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Basics: Majorana bound states in condensed matter systems.

Detecting Majorana states with quantum dots.

Manipulating Majorana states with (double) quantum dots.

Majorana zero modes in magnetic chains on topological insulators with supercondutivity.

Gap oscillations: some clues for the behavior found in nanowires.



What are Majorana fermions?



Majorana Fermions

Majorana solution: Representarions of
Dirac matrices with only imaginary non-zero

elements while still satisfying
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Real solutions: 2yH O, — m] ~y

= 0

http://www.giornalettismo.com/archives/255332/il-ritorno-di-ettore-majorana/

v =7

e A Dirac fermion can be “written” in terms of two Majorana fermions

(W= 1 (1 +ive)

YT =3 (71— iv2)

E. Majorana, Nuovo Cimento 5, 171 (1937)
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Where do we find Majorana (quasi) particles?



Majorana quasiparticles in condensed matter systems?

Fractional Quantum Hall liquids (v=5/2): Moore and Read, Nucl. Phys. B (1991).

“non-Abelian anyons”.

(I-Emery, Kivelson, PRB (1992).

< Coleman, loffe, Tsvelik PRB (1995).
Maldacena, Ludwig, Nucl. Phys. B. (1997).

\Bulla, Hewson, Zhang, PRB (1997).

Two-channel Kondo non-FL fixed point.

Interface of topological insulators with BCS
Fu and Kane, Phys. Rev. Lett. (2008).

superconductors
Spin-polarized (“spinless”) p-wave Read and Green, Phys. Rev. B (2000).
superconductors. Kitaev, Phys. Usp. (2001).

Motivation: entanglement of particles with non-abelian statistics
(“Ising anyons”); topologically protected quantum computation.



1D p-wave superconductor (Kitaev model)
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Energy spectrum: non-topological

E (k) = i\/(f cos k + ;1:)2 + (A'sin k‘:)Q ______

| L | > T Gapped (E,-E_>0): trivial

topological
(weak pairing)

— Gappless modes (E=0) :
H ? k —Z4m or k=0

non-topological = —t
|/U/| < 7 Gapped: topological (A%0) (strong pairing)

J. Alicea, Rep. Prog. Phys. 75, 076501 (2012)



Majorana states in the Kitaev model.

Map into a “chain of Majorana modes” using:
—ich /2

Cx = S5 — (VB + VA )
i/ .
cl, = “5— (B, — tvA,2)
T~ —
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Majorana states in the Kitaev model.

N . N—1
H = _';_L Z (1+ 'i’YB,:c'YA,m) - % Z (A +¢) YB,zYA,xt+1 T (A — L) YA, x VB, x+1
_ e [m#O

|/u,| - Gapped: trivial. Special case: +t— A — 0

S eSO @@ eece @O E, —F_ =2u

YA,1 YB,1 TA2 VB2 YA,3 TYB,3 YA,N VB,N

ILL p— O

|[L| < T Gapped: topological. Special case: t = A ?é 0

@@ @rm@ @umecerm@P @ i

' YA,1 YB,1 TVA,2 YB,2 VYA,3 VB3 YA,N VB,N

Topological regime: Majorana zero modes (E=u=0!!!) at the edges of the£|ain!




Can the Kitaev model be realized experimentally?



How to realize a p-wave SC: Quantum wires.

Theory: Lutchyn et al. PRL, 105, 077001 (2010); Oreg et al. PRL,105, 077002 (2010);

e Step 1:
create spinless 1D fermions.

Ingredients: spin-orbit, B field.

e Step 2:

Introduce SC pairing.
Ingredients: proximity with
a BCS SC

(a)
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Experiment on InSb nanowires.

150 mT
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03 300 mK] Zero-bia peak in tunne

ay — Nourik et al., Science 33¢€
Deng et al., Nano Lett. 1!

Das et al., Nature Phys. ¢
Prada et al., Phys. Rev. 1
Churchill et al., Phys. Re
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A success story??

Theory: Lutchyn et al. PRL, 105, 077001 (2010); Oreg et al. PRL,105, 077002 (2010);
Experiment: V. Mourik et al. Science 336 1003 (2012)

Effore Adaforana

Inside joke:
“Majorana found at the end of a quantum wire”



What do we do with them?

“Topological Quantum Computation”
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Detecting MBS with quantum dots.

Collaborators
in this work:
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D. A. Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).



How to positively identify an MBS?

e Quantum dot coupled to metallic leads coupled with at the end of the nanowire.

Y2

* =

Theory

Liu and Baranger, Phys Rev B 84 201308 (2011).
Vernek et al., Phys Rev B 89 165314 (2014).
Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).

Experiment (Marcus’ group)
M.T. Deng et al., Science 354 1557 (2016).



How to positively identify an MBS?

Liu and Baranger, Phys Rev B 84 201308 (2011).
Vernek et al., Phys Rev B 89 165314 (2014).

Connect a quantum dot + metallic leads at the end of the nanowire.
Measure conductance through the dot
0.5 e?/h = signature of the Majorana mode for U=0
What happens for the (common) case of non-zero U?7??
Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).



Majoranas + interaction

Kondo impurity + Majorana edge states (NRG)

R. Zitko, Phys. Rev. B 83, 195137 (2011).
R. Zitko, P. Simon, Phys. Rev. B 84, 195310 (2011).

TSC

—— e e o - ——
o~

Quantum dot + Kitaev (NRG)
M. Lee, et al., Phys. Rev. B 87, 241402 (2013).

Chirla et al., Phys. Rev. B 90, 195108 (2014).

Chain edge
t, A o

o e, o
f . F "

Ruiz-Tijerina et al., Phys. Rev. B 91, 115435 (2015).

T - >

Quantum dot + Kitaev (DMRG)
Korytar and Schmitteckert, JACM 25 475304 (2014).

Cheng et al., Phys. Rev. X 4, 031051 (2014).
Interacting Kitaev model (DMRG) 5

Stoudenmire et al., Phys. Rev. B 84 014503 (2011).
Thomale et al., Phys. Rev. B 88 161103(R) (2013). 1
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Kondo Effect in Quantum Dots: zero-bias transport.

Kondo
resonance

LTS
s Tay,
wy
a,y

‘e ‘o
‘e g
.. &
.

~
...
* o

Drain

Source 4#
—o0
be
-
Vg

2.0

0.0

Nrmmmm R
U
"” I—- il
AN |V

-450

\.| van der Wiel et al.,

Science 289 2105
(2000).

*T>Ty: Coulomb blockade (low G)
*T<Ty: Kondo singlet formation
*Kondo resonance at E (width Ty).
*New conduction channel at E.:
Zero-bias enhancement of G (—2e2?/h!)



Kondo resonance with Wilson’s NRG

t 11 12 13
g4ty T pa(w) = —Im Gg(w)
/ / / / ; T . . T T T T
-n/1 NRG - | i Anderson model
€ YA n/ G - Spectral density (Syrrmetric)
: 41 — - i
e Spectral density: e, =-U/2, U/D=1/2 >
P . . y U/(=T)=5.63 1" = mpot
e Single-particle peaks at ¢, = | CoWen=3s2

and g4+U. —
ab
e Many-body peak at the 2
Fermi energy: Kondo
resonance (width ~Ty).

e NRG: very good resolution o | | | | | ! | .
at low o. -0.50 -0,25 0.00 0.25 0.50

Ee—w|ed—|—U|6d/2UF gd 8d+ U

Tr ~ 1/



Kondo zero-bias peak in quantum wires coupled to SC leads.

SHAD ©

E.J. Lee et al. PRL 109 186802 (2012)

o] |

dlidV [2efh) 0.2

(a) difdV [2e%h
O T O.05 [ ]

difdV [2¢%h)

e Quantum dot defined in InAs/InP quantum wires coupled to superconducting leads.
e Kondo-like zero-bias peak emerges at a critical field B, .



Model: Quantum dot + quantum wire + SC pairing.

Chain edge (a)
/A«
o l' I I

A —
%603 = E€dot T 1/9 b SVédOt)

Quantum wire:
Hwire — HTB (ufa t: VZ) + HRashba(Off) + HSC(A)

Quantum dot:

Haor = Z €0,s o,s + U nono,
s=1.1

Topological phase for |
Rainis et al., Phys. Rex



lterative Green’s functions + mean field (Hubbard ).

0 -0

gN-2 GN—I SN—‘E
a—=a—10
in the QD and NLs A cn,s + U = Because of 1
s interaction, t
g displays ma
2 e ________________cp=0 correlations

P £ ; * We use an a
’ . based on th
m - el = - e



lterative Green’s functions + mean field (Hubbard ).

U=12.51




lterative Green’s functions + mean field (Hubbard ).

i U=0 U=12.5T
0.5
—
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Shortcomings of the mean-field approximation.
= ?

e[ he Hubbard | approximation captures the Major:
outside of the Kondo regime

e|t doesn’t capture the Kondo correlations



Effective low-energy Anderson model

Lee et al., Phys. Rev. E
e Effective model: N\

directly to the QD
(Vz > 0).

Heff — Hdot + Hleads + Hdot—leads +

—pn—t—|Vz| <y

Hyor = Z E0o (Ed, VZ(dOt))noo == U’n,oTnO.j,

Hieaas = E Ek C;—rf»anC,
ko

Hdot—lea.ds — Z [VE dl--cgo. + H. C.]

ko




Effective low-energy Anderson model

Lee et al., Phys. Rev. E
e Effective model: )
_ directly to the QD
N 3 (V= > 0).
MZM ,

N 7

Heff — Hdot - Hleads + Hdot—leads -+

—p—t—|Vzl| <

dot
Hdot — Z €0o (Eda VZ(' © ))nOO' A= UnOTnO.L
a
Hicads = Z Ek C;—EGCEJ
ko

Haot-1cads = Z [Vg dzcga + H. C.]

ko




Effective low-energy Anderson model




Eﬂ:eCtlve mOdel erE‘—_-O — (")/1 e i"}/g)zero energy mode

C,, - creates a fermion in state o

T1(2) = ’Yi(z)

(A cz;ca - number operator (=0,1) Majorana operators

Quantum dot (V,: Zeeman ; U: e-e interaction)

Haor = 2 - (5d -+ O‘.Vz) Ndo + U Tvgrmiay

T Yo
)\*D

Metallic leads

Hicads = Eklo Nkl

Hdot—fy = A (Cd\l/ — Ciu) v1 + H.c.

Coupling to the metallic leads

Haot—1eads = D ) VkC(EJCka + H.c| Coupling to one Majorana
"

NRG: spectral function and conductance
D. A. Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).



Majorana-Kondo co-existence

U/=12.5I" U=
1.0 | T I ; T T 1.0 I | T !
_Cdf — O : (b) 1 _{-_fd\L — 0 :
S : :
r o 0.5 |
2 :
0.0 e —
i Sl — 6.251" |
S :
L't: 0.5 TK' . iﬁ) -
0.0 —F— —F————
J(JT — 6.25;1
& | : I e
0.5~ : - 6 7] P —
= () = [
D. A. Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015). Consistent with: M. Lee, et al., Phys. Rev. B 87, 241402 (2013).

Cheng et al., Phys. Rev. X 4, 031051 (2014).



Majorana-Kondo co-existence

0.8
0.6
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0.2
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A =1.4142 x 1074 —=— 0.4 - E
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| :1.2728|><10 II‘—It— o ok .E. o .
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Distinguishing Majorana and Kondo signals
QD conductance vs. gate voltage (Vy)

mLoy(e)

=0

ot [ez/hlv T

D. A. Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).

0.5

1.5

S L L | | | — | | | LI
(a) (b)
V. = —25T —— V. = 4250 ——

[T | I 1 1 |g 1 | 1 | P _|g|| 1 ol 1 Ll 1 Ll Tl
—10t —10% —1071—10"2 1072 1001 10° 10t
log(</T") log(e/T")

I I I T I

| B
VZ(dot) 0 I)\ = 0.250[" =——t—
I A = 0.707T —e—
| A = 2.000T
- (o) | _
| 4 I

QD

e The Kondo effect

ehdskenbrina contrib

M. Lee, et al., Phys. Rev. B 87, 241402 (2013).



Distinguishing Majorana and Kondo signals
QD Conductance vs. magnetic field VAo

e The Kondo contribution killed by a

Glm {62/}]’]: T = 0

1.6 gl T

magnetic field. 29
| o =12 F
e The Majorana contribution is robust. —
v unchanged. L. 08 F ~,
1.6 S
e K D 0.4 F
1:4 [ A= 0.250T —=— & |
19k A\ — 0.707] —t— | 0 11 1 180 L
1k A= 2.000 =t i 10—2 10_1
0.8 | | (dot) ,,
V7 S
0.6 K] . ;
. Universalit
0.4 D. A.Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).




Manipulating MBS with quantum dots.
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Manipulation of MZMs in Double Quantum Dots

2 -
U; U, 5
H = Z Z (6%' + 7) djo_dio— -+ ?Z(djo-d'to‘ - 1) + ti’Yldi,¢ -+ tIdI,J,FY1 -+ Vid!gcka + Vi*cz'crdig'

i=1lk,o / \
Coulomb Interaction T Dot-Majorana \

Energy level Elt""""'lUl Dot-Lead




Non-interacting case: spectral densities
Particles,  $C—NEE | Green’s Function

1

Gy af, W) = % 171

“ = €pep T Tk
W—€epo— ———
‘DQD

Density of States (DOS)

p1(w) = —~Im Gyt ()] .

i




Symmetric coupling Non-Interacting U=0

3 Dot 1 Dot 2
w2
-
A1}
0 ' ‘ ' | T F
~10 =5 0 5 10—-10 -5 O 5 10
(.U/Fl
Majorana Dot 2
signature )

10 —10 -5 0 5 10
w/Fl




Symmetric coupling

Interacting U>0 (NRG)

4 Dot 1 Dot 2
3! Kondo ~ I go[\(jlff-l\Aajorana
7p) atelites
S o Peak i
Q 1 -~ 1 - - o.
0 e l ' I m— - | | | ==
—10 —5 0 ) 10 —10 -5 0 o 10
(w/T1) x (U/T') (w/T1) x (U/T')
4 Dot 1 Dot 2
+
x| .
Q 2f el " "
A % '
I Espam - 7 s ’-..-
0 : T ’ : .
—10 —5 0 5] 10 —10 -5 0 3 10
(w/T1) x (U/T) (w/T1) x (U/Th)




Interference destroying Majorana signature
Non-Interacting

Dot 1 Dot 2
B - ] === Ak
= Spin |
mn 10+
@)
A sl

")
'\'I
R
"

l
J
2 L

0 =5 0 5 10-10 =50 3 10
w/T'y w/T'

_Dotl Dot 2

|| == Spin T

= Spin |

10-10 —5 0 5 10




Indirect Majorana Coupling

Non-Interacting

Dot 1

Dot 2

Spin 1

10 —10

10




Manipulating with couplings/gate voltages.




MBS in magnetic chains:
Gap oscillations
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Alternative explanations for the zero-bias peak.

v

1501

0.3 3001 Skepticism:

¢ Tunneling spectroscopy probes
the BULK too

® Possible origins of the zero-bias
peak:

diay (2eh)

=8,

» Localization due to disorder
» Andreev reflection

» Kondo effect

V. Mourik et al. Science 336 1003 (2012)

Solution*:

Local probing of the wire ¢

D

X

Ferromagnet

Superconduc




MBSs in magnetic chains on topological insulators
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R. Teixeira et al. Phys Rev B 99 035127 (2019). k turns: N=k(2x/0)




Majorana gap oscillations - model

Honeycomb lattices: Silicene, Stanene...

9. 9 _ 0 0 0 0 0 0 0 0 0 o o
02383333838 82323 2
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Magnetic chain: spiral angle (/

Hamiltonian:

H = /HKM =+ %SC B %im]_)

Kane-Mele model:
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— 1 Z (I e
Induced SC:
Hse = —Use el cizel e
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Magnetic Impurities (xy-plane):
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Majorana gap oscillation - model gototetetetetetettateteds

Self-consistency SC
Hso = Z&q,Tcz,¢+ He.—>A =-U <C-zi,TCz'.,¢> AARARA Sc ________________________
i
Initial AO ,
nitial guess Majorana Number A1

Eigenvectors of H Sgn [Pf (H(N1 + N»))]

o) M = S TPr N Sen T (HOVG))

l |48 — A <2 " ‘Q".’ !, 9 , ©- ‘\ CP,
A Y

kK turns: N=k(2r/6)
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MBS or ABS?




Majorana splitting: energy oscillations (nanowire)

Finite size effect: Smoking gun? Experiments — different behavior

[ ] [ ]
L L =0.9 um
—2L/¢
Ae(Vy) ~ kpe cos(kpL)  60r o
> & - Exponential fit
S E 4ol <"
0 o A0
2 60 ? T
> 40 0 05 L(;::) 15 A=7 yeV
5 20 AN 20t . . bl
m 0 .
02 04 06 08 10 12 14 . By (T) 0.2
Zeeman field (meV)
Albrecht et al, Nature. 531 206-209 (2016)

Das Sarma et al, Phys, Rev. B. 86 220506 (2012)
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Summary

Coexistence of MZM and Kondo states in interacting
quantum dots

Detecting MZMs using quantum dots: signature in the
spin-resolved densitity of states — large (€2/2) reduction
in the conductance.

Manipulating MZMs using double quantum dots using
only gate voltages and couplings.

Splitting gap oscillations are non-universal.

Rich topological phase diagrams in magnetic chains on
hexagonal lattices: perspectives for MZMs in other
systems.
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