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 A B S T R A C T

We explore the phase diagram of the Mott metal–insulator transition (MIT), focusing on the effects of particle-
hole asymmetry (PHA) in the single-band Hubbard model. Our dynamical mean-field theory (DMFT) study 
reveals that the introduction of PHA in the model significantly influences the critical temperature (𝑇𝑐) and 
interaction strength (𝑈𝑐), as well as the size of the co-existence region of metallic and insulating phases at 
low temperatures. Specifically, as the system is moved away from particle-hole symmetry, 𝑇𝑐 decreases and 
𝑈𝑐 increases, indicating a suppression of the insulating phase and the strengthening of the metallic behavior. 
Additionally, the first-order transition line between metallic and insulating phases is better defined in the 
model with PHA, leading to a reduced co-existence region at 𝑇 < 𝑇𝑐 . Moreover, we propose that the MIT 
can be characterized by the charge density, which serves as a viable alternative to zero-frequency spectral 
density typically used in DMFT calculations. Our findings provide new insights into the role of particle-hole 
asymmetry in the qualitative and quantitative characterization of the MIT even in a very simple system.
1. Introduction

A complete understanding of strong correlations in materials re-
mains one of the greatest challenges in condensed matter physics [1,2]. 
The competition between itinerant and correlated behavior of the 
electrons gives rise to rich and complex phenomena with promising ap-
plications such as oxide electronics, high-temperature superconductors, 
and spintronic devices [3–6].

A classical topic in this field is the study of the Mott metal–insulator 
transition (MIT) [7], occurring when the electron–electron interactions 
are relatively large, of the order of the bandwidth. In this scenario, 
the electrons can become localized, leading to an insulating state. 
On the other hand, as the interactions are reduced and the electrons 
can become itinerant, the system transitions into a strongly correlated 
metal phase [8]. In actual experiments, the MIT can be induced by 
varying temperature, pressure, and composition of the materials in the 
system [9–11].

One conventional approach to study the qualitative effects of strong 
correlations is the proposition and solution of model Hamiltonians. 
These models drastically reduce the number of degrees of freedom of 
the problem to the relevant ones involved in a given phenomenon. 
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From a theoretical point of view, the Hubbard model [12,13] has been 
successfully used to describe the main features of Mott insulators, like 
the transition metal oxide V2O3 [11,14].

The MIT has been extensively studied in the literature, mostly using 
the dynamical mean field theory (DMFT) approach [15,16] in models 
with particle-hole symmetry (PHS). In this case, it is well established 
that, below a critical temperature, there is a first-order transition line 
in the temperature (𝑇 ) versus interaction (𝑈) phase diagram ending 
in the critical point (𝑈𝑐 , 𝑇𝑐 ). For 𝑇 < 𝑇𝑐 , the system is metallic for 
𝑈 < 𝑈𝑐1 (𝑇 ) and insulating for 𝑈 > 𝑈𝑐2 (𝑇 ) with a coexistence region 
(where one of the phases is thermodynamically stable while the other is 
only metastable) for values of 𝑈 between these two values [15,17–21]. 
The two spinodal lines defined by 𝑈𝑐1 (𝑇 ) and 𝑈𝑐2 (𝑇 ) meet at the critical 
point (𝑈𝑐 , 𝑇𝑐 ). For 𝑇 > 𝑇𝑐 , the transition becomes a crossover [11,14,
22].

Interestingly, most of the DMFT investigations have concentrated 
on the low-temperature regime (𝑇 < 𝑇𝑐), while the high-temperature 
crossover region is the one pertinent to numerous experimental se-
tups [23]. Conversely, for 𝑇 > 𝑇𝑐 , different crossover regimes have 
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been tentatively discerned [15], yet they have not been examined in 
any significant depth [24].

Although less studied, the particle-hole asymmetric (PHA) Hubbard 
model is of particular interest since that is the prevalent situation for 
the band structure [17,25,26] of most materials. Particle-hole asym-
metry can be implemented in the Hamiltonian model by including 
next-nearest neighbor hopping matrix elements at half-filling or by 
explicitly changing the onsite energy [4,8,14,26–29]. As argued above, 
although the MIT in the Hubbard model has been extensively studied, 
most of the studies focus on the particle-hole symmetric (PHS) case as 
this naturally renders the system to be in half-filling (that corresponds 
to an occupation number 𝑛 = 1) independently of the interaction 
strength 𝑈 . A crucial fact is that the MIT can occur away from PHS and 
this will be marked by 𝑛 → 1 at the transition [27,29]. In other words, 
at the insulating side of the MIT, the system will be both particle-hole 
asymmetric (PHA) and at half-filling at the same time.

In this work we revisit this problem by studying the Mott metal–
insulator transition (MIT) in the particle-hole asymmetric Hubbard 
model in the Bethe lattice. While earlier studies have addressed the 
transition away from PHS at zero [27,30] or very low temperatures
[29], here we show that the PHA system has a rich phase diagram at 
non-zero temperatures. As such, our focus here is on the fate of the 
co-existence region away from PHS at larger temperatures. In fact, our 
results show that this region is suppressed as the system moves away 
from PHS, a fact which has not been properly documented in previous 
works.

This behavior is characterized by a lower value of the maximum 
temperature 𝑇𝑐 for which a first-order transition between the metal-
lic and insulating phases takes place. For 𝑇 > 𝑇𝑐 , the transition is 
second-order, such that 𝑇𝑐 marks the ‘‘end’’ of the first-order transition 
line [23]. As such, this critical temperature 𝑇𝑐 decreases as the system 
moves away from PHS. Although similar decreases in 𝑇𝑐 have been 
seen in doped [31] and disordered systems [32,33], here we provide 
a systematic analysis of these effects in a ‘‘clean’’ system in which the 
on-site energy can be independently varied (say, by an external gate-
voltage). As such, our approach can be extended to systems in which 
the density 𝑛 is not fixed a priori and can vary across the MI transition.

More importantly, in the realistic case of systems away from PHS, 
we show that the charge density can be a reliable marker of the true 
MIT transition not only at 𝑇 ∼ 0 [29] but also for larger temperatures, 
introducing the interesting prospect of experimentally characterizing 
the MIT by the electron (or hole) densities. This allows one to char-
acterize the transition by the charge density 𝑛 rather than by the 
zero-frequency spectral density 𝜌(0), the usual parameter considered in 
theoretical works.

This paper is organized as follows. In Section 2 we briefly present 
the model and methods used in this study. In Section 3 we show 
results for the symmetric and asymmetric Hubbard model focusing in 
the differences displayed by the two cases with regard to the metal–
insulator transition. Finally, in Section 4 we present a summary of our 
findings and conclusions.

2. Model and methods

The single-band Hubbard model [12] reads 
𝐻̂ = −𝑡

∑

⟨𝑖𝑗⟩,𝜎
𝑐†𝑖𝜎𝑐𝑗𝜎 + H.c. + 𝑈

∑

𝑖
𝑛𝑖↑𝑛𝑖↓ − 𝜖𝑑

∑

𝑖,𝜎
𝑛𝑖𝜎 , (1)

where 𝑐†𝑗𝜎 (𝑐𝑗𝜎 ) is the creation (annihilation) operator of an electron with 
spin 𝜎 at site 𝑗, 𝑛𝑗𝜎 = 𝑐†𝑗𝜎𝑐𝑗𝜎 is the occupation number operator, 𝑡 is the 
hopping amplitude, and ⟨⋯⟩ means that the sum is restricted to nearest 
neighbors sites.

Our study focuses on the electronic spectral function 𝜌(𝜔) and on 
the single-electron density 𝑛 given by 

𝑛 =
∞
𝑓 (𝜔, 𝑇 )𝜌(𝜔)𝑑𝜔 , (2)
∫−∞

2 
where 𝑓 (𝜔, 𝑇 ) = (𝑒𝜔∕𝑘𝐵𝑇 + 1)−1 is the Fermi-Dirac function at a tem-
perature 𝑇 . Hence, our goal is to calculate the local lattice interacting 
single-particle Green’s function.

Given the 𝐤-dependent lattice Green’s function 𝐺(𝐤, 𝜔), we use the 
dynamical mean field theory (DMFT) approach [15,16] to obtain the 
local single-particle Green’s function in momentum space 𝐺loc(𝜔) =
∑

𝐤 𝐺(𝐤, 𝜔) and its spectral function 𝜌(𝜔) = (−1∕𝜋) Im {𝐺loc(𝜔)}. In 
essence, DMFT maps a lattice many-body problem with many de-
grees of freedom into an effective single-impurity problem within a 
self-consistent cycle. As such, this method addresses the limiting and 
intermediate regimes of the ratio 𝑈∕𝑡 of the model in a single frame-
work.

For the Hubbard model the effective problem can be treated using 
the single impurity Anderson model (SIAM) [15,34,35]. The implemen-
tation of DMFT for different settings is nicely reviewed in Refs. [15,16,
35].

We consider the Hubbard model in a Bethe lattice in the limit of 
infinite coordination (𝑧 → ∞). In this case, the hopping needs to be 
renormalized as 𝑡 = 𝑡∗∕

√

𝑧 for the limit to make physical sense. The 
non-interacting density of states (DOS) then reads [15,36] 

𝜌0(𝜖) =
1

2𝜋𝑡2∗

√

4𝑡2∗ − 𝜖2, |𝜖| < 2𝑡∗, (3)

where 𝐷 = 2𝑡∗ is the half-bandwidth of the non-interacting model, 
which we use as our energy unit.

In the effective impurity approximation [15], the single site elec-
trons are coupled to the non-interacting bath through an energy-
dependent hybridization function whose form depends on the lattice 
effective degrees of freedom. For a Bethe lattice, the hybridization 
function takes the simple form [15]: 

𝛥(𝜔) = 𝑡2𝐺imp(𝜔) , (4)

which is calculated self-consistently from the single-site (impurity) 
Green’s function 𝐺imp(𝜔) = (𝜔 + 𝜖𝑑 − 𝛥(𝜔) − 𝛴𝐼 (𝜔))−1 where 𝛴𝐼 (𝜔) is 
the interacting self-energy.

The Green’s function is obtained by solving the auxiliary impu-
rity model. Over the last decades, several different impurity solvers 
have been developed like the iterated perturbation theory (IPT) [37–
39], numerical renormalization group (NRG) [40,41], equations of 
motion (EOM) schemes [42–48], auxiliary-boson approaches [49], in-
cluding the non-crossing (NCA) [50] and one-crossing (OCA) approx-
imations [51], quantum Monte Carlo (QMC) [52]. For each method, 
there is a region in the parameter space for which the results are 
more accurate. NRG, for instance, provides excellent real-frequency 
spectral data at zero temperature, while EOM and the NCA methods 
work better at higher temperatures. NCA and EOM, however, have well-
known limitations in establishing quantitative estimates for quantities 
such as the critical temperature 𝑇𝑐 as compared to, say, QMC [24]. The 
computational cost is also an important aspect to be considered as NRG 
and QMC are computationally much more demanding than the EOM or 
auxiliary-boson approaches [53].

In this work, we use the non-crossing approximation (NCA) [50,54] 
as an impurity solver.1 While NCA has well-documented limitations, 
like in accurately quantifying the parameters 𝑈𝑐1  and 𝑈𝑐2  [17], it 
remains a valuable tool for its low computational cost and ability to 
incorporate finite temperatures [53]. These features allow us to quickly 
assess a large range of parameters to get a qualitative insight of the 
main features and differences between the particle-hole symmetric and 
asymmetric models [18,55] at 𝑇 > 0.

1 For the calculations, we used the NCA code from Kristjan Haule available 
at http://hauleweb.rutgers.edu/tutorials/.

http://hauleweb.rutgers.edu/tutorials/
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Fig. 1. Occupation 𝑛 and zero-frequency spectral density 𝜌(0) versus 𝑈 for the metal–insulator M → I and the insulator–metal I → M paths for temperatures below and above 𝑇𝑐 . 
Both paths coincide for 𝑇 > 𝑇𝑐 .
3. MIT in the hubbard model away from PHS

3.1. Signatures of the MIT from the DMFT results

When the system is away from the particle-hole symmetric point, 
𝜖𝑑 ≠ 0.5𝑈 , the MIT transition can be characterized by either the 
occupation 𝑛 or the zero-frequency spectral density 𝜌(0) as a function of 
𝑈 . This is illustrated in Fig.  1, which displays 𝑛 and 𝜌(0) as a function 
of 𝑈 for 𝜖𝑑 = 0.45𝑈 at two distinct temperatures (below and above 𝑇𝑐).

As it is well-known [15,24], for temperatures lower than a ‘‘critical 
temperature’’ (𝑇 < 𝑇𝑐), a co-existence region occurs for 𝑈𝑐1 < 𝑈 <
𝑈𝑐2 , with first-order transitions occurring at 𝑈 = 𝑈𝑐1  or 𝑈 = 𝑈𝑐2
depending on the path chosen (M→ I or I→ M, respectively), forming 
a ‘‘hysteresis loop’’.

These features are clearly identified in the DMFT data shown in Fig. 
1 for lower temperatures. At 𝑇 = 0.002, both 𝜌(0) and 𝑛 exhibit first-
order phase transitions at different values of 𝑈 , depending on the path 
taken, as illustrated in Figs.  1(a) and (b). From these results, we can 
extract the values of 𝑈𝑐1  and 𝑈𝑐2 , which are marked in the plots. On 
the other hand, at 𝑇 = 0.004, the co-existence region is negligible and 
𝑈𝑐1 = 𝑈𝑐2 ≡ 𝑈𝑐 , as shown by Figs.  1(c) and (d).

As a standard procedure, it is useful to define the following quanti-
ties:

𝜌avg(0) ≡
(

𝜌M→I(0) + 𝜌I→M(0)
)

∕2 , (5)
𝛥𝜌(0) ≡ |𝜌I→M(0) − 𝜌M→I(0)| ,

where 𝜌M→I(0) and 𝜌I→M(0) are calculated in the M → I and I→ M paths 
respectively.

From these quantities, we can numerically obtain the transition 
temperature 𝑇𝑐 and the values of 𝑈𝑐1  and 𝑈𝑐2  by the following method: 
For each temperature 𝑇  and path (M → I or I → M), we take 
the numerical derivative of either 𝜌(0) or 𝑛 with respect to 𝑈 . These 
derivatives show peaks at the transition points, which correspond to 
3 
the values of 𝑈𝑐1  and 𝑈𝑐2 , depending on the path. We can then obtain 
𝑇𝑐 by identifying the value of 𝑇  for which these two peaks ‘‘merge’’ 
(such that 𝑈𝑐1 ≈ 𝑈𝑐2 ). The numerical error associated with the value of 
𝑇𝑐 obtained in this way can be reduced by decreasing the discretization 
steps in both 𝑇  and 𝑈 .

3.2. Phase diagrams away from PHS

From these considerations, one can then represent the phase di-
agram of the system by color plots for 𝜌avg(0) as a function of 𝑇
and 𝑈 . These are shown in Fig.  2(a)–(d) for different values of the 
onsite energy 𝜖𝑑 . These define 𝑇  versus 𝑈 phase diagrams showing the 
insulating (blue), metallic (red) and co-existence (green) regions. As 
expected [15,24], the difference between 𝑈𝑐2  and 𝑈𝑐1  decreases as 𝑇
increases, such that the co-existence regions narrows to a single point 
at a critical temperature 𝑇𝑐 at which 𝑈𝑐2 = 𝑈𝑐1 = 𝑈𝑐 .

Interestingly, the value of 𝑇𝑐 (and the overall area of the coexistence 
region) decreases as the system is moved away from the particle-hole 
symmetric point (𝜖𝑑 = 0.5𝑈). This is illustrated in Fig.  2(e), which 
shows a sharp decrease in 𝑇𝑐 as 𝜖𝑑 is reduced from 0.5𝑈 (PHS point) 
to 0.44𝑈 .2 In addition, the corresponding value of 𝑈𝑐 increases as 𝜖𝑑
is reduced in the same range, as depicted in Fig.  2(f). In fact, the 𝑈𝑐
vs 𝜖𝑑 curve is very well approximated by a quadratic scaling of the 
form 𝑈𝑐 (𝜖𝑑 ) − 𝑈𝑐0 ∼ (𝜖𝑑 − 𝑈∕2)2 (solid line in Fig.  2(f)), where 𝑈𝑐0
is the minimal value at the particle-hole symmetry point 𝜖𝑑 = 𝑈∕2. 
This excellent agreement with a quadratic scaling is consistent with 
analytical expressions relating 𝑈𝑐 and the chemical potential in the 
context of the doping-driven Mott transition [29,30].

2 Numerical instabilities in the NCA calculations prevented us from explor-
ing the regime of temperatures lower than 𝑇 ∼ 0.002, which restricts our 
analysis to the range 0.44𝑈 <∼ 𝜖 ≤ 0.5𝑈 .
𝑑
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Fig. 2. (a–d) Phase diagrams 𝑈 × 𝑇  for the Hubbard model as it is moved away from particle-hole symmetry: (a) 𝜖𝑑 = 0.5𝑈 (PHS) (b) 𝜖𝑑 = 0.485𝑈 (c) 𝜖𝑑 = 0.475𝑈 (d) 𝜖𝑑 = 0.465𝑈 . 
Notice that the co-existence region becomes significantly smaller as the system is moved away from the PHS point. (e–f) 𝑇𝑐 and 𝑈𝑐 (obtained from the method described in the 
main text) versus 𝜖𝑑 , showing a decrease in 𝑇𝑐 and an increase in 𝑈𝑐 as 𝜖𝑑 is shifted away from the PHS point.
Alternatively, phase diagrams can be visualized by plotting color 
maps of 𝜌avg(0) and 𝛥𝜌(0), defined in Eq. (5), in the 𝑈 × 𝜖𝑑 plane for a 
given temperature 𝑇 . This is illustrated for 𝑇 = 0.002 in Figs.  3(a) and 
(b) and for 𝑇 = 0.004 by Figs.  3(c) and (d). We note that both 𝜌avg(0)
and 𝛥𝜌(0) are symmetric with respect to the PHS value 𝜖𝑑 = 0.5𝑈 for 
all temperatures. Consequently, the curves 𝑈𝑐 (𝜖𝑑 ) and 𝑇𝑐 (𝜖𝑑 ) shown in 
Fig.  2 are also symmetric with respect to 𝜖𝑑 = 0.5𝑈 . These plots show 
more clearly the narrowing of the co-existence region, corresponding 
to the green area in Figs.  3(a) and (c), and the red region in Figs.  3(b) 
and (d), as the system is moved away from the PHS point.

3.3. Signatures of the MIT in the charge density

An important point regarding the phase diagrams away from the 
PHS is that different phases in the system can be characterized not only 
by the zero-frequency spectral density 𝜌(0) but also by the charge density
𝑛 since the insulating region is characterized by half-filling, namely, 
𝑛 = 1. As such, the 𝑇  versus 𝑈 phase diagrams can be plotted by looking 
4 
at 𝑛 alone. In an analogy with 𝜌avg(0) and 𝛥𝜌(0) defined in Eq. (5), it is 
useful to define the following quantities related to the charge density:
𝑛avg ≡

(

𝑛M→I + 𝑛I→M
)

∕2 , (6)
𝛥𝑛 ≡ |𝑛I→M − 𝑛M→I| ,

where 𝑛M→I and 𝑛I→M are calculated in the M → I and I → M paths 
respectively.

This one-to-one correspondence between the two quantities is evi-
dent in Figs.  4(a) and (b), which present similar 𝑈 × 𝑇  phase diagrams 
obtained from 𝜌avg(0) and 𝑛avg, respectively, for 𝑒𝑑 = 0.45𝑈 . Con-
sequently, the phase diagrams of the system can also be effectively 
depicted by utilizing 𝑛avg. These are displayed in Figs.  5 (a) to (d), 
which show 𝑛avg(𝜖𝑑 , 𝑈 ) and 𝛥𝑛(𝜖𝑑 , 𝑈 ) for 𝑇 = 0.002, see Figs.  5(a,b), 
and 𝑇 = 0.004, see Figs.  5(c,d).

The goal here is to emphasize that the density 𝑛, an experimentally 
accessible quantity, can be used to effectively characterize the MIT 
transition away from the PHS point. Of course, this does not hold at 
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Fig. 3. DMFT-NCA phase diagram 𝑈 × 𝜖𝑑 of the Hubbard model for 𝑇 = 0.002 (a,b) and 𝑇 = 0.004 (c,d). Panels (a,c) show 𝜌avg(0) while panels (b,d) shows 𝛥𝜌(0).
Fig. 4. DMFT-NCA phase diagram 𝑈 × 𝑇  for the Hubbard model away from particle-hole symmetry (𝜖𝑑 = 0.45𝑈). Panel (a) shows the average 𝜌avg(0), while panel (b) shows the 
average density 𝑛avg, which is remarkably similar.
the PHS point (𝜖𝑑 = 0.5𝑈), since the system is always at half-filling 
(𝑛 = 1) independently of the phase.

4. Summary and conclusions

In this work, we have revisited the Mott metal–insulator transition 
(MIT) within the framework of the particle-hole asymmetric (PHA) 
Hubbard model on the Bethe lattice. For a temperature below a critical 
value, a phase transition takes place for two values of interaction, 𝑈𝑐1
and 𝑈𝑐2 , with a coexistence region between the latter. Above a critical 
temperature there is a crossover between the metal and insulator 
phases. However, for the asymmetric model we found a first-order 
transition only for 𝑈𝑐1 . For 𝑈𝑐2  we found a crossover between the two 
solutions with a pattern almost independent on the temperature.

Our results show that, in contrast with the well-studied particle-
hole symmetric case, the PHA model exhibits a notably complex 𝑈 × 𝑇
phase diagram showing reduced value of the critical temperature 𝑇𝑐 as 
well as a narrower co-existence region between metallic and insulating 
phases at low temperature. This is illustrated in the 𝑈 × 𝑇  and 𝑈 × 𝜖𝑑
phase diagrams, indicating the ‘‘shrinking’’ co-existence region with 
increasing temperature and/or breaking the particle-hole symmetry. 
The plots indicate that the transition between metallic and insulating 
phases is better defined when the system is away from PHS.
5 
Away from the particle-hole symmetric point, the MIT is character-
ized by a co-existence region where the system exhibits both metallic 
and insulating properties over a range of interaction strengths 𝑈 . This 
region, marked by ‘‘hysteresis loops’’ in the density and spectral density 
plots, becomes more pronounced at lower temperatures and is strongly 
influenced by the departure from PHS. This suggests that the first-
order transition line is more sharply defined in the asymmetric model, 
offering clearer distinctions between the two phases.

Moreover, a key contribution of our work is the identification of 
the charge density 𝑛 as a robust marker for the MIT transition in 
systems where particle-hole symmetry is broken since the transition 
will be marked by 𝑛 → 1. We notice that this behavior should occur 
in realistic material systems where PHS is broken by an asymmetric 
density of states, which can be schematically modeled, for instance, 
by a Bethe lattice incorporating second-neighbor hopping [56]. Un-
like traditional approaches that rely on the zero-frequency spectral 
density, the charge density provides a more accessible and potentially 
experimentally verifiable parameter, especially in high-temperature 
regimes.

In summary, our study highlights the significant impact of breaking 
particle-hole symmetry on the MIT in the Hubbard model at finite 
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Fig. 5. Phase diagram 𝑈 × 𝜖𝑑 for the Hubbard model for 𝑇 = 0.002 (a, b) and 𝑇 = 0.004 (c, d). Panels (a, c) show 𝑛avg while panels (b, d) shows 𝛥𝑛.
temperatures. The results underscore the need to consider symmetry ef-
fects in theoretical predictions and experimental observations of phase 
transitions in strongly correlated electron systems.
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