit><latexit sha1_base64="grXQ6Kc7ceaoNLXutpUp99wUPzk="></latexit><latexit sha1_base64="grXQ6Kc7ceaoNLXutpUp99wUPzk="></latexit>

S�
j

<latexit sha1_base64="6KJj5W/3GADyq2/LobGtoZPx9dU="></latexit><latexit sha1_base64="6KJj5W/3GADyq2/LobGtoZPx9dU="></latexit><latexit sha1_base64="6KJj5W/3GADyq2/LobGtoZPx9dU="></latexit><latexit sha1_base64="6KJj5W/3GADyq2/LobGtoZPx9dU="></latexit>
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<latexit sha1_base64="2/69W8D4aa1egVPwop9/IKcRZzI="></latexit><latexit sha1_base64="2/69W8D4aa1egVPwop9/IKcRZzI="></latexit><latexit sha1_base64="2/69W8D4aa1egVPwop9/IKcRZzI="></latexit><latexit sha1_base64="2/69W8D4aa1egVPwop9/IKcRZzI="></latexit>

Transverse-field 
Ising model

Heisenberg 
model



To make MPO construction accessible, 
AutoMPO in ITensor library

int N = 100; 
auto sites = SpinOne(N);                             

auto ampo = AutoMPO(sites); 
for(int j = 1; j < N; ++j) 
    { 
    ampo += 0.5,"S+",j,"S-",j+1; 
    ampo += 0.5,"S-",j,"S+",j+1; 
    ampo +=     "Sz",j,"Sz",j+1; 
    } 
auto H = MPO(ampo);                       

H =
X

j

1

2
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j S�

j+1 +
1

2
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j S+

j+1 + Sz
j S

z
j+1



MPOs can even capture "long range" interactions
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MPOs can even capture "long range" interactions
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DMRG



The density matrix renormalization group (DMRG) is the 
best method for finding ground states of 1D Hamiltonians

Want to solve H| i = E| i

Treat H as MPO

H
<latexit sha1_base64="iltdNxoHxC2V80ho79kvF4CEMSw="></latexit><latexit sha1_base64="iltdNxoHxC2V80ho79kvF4CEMSw="></latexit><latexit sha1_base64="iltdNxoHxC2V80ho79kvF4CEMSw="></latexit><latexit sha1_base64="iltdNxoHxC2V80ho79kvF4CEMSw="></latexit>
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Important:  MPS should be in definite gauge 
I.e. most tensors unitary
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This way, left/right tensors define an 
orthonormal basis



This way, left/right tensors define an 
orthonormal basis
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orthonormal basis



Project Hamiltonian into this basis



=

Project Hamiltonian into this basis



Doing the same on the right gives



Doing the same on the right gives



H̃| ̃i = Ẽ| ̃i

"Projected" eigenvalue problem



Can efficiently multiply projected        times | ̃iH̃

Order important!
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Can efficiently multiply projected        times
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Order important!



Use Lanczos or Davidson to solve 
(iterative eigensolver)

E.R. Davidson, J. Comput. Phys., 17, 87 (1975)



SVD improved wavefunction (with truncation) 
to restore MPS form and shift orthogonality center

Number of singular values kept m is called 
"number of states kept" in DMRG



SVD improved wavefunction (with truncation) 
to restore MPS form and shift orthogonality center

Number of singular values kept m is called 
"number of states kept" in DMRG
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Grow projected Hamiltonian tensor from left
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Grow projected Hamiltonian tensor from left



Grow projected Hamiltonian tensor from left

Recall right-hand projected H tensor from memory 
(saved in an array when made earlier)



Iterating leads to sweeping procedure



I. Solve eigenproblem

Iterating leads to sweeping procedure



I. Solve eigenproblem

II. SVD wavefunction

Iterating leads to sweeping procedure



I. Solve eigenproblem

II. SVD wavefunction

III. Shift projected H

Iterating leads to sweeping procedure



Iterating leads to sweeping procedure



Iterating leads to sweeping procedure



Iterating leads to sweeping procedure



Iterating leads to sweeping procedure



Iterating leads to sweeping procedure



Iterating leads to sweeping procedure



DMRG can be used to get impressive results (in 1993!)



Stoudenmire, White, PRB 87, 155137 (2013)

DMRG can be run in parallel over separate computers

Parallel S=1 Heisenberg chain calculation:



2

FIG. 1. Numbering scheme in order to transform the 2D lat-
tice into a 1D chain. The horizontal direction is the direction
along the cylinder, the vertical one around the cylinder. As
an example, we show a cylinder of width L

y

= 12 (a) real
space, (b) mixed real and momentum space approach.

Charge conservation and spin-rotation are of this form.
However, when snaking in real space, a rotation of the
cylinder permutes the sites, so does not factorize as
above, and cannot be used to accelerate computations.

To bring a rotation of the cylinder into an onsite form
we use a mixed real-space and momentum-space basis. In
a fermion system, the Hilbert space of a real space site
is spanned by the occupations n

x,y

= 0, 1 of the single-
particle fermion orbitals. We instead Fourier transform
the single particle orbitals in the direction around the
cylinder and pass to the many-body basis {n

x,k

y

= 0, 1}.
A crucial property of fermions is that the hard-core con-
straint is a direct consequence of the Pauli-exclusion, so
remains true in momentum space. This would not be
true in a bosonic system; projecting into the n

x,y

= 0, 1
space does not lead to an equivalent restriction on n

x,k

y

.
Thus we focus on fermion systems, though it would be
interesting to develop a bosonic version for application
to spin-systems.

The 1D chain is again chosen to snake through the
orbitals i = (x, k

y

) as shown in Fig. 1(b). While it is im-
perative that x remains ordered in the chain, to reduce
the bipartite entanglement, there is freedom in choos-
ing the ordering of the k

y

. Indeed, different orderings
may require different intermediate DMRG bond dimen-
sions (and hence different computational efficiencies) de-
pending on the phase in question.34 For example, if the
state forms a charge density wave (CDW) at wavevector
Q

y

= ⇡, it is advantageous to keep k
y

, k
y

+ ⇡ close to-
gether in the chain, as the CDW is dimerization in k

y

space. In this work we study liquid phases, so we choose
the simplest sequential ordering.

We note that while it is tempting to pass entirely
to momentum space,35,36 this would destroy locality in
the x-direction. The efficiency of the DMRG algorithm

implicitly relies on short-range interactions along the
length of the cylinder. Even though eigenstates of non-
interacting fermionic systems are product states in this
basis, this behavior immediately changes once interaction
terms are taken into account as the Hamiltonian becomes
highly non-local in the momentum basis.37

In the new “mixed” basis, a rotation of the cylinder
takes the onsite form T

y

=
Q

x,k

y

eiky

n̂

x,k

y , so can be ex-
ploited for a considerable speedup in computation time
and a drastic reduction of memory usage by introducing
an additional Z

L

y

momentum quantum number where L
y

is the number of unit cells around the cylinder. Further-
more, we readily obtain quantities such as the entangle-
ment spectrum momentum-resolved without any further
computation. We present numerical results benchmark-
ing the mixed space algorithm versus the traditional real
space approach for the interacting fermionic Hofstadter
model in the following section.

III. NUMERICAL RESULTS

A. Hofstadter model

To demonstrate the efficiency of our approach, we
employ the infinite version of the algorithm (iDMRG)
to calculate the ground states of the interacting Hofs-
tadter model on an infinite cylinder geometry for different
parameters. The Hofstadter model describes fermions
hopping on a square lattice subject to a magnetic field
and the single-particle spectrum was shown to exhibit
a fractal structure for arbitrary flux densities.33 In the
case of rational flux densities given by �/�0 = p/q
per square plaquette, the spectrum separates into q en-
ergy bands with non-trivial Chern number C

i

.38,39 For
non-interacting fermions, the model hosts incompressible
states when an integer number of bands are fully occu-
pied, and displays a Hall conductivity of

�
xy

= C
e2

h
, (2)

where C =
P

n

i=1 C
i

is the sum over the Chern numbers
of the occupied bands.39 More complex physics, however,
arises in the case of a fractionally filled Chern band where
lattice analogues of the fractional quantum Hall effect can
emerge. These fractional Chern insulators (FCI) were
theoretically proposed and numerically detected in nu-
merous works for C = 140–43 as well as for higher Chern
numbers.44–46

However, experimental realizations of FCI states re-
main elusive up to now. The Hofstadter model is of
particular interest in this respect since its single-particle
Hamiltonian has recently been realized in a system of
ultracold atoms in an optical lattice47,48 and the Chern
number of the lowest band has been experimentally de-
termined to be unity.49

In the following, we will numerically investigate the

DMRG can also be used to study quasi-2D systems

MPS  
path:

Figure from: Motruk, Zaletel, Mong, Pollmann, arxiv:1512.03318



With careful finite-size scaling, 
2D DMRG competitive with quantum Monte Carlo

M0 is consistent with, and of comparable accuracy to, the
best QMC result.

For the triangular lattice, we have studied a variety of
clusters and pinning fields; these results consistently sup-
ported that the triangular system has the three-sublattice
120! order found in other studies. The cluster orientation
shown in Fig. 1 seems to be the most convenient and
efficient for a DMRG analysis to obtain M0. Our DMRG
results for comparable lattice sizes are only slightly less
accurate than for the SLHM.

Unfortunately, the finite-size analysis for the TLHM is
much less accurate. The allowed widths in the preferred
geometry must be multiples of 3, and our results for Ly "
12 are of low accuracy, leaving only Ly " 3; 6; 9.
Currently, we do not have comparable analytical guidance,
such as predictions for the optimal aspect ratio, for the
triangular case. In Fig. 5 we show results for the TLHM
with this orientation and also for lattices rotated by 90!.
The scaling behavior appears to be quite similar to the
SLHM, but with a somewhat smaller !c # 1:6–1:7.
Assuming this behavior, we estimate M0 " 0:205$15%,

consistent with recent QMC calculations and series expan-
sions [7,8]. The results for the rotated clusters seem to have
larger finite-size effects and are less useful.

In conclusion, we have developed improved techniques
for studying ordering in 2D lattice systems using DMRG,
making DMRG competitive with QMC calculations and
series expansions for the SLHM and TLHM systems.
These techniques include proper scaling of local quantities
with the discarded weight, and the use of nontraditional
cluster geometries and BCs to improve finite-size scaling.

We acknowledge the support of the NSF under Grant
No. DMR-0605444 (S. R. W.) and the DOE under Grant
No. DE-FG02-04ER46174 (A. L. C.).
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FIG. 4 (color online). DMRG results for the 45! tilted SLHM.
(a) The solid lines are straight segments connecting the discrete
data points from different lattice sizes, with Ly " ly
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. The two
dashed lines show the bounds on the QMC result [4]. (b) A three
parameter fit to the data from (a), as discussed in the text.
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Magnetization of square-lattice Heisenberg model:

{
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QMC 
bounds:



EXACT MATRIX PRODUCT STATES FOR QUANTUM HALL . . . PHYSICAL REVIEW B 86, 245305 (2012)

IV. QUASIPARTICLE EXCITATIONS

We now discuss how to introduce quasiparticles into the
MPS. In the “conformal block” approach to model wave
functions,6 a quasiparticle excitation at η is introduced by
inserting an appropriate operator Q(η) into the CFT correlator,

"[ψn; η] =
〈
Q(η) e

∑
n[V0(τn)ψn−i

√
νφ0(τn)]〉

CFT. (32)

We will focus on the Laughlin and Moore-Read quasiholes,
for which Q is a local operator that takes a particularly simple
form,

Q(η) = : eiφ(η)/
√

q : (Laughlin), (33a)

Q(η) = σ (η) : eiφ(η)/2
√

q : (Moore-Read). (33b)

Here σ (η) is the chiral part of the Ising order operator.
Quasiparticles require “quasilocal” operators,61 which can
also be included in the MPS, but we have deferred their
implementation.

To incorporate the quasihole into the MPS, we first explic-
itly time order Eq. (32) by bringing the insertion Q(η) between
the orbitals τn+1 ! ητ ! τn. For fermions, this introduces a
sign for each electron in the region τ > ητ . As detailed in
Appendix D, this sign can be written as sπ̂0/

√
q , where π̂0 is

conjugate to the bosonic zero mode and s = ±1 for bosons
and fermions, respectively.

We calculate the matrix elements of Q at τ = 0,

Qα,β = ⟨α|sπ̂0/
√

qQ(ηx)|β⟩, (34)

and then insert Q into the “unperturbed” evolution on the bond
between sites n,n + 1,

U (δτ ) → U (τa) QU (τb), τa + τb = δτ, (35)

where τa = τn+1 − ητ . The structure of the resulting MPS is
illustrated in Fig. 2(c). For further details on calculating Q for
the Laughlin and MR states we refer to Appendix D.

We have implemented the Laughlin quasiholes numerically,
with a resulting density profile for a collection of quasiholes in
the q = 5 state shown in Fig. 5. As a simple test of the result,
we can explicitly evaluate the Berry connection associated
with the transport of one q = 3 Laughlin quasihole around
another,

θ =
∮

dA =
∮

dη ⟨η|(−i∂η)|η⟩. (36)

We keep one quasihole fixed at η = 0, while a second follows
a discretized path ηi chosen to wind around the other, which

FIG. 5. The real-space density ρ(τ,x) of a q = 5 Laughlin state
with five quasiholes on an infinite cylinder of circumference L =
30ℓB . Distances are measured in units of ℓB . (The top and bottom
edges are identified.)

defines a discretized connection eiAij = ⟨ηi |ηj ⟩. We then
integrate the connection after subtracting out a similar phase
in the absence of the second particle. Calculating the inner
product between two matrix product states can be computed
with complexity O(A/ℓ2

B χ3), where A is the area of the
region enclosing the quasiholes in question. Working on an
L = 16ℓB cylinder and ensuring the quasiparticles remain
at least a distance of 8ℓB apart, we find a statistical angle
θq=3 = 2.0992, compared to the prediction of 2π

3 ≈ 2.0944.
The computation takes about 1 min.

While the result is already well established for the Laughlin
states,62 it would be worthwhile to explicitly calculate the non-
Abelian Berry connection for the Moore-Read quasiparticles.
As we have computed the form of the Q matrices, we believe
this would be tractable.

V. REAL-SPACE ENTANGLEMENT SPECTRUM

Finally, we present an algorithm for computing the real-
space entanglement spectrum (RSES) of quantum Hall states
on both finite and infinite cylinders. In contrast to the orbital cut
which divides the system into two sets of LLL orbitals,30 the
real-space cut partitions the system into two regions of physical
space. Previously this was accomplished analytically for the
free ν = 1 case,63,64 and numerically using Monte Carlo65 and
large scale singular value decomposition (SVD) of explicit
wave functions.33,34 Our technique is not specific to the model
wave functions, and provides a means for computing the RSES
of nonmodel states calculated from DMRG. As the scaling
form of the entanglement spectrum only appears for the real-
space cut, this may prove an important diagnostic for nonmodel
states. For simplicity, we assume a wave function in the LLL,
and consider an entanglement cut running around the cylinder
at τ = τc.

The first step of the algorithm is to “split” each orbital ϕn(z)
[Eq. (9)] into components ϕnR/L supported on the right and left
of a cut at τc,

ϕn(z) = θ (τ − τc)ϕn(z) + θ (τc − τ )ϕn(z)

= gnLϕnL(z) + gnRϕnR(z). (37)

We normalize the split orbitals by factors gL/R such that
{ϕnL,ϕnR} remains an orthonormal basis. Expressing the state
in terms of the split basis amount to appending isometries I
onto the B matrices,

Bm
αβ → Bm

αβI kl
m , I kl

m =

√(
m

k

)
gk

L gl
Rδk+l,m, (38)

where the factors g implicitly depend on the orbital location.
Because the orbitals ϕn are exponentially localized about τn =
2πℓ2

B

L
n, we can work at some fixed accuracy by splitting only

the M ∼ O( L
ℓB

) orbitals nearest to the cut. In practice, we find
M = 1.5L/ℓB is sufficient to obtain a converged spectrum. As
illustrated in Fig. 6(a), the affected B matrices are then split
using a SVD equivalent to the truncation step of time evolving
block decimation (TEBD).67 As with TEBD, the splitting step
preserves the “canonical” form of the MPS, implying that the
bipartition about the new bond is a Schmidt decomposition.

After the splitting step we have added M B matrices to
the chain, with orbitals alternating between the left and right

245305-7

Zaletel, Mong, PRB 86, 245305

Using discrete set of 'orbitals', can study continuum 
quantum Hall systems on cylinders

Density plots of fractional "quasi-hole" excitations:



DMRG for two-dimensional systems (cylinders) 
requires extreme care

Ny
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Scaling is: N
x

eaNy
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Like exact diagonalization, but only exponential in one 
direction (Ny), linear in other direction 

Only Ny ~ 10-20 usually reachable



Why exponential in y direction?

If 2D ground state obeys boundary law, 
means 

Entanglement of MPS is bounded by log(m)

S ⇠ Ny
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=) S ⇠ Ny ⇠ log(m)
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Takeaway 

• 'Gauging' MPS important for accurate truncation,        
efficient measurement 

• Matrix product operators (MPOs) can represent Hamiltonians 
in a generic way 

• DMRG is a powerful algorithm for optimizing MPS


