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'Gauging' an MPS bestows it with useful properties
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MPOs can compactly and generically represent 
Hamiltonians
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DMRG algorithm for optimizing MPS

H̃| ̃i = E| ̃i
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Beyond Matrix Product States



Evenbly, Vidal, PRB 79, 144108 (2009)

PEPS
(2D systems)

Besides matrix product state network, other 
very interesting networks are PEPS and 
MERA

Verstraete, Cirac, cond-mat/0407066 (2004)

Orus, Ann. Phys. 349, 117 (2014)
tation of two-point correlators! and also leads to a much
more convenient generalization in two dimensions.

II. MERA

Let L denote a D-dimensional lattice made of N sites,
where each site is described by a Hilbert space V of finite
dimension d, so that VL"V!N. The MERA is an ansatz used
to describe certain pure states #!$!VL of the lattice or, more
generally, subspaces VU!VL.

There are two useful ways of thinking about the MERA
that can be used to motivate its specific structure as a tensor
network, and also help understand its properties and how the
algorithms ultimately work. One way is to regard the MERA
as a quantum circuit C whose output wires correspond to the
sites of the lattice L.5 Alternatively, we can think of the
MERA as defining a coarse-graining transformation that
maps L into a sequence of increasingly coarser lattices, thus
leading to a renormalization-group transformation.1 Next we
briefly review these two complementary interpretations.
Then we compare several MERA schemes and discuss how
to exploit space symmetries.

A. Quantum circuit

As a quantum circuit C, the MERA for a pure state #!$
!VL is made of N quantum wires, each one described by a
Hilbert space V, and unitary gates u that transform the unen-
tangled state #0$!N into #!$ %see Fig. 1!.

In a generic case, each unitary gate u in the circuit C
involves some small number p of wires,

u: V!p → V!p, u†u = uu† = I , %1!

where I is the identity operator in V!p. For some gates, how-
ever, one or several of the input wires are in a fixed state #0$.
In this case we can replace the unitary gate u with an iso-
metric gate w

w: Vin → Vout, w†w = IVin
, %2!

where Vin"V!pin is the space of the pin input wires that are
not in a fixed state #0$ and Vout"V!pout is the space of the
pout= p output wires. We refer to w as a %pin , pout! gate or
tensor.

Figure 2 shows an example of a MERA for a 1D lattice L
made of N=16 sites. Its tensors are of types %1,2! and %2,2!.
We call the %1,2! tensors isometries w and the %2,2! tensors
disentanglers u for reasons that will be explained shortly, and
refer to Fig. 2 as a binary 1D MERA, since it becomes a
binary tree when we remove the disentanglers. Most of the
previous work for 1D lattices1,5–7,16–18 has been done using
the binary 1D MERA. However, there are many other pos-

FIG. 1. %Color online! Quantum circuit C corresponding to a
specific realization of the MERA, namely, the binary 1D MERA of
Fig. 2. In this particular example, circuit C is made of gates involv-
ing two incoming wires and two outgoing wires, p= pin= pout=2.
Some of the unitary gates in this circuit have one incoming wire in
the fixed state #0$ and can be replaced with an isometry w of type
%1,2!. By making this replacement, we obtain the isometric circuit
of Fig. 2. FIG. 2. %Color online! %Top! Example of a binary 1D MERA for

a lattice L with N=16 sites. It contains two types of isometric
tensors, organized in T=4 layers. The input %output! wires of a
tensor are those that enter it from the top %leave it from the bottom!.
The top tensor is of type %1,2! and the rank "T of its upper index
determines the dimension of the subspace VU!VL represented by
the MERA. The isometries w are of type %1,2! and are used to
replace each block of two sites with a single effective site. Finally,
the disentanglers u are of type %2,2! and are used to disentangle the
blocks of sites before coarse-graining. %Bottom! Under the
renormalization-group transformation induced by the binary 1D
MERA, three-site operators are mapped into three-site operators.

G. EVENBLY AND G. VIDAL PHYSICAL REVIEW B 79, 144108 %2009!
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MERA
(critical systems)
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PEPS Tensor Network

Most straightforward extension of matrix product states 
to two-dimensional lattices
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PEPS Tensor Network

Powerful algorithms to address 
infinite 2D systems

PHILIPPE CORBOZ PHYSICAL REVIEW B 94, 035133 (2016)

benchmark results for the 2D Heisenberg model, the Shastry-
Sutherland model, and the t-J model to demonstrate the
performance of the variational approach compared to results
based on ITE. Finally, we discuss and summarize our findings
in Sec. V. In addition, in the Appendix we explain how to
implement a two-site variational optimization which can be
used complementary to the one-site update discussed in the
main text.

II. INTRODUCTION TO iPEPS

A. iPEPS ansatz

An iPEPS is an efficient variational tensor network ansatz
for 2D ground states of local Hamiltonians in the thermo-
dynamic limit [5,7,8,11,36] which obey an area law of the
entanglement entropy [10]. It consists of a rectangular unit
cell of tensors with one tensor per lattice site A[x,y], where
[x,y] label the coordinates of a tensor relative to the unit
cell of size Lx × Ly = NT , shown in Fig. 1(a). Each tensor
has one physical index carrying the local Hilbert space of a
lattice site and four auxiliary indices which connect to the
nearest-neighbor tensors on a square lattice (more generally,
a PEPS has z auxiliary indices, where z is the coordination
number of the lattice). The accuracy of the ansatz can be
systematically controlled by the bond dimension D of the
auxiliary indices.

For a translationally invariant state an ansatz with a
single-tensor unit cell can be chosen. However, if translational
symmetry is spontaneously broken, a larger unit-cell size com-
patible with the periodicity of the ground state is required (for
example, for an antiferromagnetic state two different tensors
for the two sublattices are needed). Since the periodicity of
the ground state is typically not known in advance, one has to
perform simulations with different unit cell sizes to determine
which cell size leads to the lowest variational energy. Using
different unit cells also offers the possibility to find different
competing low-energy states (see, e.g., Ref. [21]).

B. Contraction of an iPEPS

In order to compute an expectation value of an observable Ô
with respect to an iPEPS wave function |!⟩, the corresponding
2D tensor network representing ⟨!|Ô|!⟩ has to be contracted
in a controlled, approximate way. In this work we use a
variant of the CTM renormalization group method [30–32]
for arbitrary unit-cell sizes [21,36], which is summarized in
the following.

Consider the problem of computing the norm of an iPEPS
⟨!|!⟩, which boils down to contracting the infinite 2D
square-lattice network of the reduced tensors a[x,y], shown in
Fig. 1(c), where each a[x,y] is obtained from contracting A[x,y]

with its conjugate tensor A†[x,y] [see Fig. 1(b)]. The goal of
the CTM approach is to compute the four corner tensors C1,
C2, C3, C4 and the four edge tensors T1, T2, T3, T4 for each
coordinate [x,y] in the unit cell, where each corner tensor
represents a quadrant and the edge tensors represent a half
row (or half column) of the infinite 2D network. All these
tensors together form the so-called environment, representing
the infinite system surrounding a bulk site (or several bulk
sites), as shown in Fig. 1(c). Once the environment has been
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FIG. 1. (a) iPEPS ansatz with a 3 × 2 unit cell of tensors which
is periodically repeated in the lattice. (b) The reduced tensor a[x,y] is
obtained from contracting an iPEPS tensor A[x,y] with its conjugate
A†[x,y] along the physical leg. (c) The norm ⟨!|!⟩ is represented
as an infinite square-lattice network of reduced tensors. The CTM
approach yields the environment tensors surrounding a bulk tensor
a[x,y] where the corner tensors C1, C2, C3, C4 take into account a
quarter-infinite system and the edge tensors T1, T2, T3, T4 take into
account an infinite half row or half column of the system. (d) A left
move is done by inserting a new column of tensors, multiplying the
tensors to the left, and performing a renormalization step (this is done
for all coordinates y). (e) Diagrams to compute the updated corner
and edge tensors C ′

1, C ′
4, T ′

4 at coordinate x (for all y coordinates).
Note that the coordinates are always taken modulo the unit cell size.
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benchmark results for the 2D Heisenberg model, the Shastry-
Sutherland model, and the t-J model to demonstrate the
performance of the variational approach compared to results
based on ITE. Finally, we discuss and summarize our findings
in Sec. V. In addition, in the Appendix we explain how to
implement a two-site variational optimization which can be
used complementary to the one-site update discussed in the
main text.

II. INTRODUCTION TO iPEPS

A. iPEPS ansatz

An iPEPS is an efficient variational tensor network ansatz
for 2D ground states of local Hamiltonians in the thermo-
dynamic limit [5,7,8,11,36] which obey an area law of the
entanglement entropy [10]. It consists of a rectangular unit
cell of tensors with one tensor per lattice site A[x,y], where
[x,y] label the coordinates of a tensor relative to the unit
cell of size Lx × Ly = NT , shown in Fig. 1(a). Each tensor
has one physical index carrying the local Hilbert space of a
lattice site and four auxiliary indices which connect to the
nearest-neighbor tensors on a square lattice (more generally,
a PEPS has z auxiliary indices, where z is the coordination
number of the lattice). The accuracy of the ansatz can be
systematically controlled by the bond dimension D of the
auxiliary indices.

For a translationally invariant state an ansatz with a
single-tensor unit cell can be chosen. However, if translational
symmetry is spontaneously broken, a larger unit-cell size com-
patible with the periodicity of the ground state is required (for
example, for an antiferromagnetic state two different tensors
for the two sublattices are needed). Since the periodicity of
the ground state is typically not known in advance, one has to
perform simulations with different unit cell sizes to determine
which cell size leads to the lowest variational energy. Using
different unit cells also offers the possibility to find different
competing low-energy states (see, e.g., Ref. [21]).

B. Contraction of an iPEPS

In order to compute an expectation value of an observable Ô
with respect to an iPEPS wave function |!⟩, the corresponding
2D tensor network representing ⟨!|Ô|!⟩ has to be contracted
in a controlled, approximate way. In this work we use a
variant of the CTM renormalization group method [30–32]
for arbitrary unit-cell sizes [21,36], which is summarized in
the following.

Consider the problem of computing the norm of an iPEPS
⟨!|!⟩, which boils down to contracting the infinite 2D
square-lattice network of the reduced tensors a[x,y], shown in
Fig. 1(c), where each a[x,y] is obtained from contracting A[x,y]

with its conjugate tensor A†[x,y] [see Fig. 1(b)]. The goal of
the CTM approach is to compute the four corner tensors C1,
C2, C3, C4 and the four edge tensors T1, T2, T3, T4 for each
coordinate [x,y] in the unit cell, where each corner tensor
represents a quadrant and the edge tensors represent a half
row (or half column) of the infinite 2D network. All these
tensors together form the so-called environment, representing
the infinite system surrounding a bulk site (or several bulk
sites), as shown in Fig. 1(c). Once the environment has been
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FIG. 1. (a) iPEPS ansatz with a 3 × 2 unit cell of tensors which
is periodically repeated in the lattice. (b) The reduced tensor a[x,y] is
obtained from contracting an iPEPS tensor A[x,y] with its conjugate
A†[x,y] along the physical leg. (c) The norm ⟨!|!⟩ is represented
as an infinite square-lattice network of reduced tensors. The CTM
approach yields the environment tensors surrounding a bulk tensor
a[x,y] where the corner tensors C1, C2, C3, C4 take into account a
quarter-infinite system and the edge tensors T1, T2, T3, T4 take into
account an infinite half row or half column of the system. (d) A left
move is done by inserting a new column of tensors, multiplying the
tensors to the left, and performing a renormalization step (this is done
for all coordinates y). (e) Diagrams to compute the updated corner
and edge tensors C ′
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4 at coordinate x (for all y coordinates).
Note that the coordinates are always taken modulo the unit cell size.
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MERA Tensor Network

The MERA tensor network generalizes matrix 
product state to a layered structure
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Entanglement Scaling

Key motivation of PEPS and MERA is capturing 
scaling of entanglement beyond 1D, gapped case

Two basic types of behavior (dimensions d=1,2):

region B

region A

LA
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Entanglement Scaling

Key motivation of PEPS and MERA is capturing 
scaling of entanglement beyond 1D, gapped case

Two basic types of behavior (dimensions d=1,2):

region B

region A

LA

S ⇠ Ld�1
A
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Entanglement Scaling

Key motivation of PEPS and MERA is capturing 
scaling of entanglement beyond 1D, gapped case

Two basic types of behavior (dimensions d=1,2):

region B

region A

LA

S ⇠ Ld�1
A
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region B

region A

LA

Entanglement Scaling

S ⇠ Ld�1
A
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Boundary law times log correction:

Intuition behind these two behaviors: 

1. Product state + local fluctuations: all entanglement  
    near boundary between A and B 

2. Scale invariant. Boundary law contribution at      
    each scale, log(LA) rescaling transformations until  
    region A shrinks to a point

1.

2.
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Entanglement Scaling

Based on numerical & field theory evidence, can 
make following table of expected scaling:

Dimension              

1

1

2

2

gapped

critical

gapped

gapless, Fermi points

gapless, Fermi surface

Gap ?

2

Scaling S with LA

const.
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LA log(LA)
<latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit>
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Min-cut Argument

To motivate why PEPS and MERA are a good idea 
make following observation:

Consider a matrix (= density matrix) having internal 
'tensor network' structure

⇢ =
<latexit sha1_base64="VSBEbW+HBNA4a5Q6XuLP+2YcUbo="></latexit><latexit sha1_base64="VSBEbW+HBNA4a5Q6XuLP+2YcUbo="></latexit><latexit sha1_base64="VSBEbW+HBNA4a5Q6XuLP+2YcUbo="></latexit><latexit sha1_base64="VSBEbW+HBNA4a5Q6XuLP+2YcUbo="></latexit>
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Min-cut Argument

For simplicity, assume all index lines of size D

Then     is D8 x D8 matrix⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>

But can be written as sum of outer products of only 
D vectors (each of dimension D8)

D
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Min-cut Argument

Call linear dimension of     "R"  ( = D8 in example)

Then     has a kernel (null space) of dimension R-D⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>

At most D of the vectors forming     can be 
linearly independent

D

⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>

⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>
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Min-cut Argument

So rank of      is R-(dimension of kernel) = R-(R-D) = D

D

⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>

Can only have D non-zero eigenvalues
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Min-cut Argument

More generally, can show rank of a "structured" 
matrix is minimum of product of dimensions of lines 
needed to cut into two pieces

D1 D2

D3

D3

D4

not a min cut
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Min-cut Argument

More generally, can show rank of a "structured" 
matrix is minimum of product of dimensions of lines 
needed to cut into two pieces

D1 D2

D3

D3

D4

min cut

rank(   ) = D1 D2 D3⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Min-cut Argument

If matrix is a density matrix, then maximum entropy 
occurs when all eigenvalues = 1/rank

D1 D2

D3

D3

D4

min cut

Smax(   ) = log( D1 D2 D3 )⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>

=) S
max

= log(rank)

<latexit sha1_base64="rQ8ypXd99YVcKRiouJk+QXy5kBY="></latexit><latexit sha1_base64="rQ8ypXd99YVcKRiouJk+QXy5kBY="></latexit><latexit sha1_base64="rQ8ypXd99YVcKRiouJk+QXy5kBY="></latexit><latexit sha1_base64="rQ8ypXd99YVcKRiouJk+QXy5kBY="></latexit>

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Min-cut Argument

Let's apply this argument to various tensor networks

D1 D2

D3

D3

D4

min cut

Smax(   ) = log( D1 D2 D3 )⇢
<latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit><latexit sha1_base64="cEMHYn2aBHincxFA8D/2NQUAPpQ="></latexit>
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Min-cut Argument

Matrix product state (MPS)

| i
<latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit><latexit sha1_base64="4BDg2yYrYrcNrwXqiysvO3jNcdc="></latexit>
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Min-cut Argument

Matrix product state (MPS)

⇢A
<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit>

Independent of system size = boundary law 
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Min-cut Argument

Matrix product state (MPS)

⇢A
<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit> min cut

m

Independent of system size = boundary law 
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Min-cut Argument

Matrix product state (MPS)

Smax = log( m )

⇢A
<latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit><latexit sha1_base64="o695Kxy+DLG6YVz1B0ASXPVJL9U="></latexit> min cut

m

Independent of system size = boundary law 
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Min-cut Argument
PEPS wavefunction

A

B

{
<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit> {

<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit>
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Min-cut Argument
PEPS wavefunction

A

B

{
<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit> {

<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit>

min cut
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Min-cut Argument
PEPS wavefunction

A

B

{
<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit> {

<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit>

min cut
{ <latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit>

LA
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Min-cut Argument
PEPS wavefunction

A

B

{
<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit> {

<latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit>

min cut

Smax = log( DLA ) =  LA log( D )

{ <latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit><latexit sha1_base64="gD9GYuvQLA/6M49+U51d/V+467Y="></latexit>

LA
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Min-cut Argument
MERA wavefunction

A
{ <latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit>
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Min-cut Argument
MERA wavefunction

A
{ <latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit>

min cut
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Min-cut Argument
MERA wavefunction

A
{ <latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit>

min cut

Number of layers intersecting min cut of region A 
is log(     ) LA

<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>
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Min-cut Argument
MERA wavefunction

A
{ <latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit><latexit sha1_base64="4w0yQjvV2+0O7C9Csw7YsqjoC7I="></latexit>

min cut

Number of layers intersecting min cut of region A 
is log(     ) LA

<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

Smax = log( Dlog(     ) ) =  log(     ) log( D )LA
<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

LA
<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Entanglement Scaling

MPS, MERA, and PEPS realize most cases

Dimension              

1

1

2

2

gapped

critical

gapped

gapless, Fermi points

gapless, Fermi surface

Gap ?

2

Scaling S with LA

const.

<latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit>

log(LA)
<latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit>

LA
<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

LA
<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

LA log(LA)
<latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit>
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Entanglement Scaling

MPS, MERA, and PEPS realize most cases

Dimension              

1

1

2

2

gapped

critical

gapped

gapless, Fermi points

gapless, Fermi surface

Gap ?

2

Scaling S with LA

const.

<latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit>

log(LA)
<latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit>

LA
<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

LA
<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

LA log(LA)
<latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit><latexit sha1_base64="65YmTxeDd6SfEMjYxu8Ns13S7f0="></latexit>

MPS
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Entanglement Scaling

MPS, MERA, and PEPS realize most cases

Dimension              

1

1

2

2

gapped

critical

gapped

gapless, Fermi points

gapless, Fermi surface

Gap ?

2

Scaling S with LA

const.

<latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit><latexit sha1_base64="gr4QNjl967JVlRa7OWox1f8eMoY="></latexit>

log(LA)
<latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit><latexit sha1_base64="nDXG43/7Z1S2mzxTurIA6Z5W3ZU="></latexit>

LA
<latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit><latexit sha1_base64="D24YK5dE8JZrd4nj5tFUeZCttkY="></latexit>

LA
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Entanglement Scaling

MPS, MERA, and PEPS realize most cases

Dimension              

1

1

2

2

gapped

critical

gapped

gapless, Fermi points

gapless, Fermi surface

Gap ?

2

Scaling S with LA

const.
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Entanglement Scaling

MPS, MERA, and PEPS realize most cases

Dimension              

1

1

2

2

gapped

critical

gapped

gapless, Fermi points

gapless, Fermi surface

Gap ?

2

Scaling S with LA

const.
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Entanglement Scaling

MPS, MERA, and PEPS realize most cases

Dimension              

1

1

2

2

gapped

critical

gapped

gapless, Fermi points

gapless, Fermi surface

Gap ?

2

Scaling S with LA

const.
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MERA Tensor Network

Matrix product state captures only 
exponential correlations
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MERA Tensor Network

MERA layered architecture captures 
power-law correlations
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MERA Tensor Network

MERA layered architecture captures 
power-law correlations
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Introduction to DMRG for Quantum Chemistry



A large part of quantum chemistry is calculating energies 
of molecules within the Born-Oppenheimer approximation

Figure credit: iqmol.org
© Edwin Miles Stoudenmire, Flatiron Institute, 2018



A standard approach pioneered by John Pople is to use 
Gaussian basis functions to approximate the continuum

Figure credit: iqmol.org
© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Consider an H2 molecule

Cartoon of Gaussian basis sets:
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Consider an H2 molecule

Cartoon of Gaussian basis sets:

bn(r) =
NnX

i=1

cn,ie
�⇣n,i(r�rA)2

<latexit sha1_base64="YJiWBXFfyAogUIgWNkToKacstbo="></latexit><latexit sha1_base64="YJiWBXFfyAogUIgWNkToKacstbo="></latexit><latexit sha1_base64="YJiWBXFfyAogUIgWNkToKacstbo="></latexit><latexit sha1_base64="YJiWBXFfyAogUIgWNkToKacstbo="></latexit>

Basis sets also include linear combinations of Gaussians:

And multiplicative factors: x

p
y

q
z

s
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Fixed nuclei Hamiltonian – "electronic structure" problem:

H =

Z

r
 ̂†
�(r)


�1

2
r2 + v(r)

�
 ̂�(r)

Basis set approach: define

transform to discrete       basis and 
compute ground state

ĉn =

Z

r
�n(r) ̂(r)

ĉn

+
1

2

Z

rr0

1

|r� r0|  ̂
†
�(r) ̂

†
�0(r0) ̂�0(r0) ̂�(r)
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Vijkl =

Z

r1,r2

�i(r1)�j(r2)�k(r2)�l(r1)

|r1 � r2|

H =
X

ij

tijc
†
i�cj� +

X

ijkl

Vijklc
†
i�c

†
j�0ck�0cl�
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Orbital basis Hamiltonian (i,j,k,l label orbital 'sites'):

tij =

Z

r
�i(r)


�1

2
r2 + v(r)

�
�j(r)
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Vijkl =

Z

r1,r2

�i(r1)�j(r2)�k(r2)�l(r1)

|r1 � r2|

H =
X

ij

tijc
†
i�cj� +

X

ijkl

Vijklc
†
i�c

†
j�0ck�0cl�
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Orbital basis Hamiltonian (i,j,k,l label orbital 'sites'):

tij =

Z

r
�i(r)


�1

2
r2 + v(r)

�
�j(r)
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Point of using Gaussians is computing integrals quickly!
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Wavefunction in orbital basis:

nj = {0, ", #, "#} orbital occupancy basis

tensor with 4k components n1n2···nk

| i =
X

{n}

 n1n2···nk |n1n2 · · ·nki
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MPS Approximation

Simple approximation: single Slater determinant

Chan and Sharma, Annu. Rev. Phys. Chem. 2011.62:465-48 

 n1n2···nk ⇡
X

{i}

 n1 n2 n3 · · · nk

How to improve?

Occupancy of orbitals independent of each other
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Add internal indices          include correlations

Chan and Sharma, Annu. Rev. Phys. Chem. 2011.62:465-48 

MPS Approximation
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Add internal indices          include correlations

Chan and Sharma, Annu. Rev. Phys. Chem. 2011.62:465-48 

 n1n2···nk ⇡
X

{i}

 n1 n2 n3 · · · nk

i1 i1

MPS Approximation

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Add internal indices          include correlations

Chan and Sharma, Annu. Rev. Phys. Chem. 2011.62:465-48 

 n1n2···nk ⇡
X

{i}

 n1 n2 n3 · · · nk

i1 i1 i2 i2

MPS Approximation
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Add internal indices          include correlations

Chan and Sharma, Annu. Rev. Phys. Chem. 2011.62:465-48 

 n1n2···nk ⇡
X

{i}

 n1 n2 n3 · · · nk

i1 i1 i2 i2 ik�1i3

Results in matrix product state form of wavefunction

MPS Approximation
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DMRG for Quantum Chemistry

DMRG has many advantages for chemistry, 
especially when wavefunction strongly correlated

Chan and Sharma, Annu. Rev. Phys. Chem. 2011.62:465-48 

Yet DMRG can struggle for: 
• strong "dynamic" correlations  
• molecules extended in 2D or 3D

Modest-size MPS wavefunction can represent sum 
of exponentially many Slater determinants

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



But current basis-set DMRG approach has additional 
problems not fundamental to DMRG itself

Orthogonalizing basis set produces long tails, 
despite efforts to localize functions

Alternatives to pure basis-set approach?

Resulting Hamiltonian has N4 terms, and also DMRG 
wavefunction hard to represent (highly entangled)

DMRG for Quantum Chemistry

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Two Continuum Approaches

Consider 1D particles in a box

Approach 1: basis set c

n

=

Z

x

�

n

(x) ̂(x)

Loss of locality 
Must compute integrals 
Variational

H = �1

2

Z

x

 ̂†(x)
@2

@x2
 ̂(x) ! H =

X

nm

tnmc†ncm

-
-
+

n = 1

n = 2

n = 3
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Two Continuum Approaches

Consider 1D particles in a box

Approach 2: grid approximation cj =
p
a  ̂(xj)

Local / short range 
No integrals to compute 
Not variational-

+
+

H = �1

2

Z

x

 ̂†(x)
@2

@x2
 ̂(x)!

H ⇡ � 1

2a2

X

j

(c†jcj+1 � 2nj + c†j+1cj)

+O(a2)
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Can use grid + DMRG for interacting 
many-body physics in 1D continuum:

n(x)

v(x)

Stoudenmire, Wagner, White, Burke, PRL 109, 056402 (2012)
Wagner et al., PRB 90, 045109 (2014)
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2. 3D Grid DMRG?

What about 3D continuum? (molecules, cold atoms)

1. Basis set DMRG:  works well, but could scale better

Too many sites!

3. Hybrid grid + basis set DMRG...

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Slicing Approach

Slice 3D chemical 
basis sets along 
x-direction:

Map to 1D 'chain' 
with 1000's of sites 
(small               ):

• Can reach chemical accuracy for  
• Scalable to 1000's of atoms

�x = a a

a . 0.1
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Sliced Basis Set

Slices roughly equivalent to using  
basis set of "functions":

�nj(r) = �

1
2 (x� xn)'nj(y, z)

xn = na

Functions on different slices              automatically ortho.n0 6= n

In transverse direction, orthogonalize the basis set  
[                orthogonal for same     and            ]'nj(y, z) n j0 6= j

n = 1    2     3     4    5     6     7     8    9
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Constructing a Sliced Basis

1. On each slice, collect standard basis functions from    
    each atom, projected onto the slice 

�niA(y, z) = �iA(xn, y, z)

   Projected functions are not normalized

2. Orthogonalize projected functions symmetrically, 
    truncating any with negligible contribution

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Constructing a Sliced Basis

Example #1: H2 molecule, slice through nucleus

Original basis

Orbitals taken from cc-pvTZ, 
S orbitals only

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Constructing a Sliced Basis

Example #1: H2 molecule, slice through nucleus

Orthogonal basis

Orbitals taken from cc-pvTZ, 
S orbitals only

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Constructing a Sliced Basis

Example #2: H2 molecule, slice through bond

Original basis

Orbitals taken from cc-pvTZ, 
S orbitals only
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Constructing a Sliced Basis

Example #2: H2 molecule, slice through bond

Orthogonal basis

Orbitals taken from cc-pvTZ, 
S orbitals only

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Delta function in x really means "grid approximation" 
to Hamiltonian

Replace         with higher-order discretized derivative

Not variational, but can keep grid error below basis error  
(controlled: goes to zero as grid spacing "a" goes to zero)

@

2

@x

2

�nj(r) = �

1
2 (x� xn)'nj(y, z)

Sliced Basis Set

Kinetic Energy:
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Sliced Basis Set

�nj(r) = �

1
2 (x� xn)'nj(y, z)

Interaction Energy:

Vijkl =

Z

r1,r2

�i(r1)�j(r2)�k(r2)�l(r1)

|r1 � r2|

Normally must deal with         interaction termsN4
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Sliced Basis Set

�nj(r) = �

1
2 (x� xn)'nj(y, z)

Interaction Energy:

Vijkl =

Z

r1,r2

�i(r1)�j(r2)�k(r2)�l(r1)

|r1 � r2|

Normally must deal with         interaction termsN4

But treat slices as orthogonal. Then            non-zero 
only if         on same slice and          on same slice

Vijkl

i, l j, k
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Sliced Basis Set

�nj(r) = �

1
2 (x� xn)'nj(y, z)

Interaction Energy:

Vijkl =

Z

r1,r2

�i(r1)�j(r2)�k(r2)�l(r1)

|r1 � r2|

Normally must deal with         interaction termsN4

But treat slices as orthogonal. Then            non-zero 
only if         on same slice and          on same slice

Vijkl

i, l j, k

Number of terms: N4 ! N2

x

N4

orb
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Form of Hamiltonian

Start from fixed nuclei Hamiltonian:

H =

Z

r
 ̂†
�(r)


�1

2
r2 + v(r)

�
 ̂�(r)

Define 

and transform to          basis

+
1

2

Z

rr0
vee(r� r0) ̂†

�(r) ̂
†
�0(r0) ̂�0(r0) ̂�(r)

ĉnj�

ĉnj� =
p
a

Z

y,z
'nj(x, y)  ̂�(xn, y, z)
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Form of Hamiltonian

Discrete  (n,j) labels can be viewed as a "ladder" lattice

xn "slice"

orbital # j

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   
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Form of Hamiltonian

Hamiltonian turns into three pieces

H =

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   
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Form of Hamiltonian

Hamiltonian turns into three pieces

H =

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   

X

n

H(slice)
n
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Form of Hamiltonian

Hamiltonian turns into three pieces

H = + T (grid)

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   

X

n

H(slice)
n
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Form of Hamiltonian

Hamiltonian turns into three pieces

H = + T (grid) + V

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   

X

n

H(slice)
n
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Form of Hamiltonian

Full complexity of orbital basis, but confined to each slice                         

              terms but           is small (N
orb

)4 N
orb

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   

H(slice)
n =

X

ij

tijn c
†
nicnj +

X

ijkl

V ijkl
n c†nic

†
njcnkcnl

H = + T (grid) + V
X

n

H(slice)
n

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Form of Hamiltonian

Grid kinetic energy: hop without changing orbital

Can use higher-order discrete deriv. to reduce error in a

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   

H = + T (grid) + V
X

n

H(slice)
n

j

T (grid) = � 1

2a2

X

nj

(c†njcn+1,j � 2nnj + c†n+1,jcnj)
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Form of Hamiltonian

Operators        and        paired within rungsc† c

Consists of                 terms  (            ) 

Can get even better scaling with compression  
(matrix product operator) tricks

N2 N4

orb

<< N4

n=1          n=2        n=3         n=4         n=5

j=3 

j=2 

j=1   

H = + T (grid) + V
X

n

H(slice)
n

V =
X

nn0

X

ijkl

V nil
mjk(c

†
nicnl)(c

†
mjcmk)
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Results for Hydrogen Chains

+x
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Density plot – chain of 10 hydrogen atoms

Spacing R=2.8; cc-pvDZ derived basis set
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Chains of Na = 10 hydrogen atoms, spacing R (fixed nuclei)
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Chains of Na = 10 hydrogen atoms, spacing R (fixed nuclei)
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Chains of Na = 10 hydrogen atoms, spacing R (fixed nuclei)

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Chains of Na = 10 hydrogen atoms, spacing R (fixed nuclei)
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Chains of Na = 10 hydrogen atoms, spacing R (fixed nuclei)
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Chains of Na = 10 hydrogen atoms, spacing R (fixed nuclei)
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Other main advantage of slicing approach is  
simpler Hamiltonian.

Advantages of Slicing Approach

•                        parts are very short range, easy for DMRG 

•      contains                    terms, but can compress into a 
matrix product operator (MPO) of bond dimension only 
about                       , weakly dependent on system size

H = + T (grid) + V
X

j

H
(slice)
j

+ T (grid)
X

j

H
(slice)
j

V N2(N
orb

)4

N2(N
orb

)4 ! (MMPO)
2

MMPO ⇠ 100
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Other advantanges to explore 

• can optimize transverse functions within DMRG 

• can use tensor networks (tree network; MERA) to 
initialize and optimize 

• easier for applying time-dependent DMRG in 
chemistry context?

Advantages of Slicing Approach
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Conclusions & Future directions

• Hybrid grid + basis set ("sliced" basis) approach can 
extend usefulness of DMRG for chemistry 

• Better scaling and treatment of correlations 

• Approach is ideal for 1D trapped cold atoms too 

• New MPO technology can be used for real-time 
evolution / dynamics studies
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Finite Temperature Systems  
with MPS



Finite Temperature Systems with Matrix Product States

Two different, complementary techniques: 
• purification / ancilla 
• minimally entangled typical thermal states (METTS)

Highlight of applications
SciPost Physics Submission
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Figure 3: MPS-NLCE with smaller Trotter time step ⌧ = 0.01 illustrating excellent agreement
with reference data at high temperatures.

break a discrete symmetry, they can persist for finite temperatures T > 0 and in such cases will
be separated from the high-temperature paramagnetic phase by a finite-temperature phase
transition.

Most theoretical studies of the triangular AFHM in an external magnetic field focus on
the zero-temperature phases. The finite-temperature phase diagram has been explored by
Monte-Carlo in the large-S limit [54] as well as in experimental AFHM in materials such as
Ba3CoSb2O9 [38] and Cs2CuBr4 [41].

Here we apply our MPS techniques to gather additional insight into the finite-temperature
properties of the system. Unfortunately, we are not able to fully resolve the finite-temperature
phase transition since, according to the experiments, the ordered phases should appear only
for low temperatures T < 0.25. Our METTS sampling is numerically limited to temperature
regimes of T > 0.25 on width Ny = 4 systems. However, an explicit study of Tc might be in
reach employing a recently introduced, more e�cient METTS sampling, that allows symmetry
conservation even in the presence of a magnetic field [55]. This is left for future work.

For now we present MPS results for finite hz in Fig. 4, which includes energy density E
[Fig. 4 (a)], magnetization mz [Fig. 4 (b)], specific heat Cv [Fig. 4 (c)], and susceptibility
�z = (hm̂2

ziT � hm̂zi2T )/(TN) [Fig. 4 (d)] per site. We focus on three di↵erent field strengths,
each representing a point in either one of the two distinct co-planar phases (hz = 1, 3) or in
the plateau phase (hz = 2). Again the high-temperature regime is covered by our MPS-NLCE
using purification (solid lines) while METTS is used at lower temperatures (squares).

The presence of long-range ordered states at finite-temperature can lead to stronger spin-
spin correlations at higher temperatures if the system undergoes a continuous transition. This
can clearly be seen in context of Cv and �z for which the NLCE breaks down (due to finite
cluster size e↵ects) at significantly higher temperatures in comparison to the zero-field case.
This breakdown of MPS-NLCE is indicated by dashed lines in Fig. 4(c,d) showing the naive
continuation of our MPS-NLCE procedure to lower temperatures for fixed maximum cluster
size. It is unlikely that this is already a clear signature of the critical temperature Tc since
we expect the phase transition to appear at significantly lower temperatures [38]. Moreover,
the e↵ect is most pronounced for strong magnetic fields at hz = 3, whereas Tc should actually
decrease compared to the plateau phase at hz = 2.

OurNy = 4METTS results agree well with NLCE at high temperatures and can be pushed

12
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Finite Temperature Quantum Mech

Given Hamiltonian, for example Ĥ =
X

hiji

~Si · ~Sj

Compute finite T observables 

⇢̂ =
1

Z
e�Ĥ/T hÂi = Tr[⇢̂Â]
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Finite Temperature Quantum

Lots of interesting physics at finite T (especially in 2 or 3 dimensions)

• Critical behavior 

• Magnetization plateuax 

• Pseudogap crossover in high Tc materials 

• Quenches & dynamics from finite T systems (Bonnes, Essler, Lauchli)

HðΔÞ ¼ J
XL−1

i¼1

ðSxi Sxiþ1 þ Syi S
y
iþ1 þ ΔSziSziþ1Þ: ð1Þ

Initially, the system is prepared in a Gibbs state corre-
sponding to an XXZ Hamiltonian with anisotropy Δi at a
temperature T, i.e., ρðt ¼ 0Þ ¼ Z−1

β exp½−βHðΔiÞ& with
β ¼ 1=ðkBTÞ, where Zβ ¼ Tr exp½−βHðΔiÞ& (we set
kB ¼ 1). The anisotropy is then quenched at time t ¼ 0þ

from Δi to 0 ≤ Δf ≤ 1, as depicted in Fig. 1(a), and the
system subsequently evolves unitarily with Hamiltonian
HðΔfÞ [40]. In order to probe the spreading of correlations
we consider the longitudinal spin correlation functions
Szðj;tÞ¼ hSzL=2ðtÞS

z
jðtÞi−hSzL=2ðtÞihS

z
jðtÞi centered around

the middle of the chain. Results for Szðj; tÞ are most easily
visualized in space-time plots, and typical results are shown
in Fig. 2. The most striking feature observed in these plots
is the light-cone effect: at a given separation j connected
correlations Szðj; tÞ arise fairly suddenly at a time that
scales linearly with j.
These results demonstrate that the light-cone effect

persists for mixed initial states, although the visibility of

the signal is diminished with increasing temperature (until
it vanished completely at β ¼ 0, since the initial density
matrix is trivial and stationary). Comparing the time
evolution of the correlation functions for different initial
temperatures, we see (cf. Figs. 2 and 3) that the signal front
is delayed when the temperature of the initial state is
increased, signaling that the spreading slows down. We
further observe that the spreading velocity is sensitive to the
strength of the quench, i.e., the value of the initial
interaction. At this point we should note that this finding
is unexpected. Based on our current understanding of
quenches to CFTs or of Lieb-Robinson bounds, there
are no predictions available which support spreading
velocities depending on the initial state.
Having established the result that the spreading velocity

depends both on the initial density matrices and the final
Hamiltonian, an obvious question is which properties of
ρðt ¼ 0Þ are relevant in this context. In order to quantify
this aspect we define the precise location of the light cone
as the first inflection point of the signal front observed in Sz

(also Ref. [29]). This allows us to extract a spreading
velocity vs by performing a linear fit to the largest
accessible time, where expected finite-distance effects
[41] are small.
Our main result, shown in Fig. 4, is that the spreading

velocity is mainly determined by the final energy density
ef ¼ Tr½HðΔfÞρðt ¼ 0Þ&=L. Plotting the measured veloc-
ities against ef leads to a remarkable data collapse for a
variety of quenches from thermal as well as pure initial
states for various Δi. This holds in spite of the fact that the

0 1 2 3 4 5 6 7

15

10

5

0

5

10

15

0 -0.015

FIG. 2 (color online). Space-time plot of the Sz correlation
functions for the quench from Δi ¼ 4 to Δf ¼ cosðπ=4Þ. The
upper panel shows ground state data whereas the lower panel
shows data from a thermal density matrix at T=J ¼ 1. This
illustrates that the light-cone effect in this observable persists also
at finite temperatures.

(a) (b)

FIG. 1 (color online). (a) Quench protocol: The system is
initially prepared in either the ground state of some Hamiltonian
HðΔiÞ or in a thermal state ρ ¼ Z−1

β exp½−βHðΔiÞ& with temper-
ature T. At time 0, the anisotropy is quenched toΔf and we let the
system evolve in time for various initial values of Δi and T.
(b) Outline of the numerical procedure: The METTS projection
loop generates an ensemble of wave function for some initial Δi
and temperature T. Each realization is evolved in time and
expectation values are obtained by averaging over the ensemble.
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FIG. 3 (color online). (a) Extracted inflection points versus
distance for different initial temperatures for the quench from
Δ ¼ 4 to cosðπ=4Þ. The straight lines correspond to the velocities
extracted from the GGE, where only the offset of the time axis has
been fitted. The orange dashed line denotes the ground state
Bethe ansatz velocity at Δf. (b) Rescaled averaged spin corre-
lation functions for the quench from Δ ¼ 4 to cosðπ=4Þ for
T=J ¼ 1 and the ground state (dashed line) and different
distances j ¼ 3, 5, 7, and 9. We omit the error bars for clarity
of the figure. The time axis is relative to the first inflection point
of the correlation functions for j ¼ 3. One can see that the signal
is delayed as the initial temperature is increased.

PRL 113, 187203 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

31 OCTOBER 2014

187203-2
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Finite Temperature Quantum

Usual prescription: "just" obtain all eigenstates

Ĥ|✏ni = ✏n|✏ni

Then finite T density matrix is

⇢̂ =
1

Z

X

n

e�✏n/T |✏nih✏n|
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Finite Temperature Quantum

Usual prescription: "just" obtain all eigenstates

Ĥ|✏ni = ✏n|✏ni

Thermal averages given by

hÂi = 1

Z

X

n

e�✏n/T h✏n|Â|✏ni
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Finite Temperature Quantum

But eigenstates terrible numerically! Ĥ|✏ni = ✏n|✏ni

• Most are very highly entangled (volume law)
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Finite Temperature Quantum

But eigenstates terrible numerically! Ĥ|✏ni = ✏n|✏ni

• Most are very highly entangled (volume law)

• Exponentially small energy spacing
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Finite Temperature Quantum

But eigenstates terrible numerically! Ĥ|✏ni = ✏n|✏ni

• Most are very highly entangled (volume law)

• Exponentially small energy spacing

• Poor (worst) basis for sampling specific heat
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Finite Temperature Quantum

But eigenstates terrible numerically! Ĥ|✏ni = ✏n|✏ni

• Most are very highly entangled (volume law)

• Exponentially small energy spacing

• Poor (worst) basis for sampling specific heat

• Retain "quantum" behavior at high T
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Finite T With Tensor Networks

Why tensor networks for finite T numerics?
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Finite T With Tensor Networks

Why tensor networks for finite T numerics?

• No sign problem (can treat fermions, frustrated magnets)

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Finite T With Tensor Networks

Why tensor networks for finite T numerics?

• No sign problem (can treat fermions, frustrated magnets)

• No sampling error in some regimes
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Finite T With Tensor Networks

Why tensor networks for finite T numerics?

• No sign problem (can treat fermions, frustrated magnets)

• No sampling error in some regimes

• Starting point for dynamics
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Finite T With Tensor Networks

Why tensor networks for finite T numerics?

• No sign problem (can treat fermions, frustrated magnets)

• No sampling error in some regimes

• Starting point for dynamics

• Interesting perspective on finite T physics
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Finite T With Tensor Networks

Two major approaches for finite T:

1. Ancilla or purification 

2. METTS sampling (minimally entangled typical thermal states)

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Ancilla / Purification Method

Surprisingly simple idea:  directly make density matrix

Leverage algorithms for time evolving MPS

e�⌧H

| �i
' | �+⌧ i
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Ancilla / Purification Method

Surprisingly simple idea:  directly make density matrix

Overview: 

1. start with identity operator 

2. evolve in imaginary time for time       

3. take trace expectation value of operator

�/2

Î1Î2Î3Î4

e�⌧H

e�⌧H

Tr[e��/2HÂ e��/2H ]/Z

✓
�

2⌧

◆} times
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Ancilla / Purification Method

View starting identity operator as a "wavefunction"

1 3 5 7

2 4 6 8

2 3 4 5 6 7 81

For case of spin 1/2 system, each pair mapped to wavefunction as:

|"i1h" |2 + |#i1h# |2 |"i1|"i2 + |#i1|#i2

Easy to represent as a matrix product state (MPS)
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Ancilla / Purification Method

View starting identity operator as a "wavefunction"

1 3 5 7

2 4 6 8

2 3 4 5 6 7 81

Picture is that even or "ancilla" sites thermalize odd "physical" sites

Tracing out ancillae gives infinite T density matrix for physical sites
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Ancilla / Purification Method

Imaginary time evolution:

1 3 5 7

2 4 6 8

Assume we have obtained e�⌧H =

Want to apply it as
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Ancilla / Purification Method

Imaginary time evolution:

Equivalent to

2 3 4 5 6 7 81

Assume we have obtained e�⌧H =

Apply to odd, or "physical" sites

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Ancilla / Purification Method

After first step, physical+ancilla "wavefunction" will be entangled 

Represent as an MPS

=

1 3 5 7

2 4 6 8

1 3 5 72 4 6 8
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Ancilla / Purification Method

Continue time evolving physical sites (odd sites)
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Ancilla / Purification Method

Final MPS proportional to e��/2H

=

=
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Ancilla / Purification Method

Measure local operators as

=
Tr[e��/2HÂ e��/2H ]

(up to proper normalization)
© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Ancilla / Purification Method

How well does it work?

Infinite T: =
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Ancilla / Purification Method

How well does it work?

Medium T: =

Infinite T: =
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Ancilla / Purification Method

How well does it work?

Medium T: =

Infinite T: =

T = 0: =
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Ancilla / Purification Method

How well does it work?

Medium T: =

Infinite T: =

T = 0: =

2x the entanglement!
© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Ancilla / Purification Method

How well does it work?

T ⇡ JIn practice, reach 

At lower T, similar to DMRG with bond dimension m2

Scaling is therefore (m2)3 = m6

Key advantage: can measure at all T's on the way down
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Ancilla / Purification Method

1D Example: S=1/2 chain          (Feiguin & White 2005)

larger with supersites, next-nearest neighbor interactions are
not generated by the ancilla, simplifying the time evolution.
In our simulations we have used supersites.

In order to utilize conserved quantum numbers, it is useful
to think of each ancilla as being the antisite of its site. A state
of the ancilla is given opposite quantum numbers to the cor-
responding state of the real site. In this way, the state of
interest has both total charge and total z component of spin
equal to zero. In the case of the spin-1 /2 chain, for instance,
the antisite is just another spin-1 /2 site. We choose a local
representation for the supersite “spin+ancilla” with the states
!I0"= #!↑ , ↓ "+ !↓ , ↑ "$ /%2, !I1"= #!↑ , ↓ "− !↓ , ↑ "$ /%2, !I2"
= !↑ , ↑ ", and !I3"= !↓ , ↓ ", where the first arrow in each term
designates the real site. The initial state !!#0$" is then con-
structed by using Eq. #4$ with the triplet !I0" on every posi-
tion along the chain. As a result, we obtain an equivalent
one-dimensional chain with four states per site. The other
states !I1", !I2", and !I3" appear during the time evolution from
the exchange terms in H. This idea can be generalized to
arbitrary spin, or to fermions by means of a particle-hole
transformation.

The essence of the ancilla finite-temperature method is to
start in this local "=0 state, and evolve in imaginary time
through a succession of temperatures ". To evolve in time,
we utilize one of the recently developed time evolution
methods, which perform equally well in imaginary time. The
most efficient of these utilizes a Suzuki-Trotter breakup of
the Hamiltonian, and each DMRG step consists of evolving
the state using the link evolution operator exp#−#Hi,i+1 /2$
between the two central sites.9,10 This method requires-
nearest neighbor interactions, at least in its simplest form.
Alternatively, one can evolve in a basis optimized for a
single time step by solving explicitly the corresponding dif-
ferential equation,15 which does not require local interactions
but is less efficient. Notice again that H does not act on the
ancillas and that the ancillas in the system block are not
traced out in the construction of the density matrix. When the
environment block is traced out, its ancilla states, which are
mixed in with its real states, are automatically traced out.
The measurement of thermodynamic averages using Eq. #3$
automatically traces out all ancillas, since the measurement
operators do not refer to them.

The infinite temperature starting state has a correlation
length of 0 and requires only one state per block. As the
system evolves in imaginary time, longer range entangle-
ment is produced and the correlation length grows. The num-
ber of states needed for a given accuracy grows as the tem-
perature decreases. It is most natural to slowly increase the
size of the basis, in order to keep a roughly constant trunca-
tion error. One may wish to set a minimum basis set size to
make the early evolution essentially exact with little compu-
tational cost. In the test calculations below we kept the trun-
cation error below 10−10, which in the systems considered
corresponded typically to a maximum of m=500 DMRG
states. It turns out that most of these states have Sz=0, and
therefore the total size of the basis is of the order of 106

states for the spin-1
2 Heisenberg chain. In more difficult sys-

tems one would use a less stringent error criterion. In order
to determine convergence, we have compared the specific

heat at T=0.1, which is a measure of the fluctuations in the
energy, for different truncation errors. Although the errors in
the energy appear small, they are amplified in the calculation
of the specific heat. In most of the simulations we have used
a time step of #=0.1, but we have also used smaller values to
check the effects of the Suzuki-Trotter error, as we discuss
below. We have also used variable time steps in the time-
targeting method, from #=0.01 for high temperatures up to
#=0.2 for low T.

To illustrate the method, we begin by looking at the spin
S=1 Heisenberg chain, using the Trotter time evolution
method. We compare with the TM-DMRG results of
Xiang.16 The TM-DMRG results have a small, well-
controlled Trotter error owing to the formation of the transfer
matrix; similarly, our time evolution has a different small,
well-controlled Trotter error. The TM-DMRG results are in
the thermodynamic limit, whereas our results here were on a
L=64 site system with open boundary conditions.

We calculated the specific heat CV by taking the numerical
derivative of the energy with respect to the temperature, us-
ing energy differences between adjacent time steps. In order
to avoid edge effects we calculated the local energy in the

FIG. 1. Specific heat and magnetic susceptibility of the S=1
spin chain of length L=64 obtained with the Suzuki-Trotter time-
evolution algorithm. We compare with results from TM-DMRG in
the thermodynamic limit.

FIG. 2. Specific heat and magnetic susceptibility of a S=1/2
spin chain of length L=64, compared to exact L=$ results using
the Bethe ansatz.

A. E. FEIGUIN AND S. R. WHITE PHYSICAL REVIEW B 72, 220401#R$ #2005$

RAPID COMMUNICATIONS
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Feiguin, White, PRB 72, 220401(R) (2005)
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Ancilla / Purification Method

2D Example: S=1/2 triangular lattice Heisenberg

Bruognolo, Zhu, White, Stoudenmire, arxiv:1705.05578

SciPost Physics Submission
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Figure 3: MPS-NLCE with smaller Trotter time step ⌧ = 0.01 illustrating excellent agreement
with reference data at high temperatures.

break a discrete symmetry, they can persist for finite temperatures T > 0 and in such cases will
be separated from the high-temperature paramagnetic phase by a finite-temperature phase
transition.

Most theoretical studies of the triangular AFHM in an external magnetic field focus on
the zero-temperature phases. The finite-temperature phase diagram has been explored by
Monte-Carlo in the large-S limit [54] as well as in experimental AFHM in materials such as
Ba3CoSb2O9 [38] and Cs2CuBr4 [41].

Here we apply our MPS techniques to gather additional insight into the finite-temperature
properties of the system. Unfortunately, we are not able to fully resolve the finite-temperature
phase transition since, according to the experiments, the ordered phases should appear only
for low temperatures T < 0.25. Our METTS sampling is numerically limited to temperature
regimes of T > 0.25 on width Ny = 4 systems. However, an explicit study of Tc might be in
reach employing a recently introduced, more e�cient METTS sampling, that allows symmetry
conservation even in the presence of a magnetic field [55]. This is left for future work.

For now we present MPS results for finite hz in Fig. 4, which includes energy density E
[Fig. 4 (a)], magnetization mz [Fig. 4 (b)], specific heat Cv [Fig. 4 (c)], and susceptibility
�z = (hm̂2

ziT � hm̂zi2T )/(TN) [Fig. 4 (d)] per site. We focus on three di↵erent field strengths,
each representing a point in either one of the two distinct co-planar phases (hz = 1, 3) or in
the plateau phase (hz = 2). Again the high-temperature regime is covered by our MPS-NLCE
using purification (solid lines) while METTS is used at lower temperatures (squares).

The presence of long-range ordered states at finite-temperature can lead to stronger spin-
spin correlations at higher temperatures if the system undergoes a continuous transition. This
can clearly be seen in context of Cv and �z for which the NLCE breaks down (due to finite
cluster size e↵ects) at significantly higher temperatures in comparison to the zero-field case.
This breakdown of MPS-NLCE is indicated by dashed lines in Fig. 4(c,d) showing the naive
continuation of our MPS-NLCE procedure to lower temperatures for fixed maximum cluster
size. It is unlikely that this is already a clear signature of the critical temperature Tc since
we expect the phase transition to appear at significantly lower temperatures [38]. Moreover,
the e↵ect is most pronounced for strong magnetic fields at hz = 3, whereas Tc should actually
decrease compared to the plateau phase at hz = 2.

OurNy = 4METTS results agree well with NLCE at high temperatures and can be pushed
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Minimally Entangled Typical Thermal States

Purification has key drawback:

costly at low temperatures (even if polynomial)

Minimally entangled typical thermal states (METTS) 
designed to get around this problem (White, 2009)
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Think of replacing trace by explicit summation

Minimally Entangled Typical Thermal States

s1 s2 s3 s4

s1 s2 s3 s4

=

1

Z
Tr[e��H/2Âe��H/2]

1

Z

X

s1s2s3s4

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Think of replacing trace by explicit summation

Minimally Entangled Typical Thermal States

s1 s2 s3 s4

s1 s2 s3 s4

=

hs1s2s3s4|
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Rewrite in a suggestive way

Minimally Entangled Typical Thermal States

s1 s2 s3 s4

s1 s2 s3 s4

X

s1s2s3s4

|�(s)i = e��H/2|si P 1
2 (s)

P (s) = h�(s)|�(s)i

=
1

Z

X

s

hs|e��H/2Âe��H/2|si

=
1

Z

X

s

P (s)h�(s)|Â|�(s)i
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Suggests a sampling method

Minimally Entangled Typical Thermal States

hÂi =
X

s

P (s)

Z
h�(s)|Â|�(s)i

sample states

with probability 
P (s)

Z

|�(s)i
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Can sample with following algorithm:

Minimally Entangled Typical Thermal States

1.  given product state          compute |�̃(s)i = e��H/2|si|si

2.  compute estimator h�(s)|Â|�(s)i

3.  collapse to obtain new product state |�(s)i |s0i

(Step #3 should seem mysterious)

(no rejection step vs. Metropolis)

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Assuming steps #1 and #2 can be done using MPS

Minimally Entangled Typical Thermal States

Why is collapse the right thing to do? |�(s)i |s0i
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Define collapse to be selection of 

Minimally Entangled Typical Thermal States

with probability

|s0i

|hs0|�(s)i|2

Markov chain with transition probability

ps!s0 = |hs0|�(s)i|2

Can show obeys detailed balance

P (s)

Z
ps!s0 =

P (s0)

Z
ps0!s
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Minimally Entangled Typical Thermal States

Efficient algorithm for collapsing an MPS
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Minimally Entangled Typical Thermal States

Efficient algorithm for collapsing an MPS
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Minimally Entangled Typical Thermal States

Efficient algorithm for collapsing an MPS
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Minimally Entangled Typical Thermal States

Say 'down' is picked for site 1
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Minimally Entangled Typical Thermal States

Say 'down' is picked for site 1
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repeat for sites 2,3,...,N
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Minimally Entangled Typical Thermal States

Interestingly, will draw product state       with probability 
                in a single run of the algorithm |hs| i|2
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Minimally Entangled Typical Thermal States

|�(s1)i, |�(s2)i, |�(s3)i, . . .Having computed N states

Estimate expectation values as

hÂi ' 1

N

NX

j=1

h�(sj)|Â|�(sj)i
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Minimally Entangled Typical Thermal States

Computing each state                has similar cost to ground 
state DMRG for low T

For higher T even cheaper

|�(s)i

Overall scaling like �Nm3
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Minimally Entangled Typical Thermal States

Can also choose collapse basis to minimize autocorrelation:

Collapsing into z basis at high T "remembers" prev. state

Switching to x and z basis on alternating steps mixes rapidly

x z

z

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Minimally Entangled Typical Thermal States

States               are called METTS|�(s)i

"Typical" because 

• averaging them gives correct thermal result 

• product states at high T,  ground state at low T 

• if system breaks symmetries, METTS do too 

• expectation values converge rapidly

|�(s)i / e��H/2|si
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Figure 9. Properties of a METTS produced for the 100 site S = 1 Heisenberg
chain at T = 0.1, central 80 sites. In the main plot, the solid lines (red, green
and black) show the three components of hESi, while the (blue) boxes show |hESi|.
The entanglement entropy on each bond is shown in the top inset, while the
expectation value of each Hamiltonian bond term is shown in the bottom inset.
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Figure 10. Properties of a METTS produced for the 100 site S = 1 AKLT chain,
central 80 sites. The temperature and symbols are the same as those in figure 9.

A second type of thermal fluctuation that is visible is a twist in the staggered magnetization,
such as the one near site 30 of the Heisenberg chain of figure 9. Near this site, the spin length
is also shortened and the local bond energy is relatively low. After the twist, a second region of
correlated spins persists for a few correlation lengths until another twist occurs near site 70.

It is interesting to observe that since each METTS is a pure state, the von Neumann
entanglement entropy for bipartitions of the system about each bond is well defined, and we
normalize it here such that a spin-1/2 singlet has an entropy of 1. As figures 9 and 10 show,

New Journal of Physics 12 (2010) 055026 (http://www.njp.org/)

Example of a METTS:
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Minimally Entangled Typical Thermal States

Movie of the METTS algorithm (S=1/2 Heisenberg ladder,              )� = 5
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Figure 6: Snapshot of individual METTS in di↵erent phases of frustrated XXZ model (� =
5, J2/|J1| = 0.2) on width Ny = 7 cylinder (a) in paramagnetic phase, (b) close to the
phase transition, and (c) in ferromagnetically-ordered phase. The size of the arrows represent
local measurements of hŜzi, and the widths of lines proportional to a bond measurement
J1/2h(Ŝx

i Ŝ
x
j + Ŝy

i Ŝ
y
j +�Ŝz

i Ŝ
z
j )i. Gray lines indicate a negative value of the bond measurement,

while red lines correspond to positive bond measurements.
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Minimally Entangled Typical Thermal States

METTS produced for the frustrated XXZ model    (             )

SciPost Physics Submission

Figure 5: Tc estimate for non-frustrated spin-12 XXZ model on square lattice using METTS
(� = 5, J2/|J1| = 0). (a) Magnetization mz, (b) susceptibility �z, and (c) forth-order
Binder cumulant U4 as a function of temperature for di↵erent system sizes. Inset in (c) shows
universal crossing point of Binder cumulants indicating the location of critical temperature
Tc/� = 0.56 ± 0.01 (vertical shading) in excellent agreement with quantum Monte-Carlo
calculation (vertical red line) [56].
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, (9)

with ferromagnetic nearest-neighbor (NN) coupling J1 = �1, antiferromagnetic next-nearest-
neighbor (NNN) coupling J2 > 0 and exchange anisotropy � > 1 chosen in the following.

Non-frustrated model.– We first consider the non-frustrated nearest-neighbor XXZ model
as a benchmark (J2 = 0). In this case QMC is fully applicable and both ground-state and
finite-temperature phase diagrams are well established [57, 58, 59]. Here we focus on the
easy-axis regime � > 1 where the spins in the system order ferromagnetically along the
z-axis below some critical transition temperature Tc. The order parameter is given by the
total magnetization per site mz = hŜzi/N , with Ŝz =

P
i Ŝ

z
i . This transition corresponds

to a spontaneous breaking of the Z2 symmetry of the Hamiltonian and belongs to the same
universality class as the phase transition of the 2D Ising model.

In the following, we choose � = 5 and assess whether we can detect the critical point with
reasonable accuracy using METTS calculations on cylinders (see Appendix B.2 for numerical
details). To this end, we employ the concept of a Binder cumulants [60], a method very
commonly used in Monte Carlo studies to pin down the precise value of a critical point.
Tensor network techniques have made use of Binder cumulants only very occasionally, and
then only in the context of quantum phase transitions in 1D and quasi-1D systems [61, 62].
Here we show that the applicability can be straight-forwardly extended to thermal phase
transitions in 2D models as well.

The Binder cumulant is a particularly useful quantity to study the critical point in systems
with a known order parameter. For a system with Z2 order parameter, such as (9), this
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Using METTS to obtain thermodynamic properties

Test on unfrustrated case  (J2 = 0)SciPost Physics Submission
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Figure 5: Tc estimate for non-frustrated spin-12 XXZ model on square lattice using METTS
(� = 5, J2/|J1| = 0). (a) Magnetization mz, (b) susceptibility �z, and (c) forth-order
Binder cumulant U4 as a function of temperature for di↵erent system sizes. Inset in (c) shows
universal crossing point of Binder cumulants indicating the location of critical temperature
Tc/� = 0.56 ± 0.01 (vertical shading) in excellent agreement with quantum Monte-Carlo
calculation (vertical red line) [56].
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i Ŝ
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i Ŝ
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with ferromagnetic nearest-neighbor (NN) coupling J1 = �1, antiferromagnetic next-nearest-
neighbor (NNN) coupling J2 > 0 and exchange anisotropy � > 1 chosen in the following.

Non-frustrated model.– We first consider the non-frustrated nearest-neighbor XXZ model
as a benchmark (J2 = 0). In this case QMC is fully applicable and both ground-state and
finite-temperature phase diagrams are well established [57, 58, 59]. Here we focus on the
easy-axis regime � > 1 where the spins in the system order ferromagnetically along the
z-axis below some critical transition temperature Tc. The order parameter is given by the
total magnetization per site mz = hŜzi/N , with Ŝz =
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i . This transition corresponds

to a spontaneous breaking of the Z2 symmetry of the Hamiltonian and belongs to the same
universality class as the phase transition of the 2D Ising model.

In the following, we choose � = 5 and assess whether we can detect the critical point with
reasonable accuracy using METTS calculations on cylinders (see Appendix B.2 for numerical
details). To this end, we employ the concept of a Binder cumulants [60], a method very
commonly used in Monte Carlo studies to pin down the precise value of a critical point.
Tensor network techniques have made use of Binder cumulants only very occasionally, and
then only in the context of quantum phase transitions in 1D and quasi-1D systems [61, 62].
Here we show that the applicability can be straight-forwardly extended to thermal phase
transitions in 2D models as well.

The Binder cumulant is a particularly useful quantity to study the critical point in systems
with a known order parameter. For a system with Z2 order parameter, such as (9), this
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Figure 7: Same METTS-based Tc calculation as in Fig. 5 but for frustrated spin-12 XXZ model
with next-nearest-neighbor interactions on square lattice (� = 5, J2/|J1| = 0.2). Analogously
to the non-frustrated case, U4 enables us to precisely extract the value of Tc/� ⇡ 0.39 ±0.01.

modified forth order moment is defined as

U4 = 1� h(Ŝz)
4i

3h(Ŝz)
2i2

. (10)

Note that the Binder cumulant can be obtained for other symmetry-broken orders as well,
but the prefactors are typically di↵erent. The special feature of the Binder cumulant is its
very distinct dependence on system size in the di↵erent phases as well as close to the phase
transition. For T > Tc in the disordered phase U4 approaches zero with increasing system
size, whereas it converges to a constant value U4 = 2

3 in the ordered phase for T < Tc. Close
to the critical point the Binder cumulant is only weakly dependent on system size. Thus the
curves of U4 as a function of temperature, plotted for several system sizes, should all intersect
at the critical temperature T = Tc. Due to the universality at the critical point, one can
typically determine Tc very accurately on small systems without having to perform complex
extrapolations to the thermodynamic limit. This makes the concept of Binder cumulants
particularly appealing for MPS applications which are limited to modest system widths in
2D.

Fig. 5 shows our METTS calculations on cylinder with varying system sizes with constant
aspect ratio (ratio of length to width is chosen 2:1). We set time step ⌧ = 0.1 and cuto↵
✏ = 10�10 in all calculations and, in addition, apply pinning fields on the open boundaries of
the system (see Appendix B.2 for more details).

While the precise critical temperature cannot be easily read o↵ from the order parameter
behavior [Fig. 5(a)], the maximum of susceptibility [Fig. 5(b)] gives already a first rough
estimate of Tc/� ⇠ 0.6. Studying the crossings of Binder cumulant obtained from calculations
on di↵erent system sizes [Fig. 5(c) and inset], we obtain a much more precise estimate of
Tc/� = 0.56 ± 0.01 which is indicated by the shaded region. This interval includes all line-
segment crossings of U4 and serves as a conservative error bar estimate for Tc. We are pleased
to find this result in excellent agreement with QMC calculations [56], indicated by the vertical
red line.

Frustrated model.– One of the attractive features of numerical approach is its straightfor-
ward adaptability to frustrated systems. As long as the states we encounter during imaginary-
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Figure 2: NLCE and METTS calculation of (a) uniform susceptibility �u, (b) specific heat
Cv, and (c) energy density E (all per site) as a function of temperature for the triangular
AFHM in the zero-field limit, hz = 0. In comparison, we show results from high-temperature
series expansion (HTSE) [44] for the specific heat, as well as bold diagrammatic QMC [9]
and conventional NLCE [26] for the susceptibility. The colored ticks indicate the accessible
temperature ranges when using density-matrix purification on width Ny = 3, 4, 6 cylinders
while enforcing the same numerical accuracy as in the METTS calculation. This illustrates
the importance of METTS for performing calculations at low temperatures (see Appendix
B.1 for details).
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Figure 11. The specific heat of the S = 1 Heisenberg chain with N = 100 sites
calculated using METTS with each CPS collapse performed along random axes.
Also shown is the quantum specific heat, that is, the average estimate of the
specific heat as calculated from a single METTS.

this basis, it follows that hH 2ii = hHi2
i . Therefore the quantum specific heat is precisely zero

and, as a result, the variance in the energy is maximal. So even if one could sample the exact
energy eigenstates of the system, they would make an exceedingly poor basis for the purpose of
estimating the average energy.

Next, consider a decomposition of the thermal ensemble in terms of METTS. From the
calculation of both the specific heat and the quantum specific heat shown in figure 11 for the
S = 1 Heisenberg chain, we can see that, even near the peak where the difference between
Cv and C (q)

v is greatest, the quantum specific heat is only smaller than the total by about
a factor of 0.8. This indicates that the METTS decomposition we sampled is quite close
to being optimal. Physically, we may attribute this efficiency to the fact that, for a given
temperature T , each METTS has a significant overlap with all of the energy eigenstates |✏ii such
that ✏i . T .

Finally then, let us see what would happen if we use a decomposition of the thermal
ensemble in which this overlap with the energy eigenstates is maximal. Consider the
overcomplete, unnormalized basis of states

|2i =
X

i

ei✓i |✏ii (37)

each parameterized by the set 2 = {✓i}. Then the normalized states given by

|�(2)i = 1pZ e�� H/2|2i = 1pZ
X

i

ei✓i e��✏i /2|✏ii (38)

form a decomposition of a thermal ensemble with uniform weights P(2) = const. If we now
imagine sampling even just one such state, the resulting estimate of the energy would be exact,
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Interesting separation of quantum vs. classical fluctuations

N=100, S=1 chain

"Quantum specific heat" Cq =
�2

N

X

i

P (i)

Z
⇥
hH2ii � hHi2i

⇤
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Summary of Finite Temperature Methods

Purification effective for higher T

METTS sampling efficient for lower T

Can apply both to 2D and frustrated / fermionic systems
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Figure 7: Same METTS-based Tc calculation as in Fig. 5 but for frustrated spin-12 XXZ model
with next-nearest-neighbor interactions on square lattice (� = 5, J2/|J1| = 0.2). Analogously
to the non-frustrated case, U4 enables us to precisely extract the value of Tc/� ⇡ 0.39 ±0.01.

modified forth order moment is defined as

U4 = 1� h(Ŝz)
4i

3h(Ŝz)
2i2

. (10)

Note that the Binder cumulant can be obtained for other symmetry-broken orders as well,
but the prefactors are typically di↵erent. The special feature of the Binder cumulant is its
very distinct dependence on system size in the di↵erent phases as well as close to the phase
transition. For T > Tc in the disordered phase U4 approaches zero with increasing system
size, whereas it converges to a constant value U4 = 2

3 in the ordered phase for T < Tc. Close
to the critical point the Binder cumulant is only weakly dependent on system size. Thus the
curves of U4 as a function of temperature, plotted for several system sizes, should all intersect
at the critical temperature T = Tc. Due to the universality at the critical point, one can
typically determine Tc very accurately on small systems without having to perform complex
extrapolations to the thermodynamic limit. This makes the concept of Binder cumulants
particularly appealing for MPS applications which are limited to modest system widths in
2D.

Fig. 5 shows our METTS calculations on cylinder with varying system sizes with constant
aspect ratio (ratio of length to width is chosen 2:1). We set time step ⌧ = 0.1 and cuto↵
✏ = 10�10 in all calculations and, in addition, apply pinning fields on the open boundaries of
the system (see Appendix B.2 for more details).

While the precise critical temperature cannot be easily read o↵ from the order parameter
behavior [Fig. 5(a)], the maximum of susceptibility [Fig. 5(b)] gives already a first rough
estimate of Tc/� ⇠ 0.6. Studying the crossings of Binder cumulant obtained from calculations
on di↵erent system sizes [Fig. 5(c) and inset], we obtain a much more precise estimate of
Tc/� = 0.56 ± 0.01 which is indicated by the shaded region. This interval includes all line-
segment crossings of U4 and serves as a conservative error bar estimate for Tc. We are pleased
to find this result in excellent agreement with QMC calculations [56], indicated by the vertical
red line.

Frustrated model.– One of the attractive features of numerical approach is its straightfor-
ward adaptability to frustrated systems. As long as the states we encounter during imaginary-
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Future Directions

Many interesting ideas to improve both methods 

• exploit freedom to apply arb. unitary to collapse basis (entangled 
collapses) 

• mix ancilla (traced) and METTS (collapsed) sites 

• make better use of symmetries [Binder, Barthel, PRB 95, 195148] 

• apply mixed state truncation protocol for dynamics                    
[White, Mong, Zaletel, Refael arxiv:1707.01506]


