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Abstract

We study the single impurity Anderson model (STAM) using the equations of motion method
(EOM), the non-crossing approximation (NCA), the one-crossing approximation (OCA),
and Wilson’s numerical renormalization group (NRG). We calculate the density of states and
the linear conductance focusing on their dependence on the chemical potential and on the
temperature paying special attention to the Kondo and Coulomb blockade regimes for a large
range of model parameters. We report that some standard approximations based on the EOM

technique display a rather unexpected poor behavior in the Coulomb blockade regime even
at high temperatures. Our study offers a critical comparison between the different methods
as well as a detailed compilation of the shortcomings and limitations due the approximations
involved in each technique, thus allowing for a cost-benefit analysis of the different solvers
that considers both numerical precision and computational performance.
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1. Introduction

The single impurity Anderson model (SIAM) is one of the
most recurrent models in condensed matter physics playing
an important role on the study of strongly correlated systems
[1-3]. Originally put forward to describe the physics of doped
metals with magnetic impurities [4-7], the model has reached a
remarkable protagonism being used to study the mixed valence
regime in rare earth compounds [2, 8, 9] as well as the Coulomb
blockade and the Kondo effect in quantum dots [10-18]. In the
context of the dynamical mean field theory (DMFT) [3] the
model has gained new traction, and contributed to describe the
properties of a huge variety of strongly correlated materials
like transition metal oxides [19], heavy-fermion systems, high
temperature superconductors, etc [3, 20]. In the field of molec-
ular electronics [21-23] the numerical solution of the STAM is
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an important step to study the transport properties of strongly
correlated molecular devices through an approach that com-
bines the density functional theory (DFT), the dynamical mean
field theory (DMFT) and the non-equilibrium Green’s function
formalism (NEGF) [24-29].

The large variety of scenarios in which the model can be
applied demands the calculation of spectral densities, thermo-
dynamical quantities like the free energy and entropy as well
as transport characteristics. In order to compute this variety
of physical quantities, several impurity solvers have been
developed for the SIAM over the years such as the numerical
renormalization group (NRG) [6, 7], the equations of motion
(EOM) [30-32], slave boson mean field approximation [9],
non-crossing (NCA) [33] and one-crossing approximations
(OCA) [34], exact diagonalization method [3], quantum
Monte-Carlo algorithms [20, 35], iterative perturbation theory
[36-38], to name a few.

© 2019 IOP Publishing Ltd  Printed in the UK
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These impurity solvers differ mainly by the computational
cost involved and by the range of the model parameters where
the used method is reliable. Indeed, the search for different
methods is mainly a consequence of the fact that no method
can provide reliable results over the whole physically rel-
evant parameter space [3, 20]. In many cases it is necessary to
employ more than one method to better understand a specific
problem [12].

In view of the variety of available methods and scenarios in
which the Anderson model can be applied the task of bench-
marking impurity solvers in each context is very important
and far from being exhausted. The choice of a specific solver
involves the knowledge of the aspects that make it more com-
petitive in some range of parameters than others.

In this work we carry out a systematic comparison of the
accuracy of the standard impurity solvers in the literature,
namely, the equations of motion method [39], the non crossing
approximation [33], the one-crossing approximation [34, 40],
and the numerical renormalization group (NRG) [41]. We
compute the Green’s function of a quantum dot using the dif-
ferent methods and obtain the density of states and the linear
conductance of the dot as well as its dependence on the chem-
ical potential and the temperature. We discuss the strengths
and weaknesses, as well as the computational efficiency of the
above mentioned impurity solvers for a broad range of param-
eters of physical interest.

This paper is organized as follows. In section 2 we briefly
present the model system and the impurity solvers assessed in
this study. In section 3 we compare their accuracy and numer-
ical efficiency by computing the density of states and the
linear conductance as a function of charging energy, chemical
potential, temperature, etc, covering all the standard regimes
of the model. Finally, in section 4 we present a summary of
our findings and our conclusions.

2. Model and methods

The model Hamiltonian we use to benchmark the impurity
solvers is the single-impurity Anderson model [4]. We write
the SIAM as

H = Hinp + Hc + Hp. (1)

Here, Hipyp reads

Himp = Z ng;fg + UnTn¢, (2)

where fI (f,) creates (annihilates) an electron with spin pro-
jection o at the impurity site, n, = fj f,, is the occupation
number operator, and U is the Coulomb charging energy, the
energy cost for double occupancy of the impurity site.

We address a two-probe setup, where the system of interest
is connected to electronic reservoirs in thermal and chemical
equilibrium by considering two semi-infinite electrodes. The
corresponding Hamiltonian reads

Hp = Z gakUCizkocaka’ 3)

ak,o

where o = {L,R} labels the leads, ¢!, (¢, ) creates (anni-
hilates) an electron of wave number k and spin projection o
at the a lead, and e,k is the corresponding single-particle
energy.

Finally,
HC = Z (Vakaclkgfo’ + HC) ’ (4)

ak,o

represents the coupling between the impurity and the elec-
trodes, where V,k, is the so-called hybridization matrix
element.

The nonequilibrium Green’s function theory allows one to
write the linear conductance G of the system as [42, 43]

G- _ehf ;/_: d (—%’f) T, (@) Im[G, (@), (5)

where the retarded Green’s function G’ (w) is the Fourier
transform of

G, (1) = =i0() ({£- (0 f1(0)}), ©)

np(w) = 1/(14+eP¥) is the Fermi distribution, with
B = (kgT)~'. Throughout this work the chemical potential is
set to 4 = 0 and kg = 1. Finally, I, stands for

G ()5 (w)

T,(w) = oot/
)= M)+ T8 ) ™
The decay widths T'¢(w)’ are given by
I8 (w) =21 Y [Vakol*0(w — £ako) @®)
k

and are proportional to the imaginary part of the embedding
self-energy X% (w) due to the scattering processes between the
impurity and the leads [44]

1
W~ Ehke

S0 W) =D Vako———Viko- )
k

As wusual, by making the substitution w — w £in with
n — 0T, one obtains the retarded and advanced counterparts
of the Green’s functions and self-energies presented in this
paper.

The standard derivation of equation (5) relies on assuming
proportional coupling, namely, I'*(w) = A\I';(w) [42]. It has
been recently shown [45] that, within the linear response
regime, equation (5) is valid as long as T',(w) varies slowly
on the scale of kgT.

It is sometimes useful to take the wide-band limit and con-
sider V ko to be independent of k as well as taking the (non-
interacting) density of states of the electrons to be constant
within the band-width:

P (w) = Zé(w — €oko) = pa(0) for —D<w <D,
k
(10)
3 In this paper we use I', the typical scattering theory notation used in quant-
um dots and molecular electronics, instead of the hybridization function

A, more familiar to the strongly correlated systems community. Note that
I =2A.



J. Phys.: Condens. Matter 32 (2020) 095602

B M de Souza Melo et al

where D is the half-bandwidth and w = 0 is taken to be the
Fermi energy in the leads. In this case, ['Y = 27|V, [2p2(0)
becomes independent of the energy w.

Next we briefly review the methods we use to calculate the
Green’s functions G, namely, equations of motion (EOM)
[44], slave-boson approximations (SBA) [33, 34], and numer-
ical renormalization group (NRG) [41]. Since most of this
material is well known, we present only the elements neces-
sary for the discussion of the results that follow, referring the
interested reader to the original literature.

2.1. Equations of motion (EOM) method

The most straightforward technique to calculate equilibrium
and nonequilibrium Green’s functions is the equations of
motion method [44]. This technique consists in taking time-
derivatives of the Green’s functions to generate a set of
coupled equations of motion. For bilinear Hamiltonians the
system of equations can be solved exactly [44, 46]. For many-
body Hamiltonians the hierarchy of equations is infinite and
it is necessary to truncate the equations by means of physical
arguments, yielding different approximate solutions to the
problem.

The EOM simplest approximation for the SIAM is to
obtain the exact Green’s function of the uncoupled impurity
Hamiltonian and to include an embedding self-energy by hand
[44], namely

Golw) = — _15: f";l(w) p— e SRR
where
So(w) = BE (W) + 2F (w Z | ““' - (12)
and the occupation is
(10} = [ dom(wpa() (13)
with the impurity density of states given by
o) = ~ - Tm[G ()] (14)

Equations (11) and (13) are solved self-consistently. This
approach, hereafter called EOMO, is frequently regarded as a
good approximation to the SIAM in the weak coupling regime
[44].

A more consistent approach is to write the EOM for
the impurity Green’s function, equation (6), using the full
Hamiltonian. The simplest truncation of the resulting hierarchy
of coupled equations is to consider the two-particle Green’s
functions at the Hartree—Fock level [44]. This approximation,
that we call EOMI1, is formally equivalent to the Hubbard I
approximation [47, 48]. The resulting Green’s function is

w—¢, — U(l = (nz))
(W—e5)(w—ey —U)—To(w) [w—e5 — U(l — (n5))]

15)

Go(w) =

It is often stated that equation (11) is a good approximation to
(15) [44]. As we discuss in the next section, the agreement is
at most qualitative.

The next level of complexity is to neglect spin correlations
in the two-particle Green’s functions [10] to write

Gﬂ(w) =

w =y — U(1 = (n)) -
o~ 20— Zo(@)]lw — e0 — U(L — {ng)

Yo(w) — B3(w)
—Y(w) — Z3(w)] + US (w)’
(16)

where the self-energies X; 3 are given by [10]:

(0) 2 1 1
= A \%
% ago|Vasol <w+eqﬁ,—€g—6”—U+w—eqﬁﬂ+€7—ea>

(17)
with Afw)o 4(16)0 = 1. We call this truncation
scheme EOM2. We note that it is formally equivalent to the
Hubbard III approximation [49].

A more sophisticated truncation scheme that includes spin
correlations has been introduced in [39]. In the absence of a

magnetic field, the impurity Green’s function reads

= np(€qpo) and A

G, (w) =
u(w) = (nz) — Ps(w) — P5(wn)
(W)lw = g5 — To(w)] + [Ps(w) + Pa(w2)] o (w)

— 05 (w) + Q5 (w2)’

(18)
where u(w)=U"'[U —w + &, +2%0(w) — Xo(w,)] and
wy = —w + &, + €5 + U. The functions P,(w) and Q,(w)

are given by:
Yo(z) — Xo(w)

W —2z

Pol) =3 § m(1G(2) e

Yo(z) — To(w)

w—2

dz.

19)
In this approximation, called hereafter EOM3, G, (w)
is obtained by solving equations (18), (19) and (13)
self-consistently.

Let us briefly address the particular case of particle-hole
symmetry in which gg = —U/2 and (nz) =1/2 for the
approximation schemes presented above. In this case, the
EOMO Green’s function, equation (11), reduces to

0r(w) =5 § me(@l1 + Ele)G, 2]

U2

[GY™(w)] ' = w — Bo(w) — Ao —So@)]

(20)

Interestingly, the EOM1 approximation, equation (15), sim-
plifies to

U2
E .
Finally, the EOM2 and EOM3 Green’s functions, equations
(16) and (18), respectively, coincide and can be written as

[GY™(wW)] ™' = w — Zp(w) — (21)

U2

G == %lw) - e oy

(22)

It is surprising and somewhat unexpected that the EOMO
result is closer to the Green’s function of the more involved
EOM2 and EOM3 schemes than the EOMI1 one since
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equation (11) is frequently regarded as an approximation to
the exact form in equation (15).

Clearly these Green’s functions are temperature inde-
pendent and hence the EOM solutions can not describe Kondo
physics in the particle-hole symmetric point [30, 39].

2.2. Slave boson approximation (SBA)

Let us now discuss the slave-boson method for solving the
SIAM Hamiltonian [9] in both the non-crossing (NCA) [34, 50,
51] and the one-crossing approximations (OCA) [52, 53].

In some contexts, the interaction part of the STAM is one of
the largest energy scales of the system. Hence, a perturbation
expansion in U may be problematic. Alternatively, noting that
the hybridization terms are small compared to U and to the
kinetic part of the Hamiltonian [33], one can treat them as the
perturbation term of the problem. However, we can not use the
standard machinery of perturbation theory, since the SIAM
Hamiltonian entails an unperturbed term that is not bilinear
and, in this case, Wick’s theorem does not apply [54].

It is possible to circumvent this problem by employing
another representation for the impurity operators, the so-called
slave boson approximation (SBA). In the SBA one writes the
impurity operator as [53-55]

(R T oo
fa - Sab +do’asU7 (23)

where bf, st and d;r—,c, are auxiliary or pseudoparticle (PP)
operators which create, over the vacuum |vac), the states |0),
|o) and |Go), respectively. b' and dl are bosonic operators,
while s} is a fermionic operator.

In this representation the STAM Hamiltonian reads

H = Z Ekaclockg + Z Eos:r,sg + (2e0 + U)d;od(—m
ko o

+ Z (ngs:rfb Cko + H.c.)

ko

+ Z (def?asackg + H.c.) . (24)
ko

Here, for simplicity, we consider the case where
€9 = €4 = €. The subspace of impurity states is formed by
four states, namely, |0),|1), |{), and |1 ) representing an empty,
singly-occupied with spin up/down, and doubly-occupied
impurity states, respectively. This implies that, at any given
time [29, 40, 51, 52]

Q=blb+> shs, +dl,dsy =1, 25)
where Q is called pseudo-particle charge. The constraint
O = 1 has to be enforced in the calculation of the expectation
value of any given observable (O). In practice, one first cal-
culates an unrestricted expectation value, for instance, using
diagrammatic techniques in the grand canonical ensemble to
obtain (O)g. In this ensemble a chemical potential —\ is asso-
ciated to the pseudo-particle charge Q. Next, one projects the
result into the Q = 1 canonical subspace to find (O)¢ using
the so-called Abrikosov’s trick, namely [2, 9, 43, 56, 57]

(0
O)e= 100 10)s

The impurity Green’s function is written in terms of the
pseudo-particle Green’s functions [56]

(26)

Gp(w) =[w— A= Zp(w)] ™!
G, (w) = [w— A — 20 — 55, ()]~

o

Gd(w) = [w — A= 250 —U-— Zd((U)]_l, (27)

whose self-energies are obtained by analytic continuation and
projection into the Q = 1 subspace, namely [53]

5y (w) = /_ h %me) S AL (€)Ge, (e + )AL (w, ),

5 (w) = / R (A0 (~0Gie +)

o T
x A (e +w, —€) + As(€)Gy,. (e + w)
X A((f;(e + w, e)] ,

S @) = [ Sn(0) [Bal-0)Gi, e+ A w0

oo T

+ As(—€)Gy, (€ + w)AP (w, —6) | ,

(28)
where A, (e) =), T'%(e)/2. Equations (27) and (28) are
solved self-consistently.

In the simplest diagrammatic perturbation theory
approximation,  which  neglects vertex corrections,
Agg(w, W' = AY (w,w') =1. This simplification corre-
sponds to the so-called non-crossing approximation (NCA)
[33]. By including higher order diagrams, one obtains

A((TO) (w, ) =1+ / %nF(G)Aa- (6)Gs, (w+€)

™

X Goo(w+w +¢€)

AD () = 1+ / 9 (=€) Ay (€)

oo T

o0

X Gy, (w — €)Gy(w — w' — €) (29)

which contain vertex corrections at the order of one-crossing
approximation (OCA) [52, 53].

The impurity density of states, equation (14), is given
in terms of the pseudo-particle spectral functions, namely
[34, 52, 53]

pol(w) = ;zg?; /C: de e=P¢ [Ab(e)Asa (e +w)

AL (Ade+w)]  GO)
where Z(1) is the canonical partition function for a system
with one impurity and Z¢(0) is the canonical partition func-
tion of the conduction electrons (no impurity). The ratio
Zc(1)/Z¢(0), which appears from the projection to the Q = 1
subspace, can be written as
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Zc(1 o0
ZEEO; = /700 deePe {Ab(E) +§:Aso(€) +Aq(e)]. 31)

These elements allow us to compute the conductance G given
by equation (5).

The energy integrals in equations (30) and (31) have to
be evaluated carefully because of the exponential diver-
gences of the statistical factors appearing in both expressions.
References [58, 59] discussed how to deal with large nega-
tive values of Se in the integrand. The exponential factor is
compensated by the threshold behavior of the auxiliary spec-
tral functions, vastly reported in the literature [56, 58, 59].
The singular threshold structure poses serious difficulties
to converge the NCA and OCA equations [58]. The trick to
achieve convergence exploits the fact that theses equations are
invariant under a frequency argument shift of the PP spectral
functions, namely, w — w + Ao [56, 58, 59]. In the implemen-
tation used here [40] A\ can be calculated in two ways: (i) Ao
is fixed and Q is calculated®and (ii) Ay is calculated and Q
is fixed’. In both methods, the parameter \o shifts the peak
of the main® PP to w = 0. The Ay calculation combined with
a non-uniform frequency mesh with a high-density of points
around w = 0 greatly improves the convergence of the equa-
tions. However, it is worth to emphasize that the sharp peaks
in the PP spectral functions can still lead to instabilities in the
calculation, in particular for very low temperatures and away
from the particle-hole symmetry point.

Despite its success in capturing important low temperature
features of the SIAM, the SBA has several known problems
[60-64]. The NCA, for instance, fails to give the correct
Kondo scale Tk at finite U [52]. The inclusion of vertex
corrections solve this pathology to some extent [61, 64].
However for sufficiently low temperatures (7T < 0.17k) the
height of the Kondo resonance of the OCA spectral functions
slightly overestimates the limit imposed by Friedel’s sum rule
[40, 60, 63, 64]. As pointed out in [65] the OCA also vio-
lates the sum rules for the coefficients of the high-frequency
expansion of the electronic self-energy, especially in the case
of multi-orbital Anderson models.

2.3. Numerical renormalization group (NRG)

Last, we employ Wilson’s numerical renormalization group
(NRG) method [41] to the STAM in order to calculate the
impurity spectral function p,(w) as well as the conductance
G, given by equation (5). One of NRG’s known strengths is
the ability to describe well exact Fermi-liquid results valid
deep in the Kondo regime [41, 66—68]. Thus, for all practical
purposes, we take the NRG to be the ‘benchmark’ for the
Kondo regime in this work.

We can summarize the main ingredients of the NRG
scheme as follows. The first step (i) is to perform a logarithmic
discretization (in energy) of the non-interacting conduction

6 See, for example, the appendix of [53].

7 See, for example, the appendix A of [58].

8 The main pseudo-particle is the one with the lowest energy. Note that
er =0,e,, =€p,and gy =29+ U.

electron Hamiltonian (equation (3)) by considering discrete
energy intervals DA~ <y < DA™ where A > 1 is
a discretization parameter. Step (ii) involves mapping the
impurity+discretized band to an effective 1D tight-binding
chain (usually dubbed the ‘Wilson chain’), whose first site
is coupled to the interacting impurity. Due to the logarithmic
discretization in the original band, the mapping produces cou-
plings ¢, between sites n and n + 1 which decay as ¢, ~ A2,
This feature also defines a characteristic energy scale for a given
Wilson chain length N as Dy =1 (1+A~")A-(¥=D/2p
where D is the half-bandwidth of the metallic band appearing
in equation (10).

Finally, step (iii) amounts to an iterative numerical diago-
nalization of the resulting Hamiltonian H(N) of the impurity
plus a Wilson chain of length N, and the subsequent mapping
to a system with one extra site H(N + 1), given by the renor-
malization condition:

H(N +1) = VAHN) + & Y (i afve + 1 ofveio):
i (32)
where f,\T,,(7 creates an electron with spin o on site N of
the Wilson chain (sometimes referred to as ‘shell N’) and
&v o< tyAN/2 ~ 1 is the renormalized coupling. The final
approximation is to use the 1000-2000 lowest-energy states
of H(N) (the ‘kept’ states) to generate a basis for H(N + 1).
The process is then repeated for N + 2, N + 3, - - - , Npax until
the desired lowest energy scale Dy, . is achieved.
The key result out of the NRG algorithm is the calculation
of the (many-body) energy spectrum {|r)y} for each H(N)
in the form H(N)|r)y = EY|r)y along with matrix elements
(r|O|r)y for local operators @ within the approximations
involved (logarithmic discretization of the conduction band
and truncation of the spectrum at each N).

2.3.1. Impurity spectral density. With the many-body spec-
trum at hand, one can formally write the leading contribution
of the NRG spectrum to the impurity spectral function at a
frequency w ~ Dy in the Lehmann representation as

) =31

rr!

— —BEY N _
where Zy = > e PE and AY, =

ment of the impurity operator f.
As it stands, equation (33) yields a sum of delta functions

N N
|2e_6Ey + e*IBE,/

§(w—EN +EY),
Zy

(33)

(r|f|7')n is the matrix ele-

centered at the excitation energies AEY, = EN — EY in the
spectrum for N-sites in the Wilson chain. In order to obtain the
continuous spectral function p,(w) at energy w, some addi-
tional approximations are needed. First, the delta functions in
equation (33) need to be broadened, a procedure which might
introduce overbroadening errors [69]. In order to minimize
such errors, Gaussian or log-Gaussian kernels with small
broadening widths are typically used [41, 70, 71].

The second approximation is to collect the spectral
contributions for different shells to the spectral function at
a given energy w. Early NRG calculations [14] employed
the so-called ‘single-shell approximation’, which amounts
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to take a single contribution at each shell N in the form:
po(w =~ Dy) =~ p¥(w = a(A)Dy) where and a(A) ~ 2-3 is a
A-dependent numeric pre-factor. Modern NRG implementa-
tions [70, 71] use contributions from several shells, weighted
by the reduced density-matrix at iteration N and separating
contributions from states ‘kept’ and ‘discarded’ during the
truncation process at each N (the ‘complete Fock space’
(CFS) approach) in order to avoid double counting between
contributions of different shells.

In this work, we employ the ‘full-density-matrix NRG’
(FDM-NRG) approach [71] to calculate the spectral functions
at zero and finite temperatures. For zero-temperature calcul-
ations, both FDM-NRG and CFS approaches are equiva-
lent [70, 71]. For finite temperatures, FDM-NRG is usually
the method of choice, with a caveat: as it is true in all NRG
implementations, the spectral function resolution in energy is
limited for w < T due to the appearance of spurious peaks
related to errors introduced by the logarithmic discretization
procedure [69]. As such, even the FDM-NRG procedure with
‘z-trick averaging’ [72] produces spurious peaks for w < T.
Thus, good quality data is typically limited to energies w 2> T.

2.3.2. Conductance. In order to obtain the conductance
from NRG data, we can combine equations (5) and (33) and
use the delta functions to perform the integrals in energy for
each shell. As a result, we obtain the contribution to the con-
ductance from shell N as [73]:

w5
- Z eﬁEN + e EN ' 4

and

_ 2¢%

=T an(D) (35)

N

Within the NRG approximations, equation (35) gives G(T)
down to arbitrarily low-temperatures of order T ~ Dy_ .,
fully describing the regime T < Tk, where Tk is the Kondo
temperature. Notice that no broadening in the delta functions
is necessary in using equations (34) and (35). For both spec-
tral function and conductance calculations, it is advisable to
perform z-averaging in order to get rid of the spurious oscilla-
tions arising from the NRG discretization errors. In the calcul-
ations, we have averaged over N, = 5-10 values of z.

3. Results

In this section we critically compare calculations of the den-
sity of states and the conductance for the SIAM obtained
by the methods discussed above. For the OCA we used the
implementation of Haule and collaborators [40], while for
the others we used in-house codes. All calculations were per-
formed in the wide-band approximation and in the absence of
a magnetic field, namely, 4 = €| = €.

When studying the SIAM it is usual to separate two limits
based on the characteristic Kondo temperature of the system:

(a) —— FDM-NRG

0.6 -
(b) —— EOM3
— EOM2
— EOM1
— EOMO
0.4 -
B
= |
0.2 |
070 T T T
-1.0 -0.5 0.0 0.5 1.0
/U

Figure 1. (a) Density of states of the SIAM for different methods
foreg = —U/2,T =0.1U,and T = 0.1U . (b) Same parameters as
above, comparison between different EOM schemes.

the high and the low temperature regime when, 7 > Tx and
T < Tk, respectively. We proceed accordingly using the
Haldane estimate [74] for Tk, namely,

U
Ti ~ VTT exp <_7T|€0(50+)|> ,

UT (36)

as a guideline.

3.1. Density of states

3.1.1. High-temperature limit. Let us begin with the high
temperature limit, 7 > Tx. Figure 1 shows p,(w) for the
particle-hole symmetric case, eg = —U/2. We find that all
methods, except NRG, give similar qualitative results. The
main feature is the double peak structure with resonances at
w = gpand w = gy + U, both with a width I" characteristic of
the Coulomb blockade regime in quantum dots.

Despite the qualitative similarities, even at the high
temperature limit, there are significant differences between
the approximation schemes. We find that the EOMO and
EOM1 give very poor results as we discuss below. Figure 1(b)
shows that both peaks have the same height, implying that
(n,) = 0.5. Using this input, one can obtain an analytical esti-
mate for the EOM DOS at w = +U/2, namely,
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Figure 2. Density of states of the SIAM for I' = 0.1U and
T=0.1Uforey = -U/4.

1
EOMO =4U/2)= —
PPN (= +U/2) = —
2
pEOMl (w — :|:U/2) -
wl’
1
PEOM2(, = £ /2) = pEOM3(, = £ /2) = T (37)
s

This indicates that, at odds with the claims found in the litera-
ture [44], the different EOM truncation schemes render very
discrepant density of states, see figure 1(b).

Figure 1 shows that EOM2, EOM3, NCA, and OCA
give very similar results for p(w), while NRG overbroadens
the Hubbard peaks, a well-known limitation of the method
[3, 61]. We point out that, as discussed in section 2.3.1, the
FDM-NRG procedure for obtaining spectral functions suffers
from spurious oscillations in the w < T range [71]. Thus,
only NRG data for |w| 2 T is shown in figures 1(a) and 2.

As go is moved away from the particle-hole symmetry
point, the DOS peaks become asymmetric. For g = —U/4
and keeping the same values for I' and 7, the different solvers
still give very similar results, in line with the analysis we
presented for the symmetric case. The results are shown in
figure 2. The differences between the approximation schemes
become more pronounced for g = 0, see figure 3(a). In par-
ticular, the EOM2 density of states exhibits a smaller peak
height at the Fermi level as compared with the one obtained
by the other methods.

Note that for 7 < I' the most relevant resonance configu-
rations for the conductance calculations are the asymmetric
ones, where the DOS peak matches 4+ = 0. The failure of the
EOM2 approximation in reproducing the DOS obtained by
more accurate approaches for the asymmetric case indicates
that, even at the high temperature regime, spin correlations
cannot be entirely neglected.

Figure 3(b) sheds further light on the EOM results. It
clearly shows that since the EOMO self-energy is just the
embedding Yo(w), this approximation underestimates X, (w)
and, hence, overestimates the DOS peak heights. An analysis
of ps(w) at w =0 and w = U reveals that equation (15) has
another rather unphysical feature: at the peaks, p2°M! becomes

05- 2 —— FDM-NRG (T=0)_
@) i ——0CA
1l ~———NCA
0.4 il —— EOM3 i
! —— EOM2
—~ 0.3 1 E
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©
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Figure 3. Impurity density of states for g = 0, 7= 0.1U. In (a)
we use I' = 0.1U. In (b) we set I' = 0.02U and compute the DOS
near the Fermi level w = O for different EOM schemes and also for
the NCA. Here the estimated Kondo temperature is Tx ~ 107130
for g9 = —U/2. In the inset we show the density of states in a more
extended range of energies.

independent of (ng), that is, both DOS peaks have the same
height. Curiously, the simplest heuristic approximation EOMO
gives superior results in this respect.

3.1.2. Low-temperature limit. Now we turn to the low-temper-
ature regime, figure 4. Besides the usual resonances at the
energies w ~ ¢ and w ~ g9 + U the p,(w) calculated using
the SBA and NRG exhibit a pronounced and sharp peak at the
Fermi energy, a clear signature of the Kondo effect. Interest-
ingly, while the slave-boson methods suffer from instabilities
for T <« Tk (see, for instance, the discussion at the end of sec-
tion 2.2), this is the regime where NRG works best.

Figure 4 shows the results we obtain for I' = 0.2U and
T = 0.001U. Forthe particle-hole symmetric case,eg = —U/2,
the Haldane estimate gives Tx ~ 0.009U > T. This Tx value
is consistent with the NRG estimate of Tx =~ 0.00208U
obtained from the impurity magnetic susceptibility x(7) (not
shown) using the criteria [6] Tk x(Tx) = 0.0701 The T < Tk
regime is precisely where the NRG is expected to work best,
giving an accurate description of the w = 0 peak all the way
to T/Tx — 0[1, 2, 61]. As such, we will use the 7= 0 NRG
results as a benchmark for our 7' < Ty analysis.
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Figure 4. Density of states of the SIAM for I' = 0.2U,
T=0.001U, and (a) gg = —U/2, (b) &g = —0.26U, and (c) g9 = 0.
The insets show a zoom near the region w = 0.

As shown in figure 4(a), the OCA significantly improves
the width and the height of the Kondo resonance in compar-
ison with the NCA. In addition, it gives an improvement in the
estimate of Tk of at a least an order of magnitude, as previ-
ously reported [20, 27, 52]. The peak at w = 0 is absent in the
EOM solutions. It is well known [39] that, in the truncation
schemes (and the corresponding neglected correlation pro-
cesses) discussed in this paper, due to the particle-hole sym-
metry the EOM Green’s function cannot exhibit a resonance
at w = 0 [39]. More recently, it has been shown [75, 76] that

one can overcome this shortcoming of the EOM method by
considering processes beyond the EOM3 truncation scheme.

We also compare the different methods in the particle-hole
asymmetric case. In figure 4(b) we plot the spectral functions
for eg = —0.26U = —U/4. In accordance with NRG results,
both NCA and OCA show a Kondo peak at w ~ 0 in addition
to the usual single-particle peaks at w = g9 + U = 0.74U and
w = g9 = —0.26U. The latter resembles more of a ‘shoulder’
due to the broadening and the overlap with the Kondo peak at
the Fermi energy. The EOM spectral functions also exhibit a
resonance at the Fermi level. In addition, there is an unphys-
ical peak at w = 2¢9 + U = 0.48U which is enhanced in the
EOM3 solution. This spurious singularity can be identified
with the singularities of ¥ (w) in EOM2, equation (17) and
with the ones of the functions P(z) and Q(z), equation (19),
in EOM3. It is noteworthy that spurious peaks in EOM have
been already reported in a different context [77], as well as
EOM3 inaccuracies in the far from equilibrium regime [78].

Figure 4(c) shows the computed density of states for
go = 0. In this ‘mixed-valence’ regime, no clear Kondo effect
is expected as the net magnetic moment in the impurity is sup-
pressed. As such, the NRG T = 0 spectral density shows only
a broad, single-particle-like peak centered at w = g9 = 0. Itis
also in this regime where the differences between the methods
at the energies w very close to the Fermi level are quite
remarkable.

Both the NCA and OCA density of states show a sharp
peak near w = 0, while there is no such peak in the EOM3
and NRG results (see inset of figure 4(c)). The presence of
these peaks in the NCA and OCA results strongly influence
the conductance calculations, as discussed in the next section.
The EOM2 density of states exhibits a somewhat unexpected
result with an anti-peak (deep) at the Fermi level. This rather
artificial feature severely compromises the performance of the
EOM2 scheme in the conductance calculations, as it will be
made more clear in the following section.

The results of this section can be summarized as follows.
While NRG is the best method to describe the low-energy
excitations of the spectrum at low temperatures, the SBA
approaches (OCA and NCA) give a quite reasonable qualita-
tive picture of the physics, with OCA remarkably improving
over NCA results. The EOM schemes, by contrast, display
very poor performance in capturing the low-energy properties.
On the other hand, the most appropriate methods to describe
the high-energy features of the spectrum are the SBA, fol-
lowed by the EOM schemes, while NRG shows a character-
istic poor performance in describing the spectral features in
this limit.

Let us conclude this section with a discussion of the com-
putational times involved in the spectral function calcul-
ations. The EOM solvers take few seconds to copyerge aEPS
run very well on just one core (processor Intel™~ Xeon
X5650 2.67 GHz). The simple implementation and the low
computational cost explain why the EOM methods, despite
their limitations, are still widely used. The NCA solver also
quickly converges and its performance is similar to the EOM
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Table 1. Typical times taken by each method to deliver a converged
spectral function. All CPU times refer to single-core calculations.

Method CPU time
EOM <1 min
NCA <1 min
OCA ~1h
CFS-NRG ~13-14h
FDM-NRG ~25h

one. Using the same processor and N = 1060 points in the
pseudo-particle frequency mesh NCA converges in 9 s within
20 iterations. In contrast, OCA converges in 76 min within 15
iterations, that is, it consumes typically 400 times more CPU
than NCA. The main reason for this are the double convolu-
tions in the OCA equations, which involve overlapping inte-
grations over functions with sharp peak structures [61]. The
NRG calculations were performed in a cluster with a similar
processor unit, namely, Intel(R) Xeon(R) CPU E5620 @ 2.40
GHz with 8 Gb RAM. The zero-temperature spectral func-
tions with DM-NRG, which is a bit less precise but numer-
ically much less expensive requires ~30min per z value X
5 values to average ~2h 30 per spectral curve. In turn, the
zero-temperature spectral functions with CFS consumed ~2h
40 per z value x 5 values to average ~13 h—14h per spectral
curve. Finally, the finite-temperature FDM-NRG cost ~5h
per z value x 5 values to average ~25h per spectral curve.
All CPU times refer to single-core calculations. Table 1 sum-
marizes our findings.

3.2. Conductance

Let us now consider the calculation of two-point electrical
conductance in the linear response regime. Hereafter, we
assume that the single-particle energy € can be tuned by an
external applied gate voltage, €9 = £o(V,) and set px = 0.

The linear conductance G, given by equation (5), is a con-
volution of the DOS and the derivative of the Fermi distribu-
tion. Hence, the features discussed in the previous section give
insight on the behavior of G. It is important to stress that the
NRG computes the conductance directly from equation (35),
avoiding the difficulties of the method in calculating high-
energy properties of the spectral function. Thus, the NRG
results will serve as a benchmark to the conductance calcul-
ations in all regimes studied here.

In quantum dots, the high-temperature limit corresponds to
the Coulomb blockade regime. Here, the conductance peaks
are close to the resonances at €y and g9 + U. The Coulomb
blockade conductance peak at £y ~ 0 corresponds to a dot
with either empty or single electron occupation, while the
resonance at g + U = 0 is associated with a single or double
occupied configuration. The low conductance in the mid-
valley region arises mainly due to cotunneling processes
[79, 80], that are also nicely described by a real-time diagram-
matic technique [81]. As the temperature is lowered, Kondo
physics sets in. Its main manifestation is to increase the

03 T T T

G(2e7/h)

08 T T T

(b)

G(2e?/h)

G(2e7/h)

Figure 5. Conductance G in units of 2¢%/h as a function of the
single particle energy ¢ in units of U for 4 = 0,I' = 0.1U, and
different temperature values (a) 7= 0.1U, (b) T = 0.01U, and (c)
T=0.001U.

mid-valley conductance with decreasing T /T, reaching the
unitary regime as 7/Tx — 0.

Let us begin analyzing the high-temperature limit. All
panels of figure 5 exhibit the main features of the Coulomb
blockade regime: Two peaks separated by an energy ~U
with low mid valley conductance. Figure 5(a) shows the con-
ductance obtained by the methods presented in section 2 for
T = 0.1U. All approximations show a good qualitative agree-
ment, except for the EOM2 result, which presents pronounced
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Figure 6. Conductance G in units of 2¢%/h as a function of
the impurity energy level £9/U for p = 0, ' = 0.2U, and (a)
T=0.04U, (b) T=0.003U, and (c) T = 0.0004U.

discrepancies, particularly near the charge fluctuation regime.
This rather unexpected behavior of the EOM2 result is a con-
sequence of the deviation in the density of states compared to
other methods, as discussed in the previous section.

As we decrease the temperature towards the Kondo regime,
the discrepancies between the results delivered by the different
methods become more pronounced. The conductance peak
heights given by the EOM are consistently smaller than those
obtained by NRG, while SBA tends to overestimate them.

As expected, EOM fails to describe the rise of the mid-
valley conductance with decreasing 7 /T, while within the

10

SBA methods, only OCA gives good results compared with
NRG. We stress that the EOM3 gives better results than the
SBA for the empty (¢9 > 0) and double occupation (g < —U)
quantum dot configurations.

In order to address the Kondo regime, T < Tk, we increase
the coupling strength to I' = 0.2U such that Tk increases
above ~0.002U for all g¢ values in the range of interest. This
speeds the convergence of the NCA and OCA algorithms,
while avoiding the low-T instabilities of these methods, see
discussion at the end of section 2.2. The results are presented
in figure 6 . In this temperature regime, the limitations of the
EOM method in treating correlations become even more man-
ifest, particularly at &g = —U/2, which corresponds to the
particle-hole symmetry point. We emphasize that, as in the
previous case, EOM3 is very accurate in describing the g > 0
and gp < —U regions.

Taking the NRG conductance as benchmark, we find that
the OCA represents a significant improvement over the NCA
results. This is a direct consequence of the better description
of the Kondo peak by the OCA, as discussed in section 3.1:
the Kondo peak in the OCA spectral function is higher and
wider than in the NCA one. However, a closer comparison
with the NRG result shows that the OCA conductance fails to
develop a Kondo plateau, as can be seen in figure 6(c).

When the temperature is further decreased, the OCA con-
ductance exhibits a plateau, but it exceeds the maximum
conductance, Gpax = 262/h (see also [82]). This undesired
unphysical feature is related to the violation of the Friedel sum
rule by the NCA/OCA procedure discussed in section 2.2,
which results in the overestimation of the height of the Kondo
peak [60].

The NCA and OCA results are also at odds with NRG
for g9 < —U and gy > 0, showing an increase of G as the
temperature is decreased. This behavior can be under-
stood by looking at the spectral functions in these param-
eter regions. In the discussion of the results of figure 4(c),
we noted that the density of states obtained by the NCA
approach exhibits a sharp peak at the Fermi level and this
peak increases when the temperature decreases. As shown
in figure 4(c), the T = O there is no such peak in the NRG
data. We conclude that the observed increase in the con-
ductance shown in the NCA and OCA data are related to
this spurious resonance. Intriguingly, we have not been
able to determine the numerical origin of this behavior in
the NCA/OCA density of states’ close to the charge fluc-
tuation points.

Let us now investigate the temperature dependence of
the conductance with more detail. For this purpose we
select three different configurations, namely, ¢y + U/2 = 0,
€0+ U/4 =0, and gy = 0. The latter cases correspond to the
mid-valley, a crossover, and the resonance peak configura-
tions, respectively.

Figure 7 shows that in the high temperature limit all
methods agree very well, as it has been already suggested by
figure 5(a). In the present analysis, we are not including the
NRG results, which we will discuss later when addressing the
scaling behavior of the conductance.
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Figure 7. Conductance G in units of 2¢%/h as a function of the
temperature T for (a) g = —U/2, (b) g9 = —U/4, (c) g9 =0
corresponding respectively to the mid valley, a crossover, and the
resonance peak configuration. The dashed lines indicate the unitary
limit. Here I' = 0.2U.

As the temperature decreases, the differences are enhanced.
As expected, in the particle-hole symmetric point (figure 7(a)),
both EOM schemes dramatically fail to capture the increase of
the conductance due to the missing Kondo peak in the spectral
function. We notice that these methods render nearly temper-
ature-independent spectral functions. The OCA method gives
significantly better results than NCA, capturing the onset of
conductance increase with good accuracy. When the temper-
ature is decreased below about Tk /10, the OCA conductance

1
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Figure 8. Conductance G in units of 2¢%/h as a function of the
scaled temperature 7'/Tk for eg = —U /2. Here I' = 0.2U and
TR ~ 0.0028U and TREA ~ 0.000 097U . The Haldane estimate
gives Tx = 0.009U.

saturates, although at an nonphysical value greater than the
quantum of conductance Gpjagean > 262 /h. This feature is
related to the violation of the Friedel sum rule in the OCA
procedure mentioned above [60, 82].

For ¢g = —U/4 (figure 7(b)), the EOM2 conductance
starts to decrease below a certain temperature. The EOM3
method seems to correct this unexpected behavior to a cer-
tain extent, but its already mentioned nonphysical features
prevent the method to yield conductance values close to
the OCA/NCA ones. The difference between the NCA and
OCA results becomes smaller, the NCA curve being always
below the OCA one which is consistent with the idea that
NCA yields a smaller Kondo temperature. For gy =0,
figure 7(c), EOM2 performs well only in the high temperature
limit 107! < T/U < 1, while EOM3 gives good results for
T/UZ 1072, Remarkably, the NCA conductance shows
results very similar to those of the OCA curve.

The analogy between quantum dots and impurity systems
extends to the scaling behavior of their properties. Indeed, in
[83] it has been experimentally verified that the conductance
of a quantum dot, in the low temperature limit, depends only
on the ratio 7/ Tx.

According to a semi-empirical result obtained by NRG
calculations for a spin-1/2 system, the conductance of a
quantum dot is given by [14, 16, 60, 84]

1

90 = S arer S naToT

(38)

with s = 0.22 chosen to fit the experimental data [16].

Let us discuss the scaling behavior of G obtained by the
OCA and NCA methods in comparison with the NRG formula
above. For that purpose, it is important to note that the Kondo
temperature given by the OCA method is larger than the one
given by NCA (see discussion in section 3.1).

In order to calculate the Kondo temperature we adopt
the procedure put forward in [60] which defines Tk as the
temperature for which G/(2¢*/h) = 1/2. In this way, for
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I' =0.2U and gy = —U/2, we obtain TR ~ 0.0028U and
TRCA ~ 0.000097U. (It is interesting to recall that we obtain
TERG ~ 0.0021U from the NRG susceptibility analysis.) We
scale the conductance curves for each method by the corre-
sponding Kondo temperature.

In figure 8 we show the conductance as function of T/Tk
obtained in NRG, OCA, and NCA methods. Since the OCA
method gives unphysical conductance values when 7 < 0.17,
our analysis of the scaling starts from this temperature [60].
Clearly, the scaling obtained using OCA is better than the
one yielded by the NCA solver in the sense that the former
is closer to the NRG result than the latter. However, as previ-
ously reported in [60], the inclusion of vertex corrections is
not enough to recover the NRG prediction.

Let us finish discussing CPU times. For the EOM and SBA
methods the CPU times involved in the conductance calcul-
ations for a given value of £y/U are essentially the same as
the spectral function ones, discussed in the previous section.
Since G is calculated by NRG using equation (35), its compu-
tation is much faster than the one for DOS. The approximate
clock times are about 20min per calculation using Intel(R)
Xeon(R) CPU E5620 @ 2.40 GHz (one core per job) with 8
Gb RAM.

4. Summary and conclusions

In this work we study the EOM, SBA, and NRG impurity
solvers, comparing their results for the spectral function and
linear conductance for the SIAM covering all physical rel-
evant regimes.

In summary, as stated in [3], there is no ‘universal’ impu-
rity solver that can be considered the most appropriate choice
to describe both the spectral function and transport proper-
ties over the all situations of interest. We provide a thorough
analysis that serves as a guide to choose the most adequate
approximation depending on the accuracy and computational
time for a given regime and/or observable.

We find that for the high temperature regime most approx-
imations give comparable results for p, (w)and G. Surprisingly
the widely used EOMO, EOM1, and EOM2 approaches give
poor results for the spectral functions at the mixed valence
regime, a drawback that is fixed to a large extent by EOM3. As
already known, NRG fails to give reliable high-energy spec-
tral functions, which is a problem for calculation schemes that
combine NRG with DMFT.

At intermediate temperatures, corresponding to the onset
of Kondo physics, only SBA and NRG lead to quantitative
accurate results. Even so, NCA dramatically underestimates
Tk and, hence, gives poor results for the mid-valley conduct-
ance. It is worth to mention that EOM3 gives surprisingly
good results at the charge fluctuation regime.

For low temperatures, T < Tk, the SBA violates the
Friedel sum rule and gives G values larger than the maximum
predicted by the unitary limit. Hence, as one approaches
T/Tx — 0 the SBA results can only capture the qualitative
behavior of the physical observables of interest.

12

In practice, the choice of a impurity solver certainly must
take into account the computational cost. Table 1 compares
the processing times of the methods we analyze here.
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