Application of Wilson's NRG to Majorana-Kondo systems.
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Qutline

Basics: Majorana bound states in condensed matter systems.
Detecting Majorana states with quantum dots.

Interacting quantum dots: Wilson’s NRG

Kondo-Majoranana co-existence.

Manipulating Majorana states with (double) quantum dots.



What are Majorana fermions?



Majorana Fermions

Majorana solution: Representarions of
Dirac matrices with only imaginary non-zero
elements while still satisfying

¥ =
Yo =70 | — [0, —m] ¥ =0
Vi =

P~
Y 'i http://www.giornalettismo.com/archives/255332/il-ritorno-di-ettore-majorana/

Real solutions: 2" O, — m]~v =0 v o= fyT

e A Dirac fermion can be “written” in terms of two Majorana fermions

r@:%(ﬁ/l—l—i’)’z) or Y1 = (\IJT—I—\IJ)

OT =35 (v1 — iv2)
.

E. Majorana, Nuovo Cimento 5, 171 (1937)




Where do we find Majorana fermions?



Majorana quasiparticles in condensed matter systems?

Fractional Quantum Hall liquids (v=5/2): Moore and Read, Nucl. Phys. B (1991).

“non-Abelian anyons”.

/-Emery, Kivelson, PRB (1992).

Coleman, loffe, Tsvelik PRB (1995).

Maldacena, Ludwig, Nucl. Phys. B. (1997).
\Zhang, Hewson, Bulla, Solid State Comm. (1999).

Two-channel Kondo non-Fermi-liquid state. <<

Interface of topological insulators with BCS
Fu and Kane, Phys. Rev. Lett. (2008).

superconductors
Spin-polarized (“spinless”) p-wave Read and Green, Phys. Rev. B (2000).
superconductors. Kitaev, Phys. Usp. (2001).

Motivation: entanglement of particles with non-abelian statistics
(“Ising anyons™); topologically protected quantum computation.



1D p-wave superconductor (Kitaev model)

Energy spectrum:

(k) — £/ (tcosk + 1) + (Asin k)?

| ,UJ| > Gapped (E,-E_ >0): trivial
. topological
/,l/ — :,:t L G:la:Dr.')leSS n;OdeS(()E=O)' (weak pairing)
v — 7T or =9 _______X>
non-topological p = —t
|M| < 1 Gapped: topological (A#0)

(strong pairing)

J. Alicea, Rep. Prog. Phys. 75, 076501 (2012)



Majorana states in the Kitaev model.

Map into a “chain of Majorana modes” using:

zc,b/z

(YB.x + i7A,x)

Cop —
+w5/2
cl, = (VB,z — #VA,x)
T
H = —u E ('1,('1.—3 E (tc T(1+1—Af P exc ‘r41 + h.c.)

xT
N—1

I = — E :(1+WBT’>/AT)—— E (A +)vmavArt1r + (A — ) YA 2VB xt1




Majorana states in the Kitaev model.

N . N—1
H = —% Zr: (1 +ivBavae) — i Zx: (A+ ) vBaevaer1 + (D — ) YaeVB2 11
N | p 7= 0

|,LL| o Gapped: trivial. Special case: f— A — 0

@0 @0 @@ ecce @@ L[, - E_ =24

YA,1 YB,1 YA,2 TVB,2 YA,3 7B,3 YA,N YB,N

pn =0

|M| < T Gapped: topological. Special case: t=A ?é 0

' Ya.1 YB,1 A2 TB,2 A3 TB.3 TA,N 7B,N

Topological regime: Majorana modes (e=u=0!!!) at the edges of the chain!




Can the Kitaev model be realized experimentally?



How to realize a p-wave SC: Quantum wires.

Theory: Lutchyn et al. PRL, 105, 077001 (2010); Oreg et al. PRL,105, 077002 (2010);

(a)

¥y Y
e Step1: fZ.—1DWim
create spinless 1D fermions. X
Ingredients: spin-orbit, B field. s-wave superconductor
@ An/A
e Step 2: Topolo-
gical

Introduce SC pairing.

Ingredients: proximity with ivial
rivia

a BCS SC Bl




Experiment on InSb nanowires.

150 mT

300 mKJ

di/dv (2e%h)

Sl

2

Signatures appear for:

® | arge enough magnetic field
(topological phase)

® Not too big (that it kills the induced
superconductivity)

® Perpendicular to Rashba SO

-

Zero-bia peak in tunneling spectroscopy

€ NMourik et al., Science 336, 1003 1007 (2012)

Deng et al., Nano Lett. 12, 6414 (2012)

Das et al., Nature Phys. 8, 887 (2012)

Prada et al., Phys. Rev. B 86, 180503 (2012)
Churchill et al., Phys. Rev. B 87, 241401 (2013)

B=100mT
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A success story??

Theory: Lutchyn et al. PRL, 105, 077001 (2010); Oreg et al. PRL,105, 077002 (2010);
Experiment: V. Mourik et al. Science 336 1003 (2012)

s

Efore Mafjorana

Inside joke:
“Majorana found at the end of a quantum wire”



Alternative explanations for the zero-bias peak.

. . - * .

Skepticism: Solution™:
e Tunneling spectroscopy probes Local probing of the wire ends

the BULK too D

MR

e Possible origins of the zero-bias “LUV\/\F v

peak: ! jur

E\LJ\ | Ferromagnet
» Localization due to disorder -

» Andreev reflection

S 4 . 2 -
- et rd A 4
- P 4
W | &= -~
4
1
1 ] Superconductor
1

A, 0 +4,
Energy

» Kondo effect

Nadj—Perje et al., Science 346, 602-607 (2014)



MBSs in magnetic chains on topological insulators
(See poster by Raphael Levy...)
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R. Teixeira et al. Phys Rev B99 035127 (2019). k turns: N=k(2n/6)




MBSs in magnetic chains on topological insulators
(See poster by Raphael Levy...)

0.04f(a) %8 Y
Br s 2 past
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< 04] Beo il
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0 5 10 15 0.02} i
b
Vot S 0.00} :
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R. Teixeira et al. Phys Rev B 99 035127 (2019). V,t MBS or ABS?




Detecting MBS with quantum dots.



Better way to measure?

e Quantum dot coupled to metallic leads coupled with at the end of the nanowire.

f>/2 y mm Ti/Au TifAIN
Al

Y1
oo

Theory Experiment (Marcus’ group)
Liu and Baranger, Phys Rev B 84 201308 (2011). M.T. Deng et al., Science 354 1557 (2016).
Vernek et al., Phys Rev B89 165314 (2014).
Ruiz-Tijerina et al. Phys Rev B91 115435 (2015).




Better way to measure?

Liu and Baranger, Phys Rev B 84 201308 (2011).

Vernek et al., Phys Rev B89 165314 (2014).

Connect a quantum dot + metallic leads at the end of the nanowire.
Measure conductance through the dot
0.5 e?/h = signature of the Majorana mode for U=0
What happens for the (common) case of non-zero U???
Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).



Majoranas + interaction

Kondo impurity + Majorana edge states (NRG)

R. Zitko, Phys. Rev. B 83, 195137 (2011).
R. Zitko, P. Simon, Phys. Rev. B 84, 195310 (2011).

TSC

.—.-..._____._—____.__’

Quantum dot + Kitaev (NRG) |
Chain edge
M. Lee, et al., Phys. Rev. B 87, 241402 (2013). ; g eogn:
Pv 7

Chirla et al., Phys. Rev. B90, 195108 (2014). o g Py
Ruiz-Tijerina et al., Phys. Rev. B 91, 115435 (2015). Ko >
é&os = Edot T 1/9 = sz(gdc’tj

Quantum dot + Kitaev (DMRG)

Korytar and Schmitteckert, JPCM 25 475304 (2014). | | | ' e — |
Cheng et al., Phys. Rev. X 4, 031051 (2014). Ll i

V =1,A=0.5

A (w ]

Interacting Kitaev model (DMRG)
Stoudenmire et al., Phys. Rev. B84 014503 (2011). LH

Thomale et al., Phys. Rev. B88 161103(R) (2013).




Kondo Effect in Quantum Dots: zero-bias transport.

-----
-----
ta
a

0..
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L]
.

Source

Kondo
resonance

Drain

"~. van der Wiel et al.,
Science 289 2105
(2000).

450 425 400
V, (mv)

_?T>TK: Coulomb blockade (low G)

*T<Ty: Kondo singlet formation

*Kondo resonance at E (width Ty).
*New conduction channel at Eg:
Zero-bias enhancement of G (- 2e?/h!)



Kondo resonance with Wilson’s NRG

t Y1 Y2 Y3

EgtU N~~~ A pd(w) = —Im Gd(CLJ)
o/ U/ U/ U/ : T : T T T T T
- NRG - S tral d it Anderson model
€ Ya A3 peciral densiy (symmetric)
: 4| — - |
e Spectral density: e =-U/2, U/D=1/2
P . . y U/(x1")=5.63 1" = 7Tp0t2

e Single-particle peaks at g = | =352

and g4+U. —

e Many-body peak at the =2
Fermi energy: Kondo
resonance (width ~T).

e NRG: very good resolution | | | ; |

at low . O—=%5% o35 o000 025 050

D I
TK o 4/ %e—w|ed—|—U|€d/2UF gd (D/ £d+ U




Kondo zero-bias peak in quantum wires coupled to SC leads.

E.J. Lee et al. PRL 109 186802 (2012) S Q@b S !

dlidV [2e%h] 0.2~

(a) (O I .05 (b)

B=1%41 mT

s
-
15r2 | L
b
-5

Vsd (pV)

omT | |

D E oL H X ‘ ; ; ; ] i

1 10 =300 -200-100 0 100 200 300
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B-(mT)

e Quantum dot defined in InAs/InP quantum wires coupled to superconducting leads.
e Kondo-like zero-bias peak emerges at a critical field B .



Model: Quantum dot + quantum wire + SC pairing.

Chaln edge (a) . €0, +U
' t, A« ’
/
@) - @—0—0 @ .
€0,0
%sgs = Edot + Vg + sVZ(dOt) _

Quantum wire:
Hwire — HTB (”7 t; VZ) + HRashba(a) + HSC(A)

Quantum dot:

Haor = Z £0,sMo,s + U nono,y
s=T,l
QD-wire coupling:

Hdot—wire = 1o Z [ngscl,s + C-]I:’SCO,S}
s=T,4

Topological phase for |Vz| > /2 + A?
Rainis et al., Phys. Rev. B 87, 024515 (2013)



lterative Green’s functions + mean field (Hubbard I).

N=w=10
in the QD and NLs A —. B0 T = Because of the Coulomb
1 interaction, the NL=C0D part
displays many—body

correlations (Kondo physics).

S0 = We use an approximation
based on the Hubbard |

method ™ to obtain the Green's
function.

*J. Hubbard, Proc. Roy. Soc. (London) A276, 238 (1963)




lterative Green’s functions + mean field (Hubbard I).

LFr=12.51" [T=12.5T

+*Particle—hole symmetry Ruiz-Tijerina, et al. Phys. Rev. B 91, 115435 (2015)



lterative Green’s functions + mean field (Hubbard I).

g/12.5T

e/12.50

—1.
8.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6

V, [meV] V, [meV]



Shortcomings of the mean-field approximation.

?

ehe Hubbard | approximation captures the Majorana physics
outside of the Kondo regime

e|t doesn’t capture the Kondo correlations

e\What if there is a strong Kondo-Majorana interplay?

+Particle-hole symmetry Ruiz-Tijerina, et al. Phys. Rev. B 91, 115435 (2015)



Effective low-energy Anderson model

Lee et al., Phys. Rev. B 87, 241402 (2013)
» Effective model: M/M couples
directly to the QD spin—down
(Vz > 0).

Heff — -Hdot -+ Hleads + Hdot—leads + )\/Y (di, - d:lr,)

—ﬂ—t—IVZ|<L&<—[.&—t+|Vzl

d
Hdot - ZEOO’ (Eda VZ( Ot))n’Ocr + Un(]’[*n()_], A = A_|__|_

E AL <K gap
_ T +
Hleads - Ek C}}'JCEJ ol {
f;a :t-l
TN
Haot-leads = E [Vg d:r,c%a + H. c_] =e 03 i
ko ) ol |

For a positive Zeeman splitting Vz,

the wire couples only to the QD spin-dn. =t 0.5 o 0.5 1



Effective low-energy Anderson model

Lee et al., Phys. Rev. B 87, 241402 (2013)
» Effective model: MZM couples
directly to the QD spin—down
A\ e
[ \ (VZ > O)
1 MZM )
N

s/

[—

Heff — Hdot -+ Hleads ~+ Hdot—leads ~+ )\A/ (CZ¢ - di)

—p—t—|Vz|<p<—p—t+|Vz|

A=A,

-0.1 -

Haor = Zé‘og (€a, VZ(dOt))noa + U ngqnoy

E Ay < gap
Hleads — Efk C%O_CEO_ ol /
= - .

ko =
Haot-leads = E [VE dlcﬁg + H. (3,] \..s_a/ -0.3 |
b - 0.4 - i

-0.5
For a positive Zeeman splitting V,

-0.6 | 1 1

the wire couples only to the QD spin-dn. -1 0.5 0 0.5 1



Effective low-energy Anderson model

(dot)
V., =0
1.0 T T T Z I T T T T T T T

— i (a) E€dot | =0 11 (b) . === Eff. model

Full model

With the right choice of A, we reproduce the numerical
results for a given fo



EffeCtlve mOdeI C}LE:O = (~y1 — %7y2 ) zero energy mode

Ca - creates a fermion in state o

T
T1(2) 7 V1(2)

TNy = CL C, - number operator (=0,1) Majorana operators

Quantum dot (V,: Zeeman ; U: e-e interaction)
Haor = 2 (8d —+ O'.Vz) Ndo + UﬁdTﬁdJ,

X / a2t Y2

Metallic leads

Hicads = D €ktoNkio A
k,o

—

__ N |
Coupling to the metallic leads Haot—vy = A (CCU Ccu) 71 + H.c.

Haot—1cads = Zﬁ chjzo-cka + H.c. Coupling to one Majorana
K

NRG: spectral function and conductance
D. A. Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015).



NRG formulation: quantum numbers

1

7125

Nt = nar

(fI—Ffl)=:>

OK!

N| = ngy + 7y notagood QN!

However:

Build blocks such as:

P = (=1)™

See also: M. Lee, et al., Phys. Rev. B 87, 241402 (2013).

Y1(2) — ’71—(2> Majorana operators

fT — (71 _ 7;,72) Fermion operators

A

Hao—y = 5 (e fr+ el 1]) + He

2

OK!

[NT:O,P¢:+1]{

(drda leh £110405) # 0O

1040 F)
| dady)y  ©




NRG formulation: quantum numbers

4. H_; : block-diagonal:
MZM , N
== N/I\ — ndfl\ P\L — (— 1) 4
H_, m‘lm 'My0 P = -) Ve=0 Py=1 vigzd Pus=l | a4 P>t

|
— —L — }- I, ——— — !

Nr=0, P =—1]{ [O1 4 e
| \l/d Of> “1«3" fﬂ>¥ 'E Esd*r'f{—lr

- - = B
|Od0f> |y =y
N4y+=0, P =+1 loy x103, | IR B
[N+ L = ]{ Ll ) . B
“_.’) .HH') I . £, e |
| Td¢f> LY | | t%th ¥
N :17P :_1 I)'.: | i | ", t.—
[ T 1 ] { I (T\L)d Of> _ ﬁ) ‘ E ._:“3%;
L |_-- - —e
| Ta Of) sa> 10 | It
Ny=1, P =+1 AR 2 4
Ny * ]{|(T¢)d¢f> t’ e | |




ehavior: In(2)'2 residual entropy

NFL b

T T TTTITIT I T T TTTTI T T TTTTIIT I_
A D U=0.5D, Ir=0.02D

I e =-U/2 2 In2)
—
=

—

£
W)

U=0.5D , I'=0.02D

10°



Majorana-Kondo co-existence

U=12.5T U=12.5T"

cqp = 6.250

D. A. Ruiz-Tijerina et al. Phys Rev B 91 115435 (2015). Consistent with: T -eSr et @l Phys. Rev. 587, 241402 (2013).
' Cheng et al., Phys. Rev. X4, 031051 (2014).



Manipulating MBS with quantum dots.
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Manipulation of Majorana fermions in Double Quantum Dots

2 -
= Z e +& di_d, (cfr —1)2 4 tiyid; | +trd] v+ Vid] Vel d;
= 7 (X dis 1Yl z,,],‘f_ 7 ?'IhL'Tl_f_ 1%, 5 Cko + i Cpolio:

/;oulomb Interaction N ] Dot-Majorana \
Uy

Energy level Dot-Lead




Non-interacting case: spectral densities

Green’s Function
1

Gdu:df (w) - + 1741

W= €pgp T I
W—EeEpnfo————

Density of States (DOS)
1
p1(w) = ~—Tm |Gy ()]



Symmetric coupling Non-Interacting U=0

2 Dot1 Dot 2
2

DOS

1t

Majorana
signature 12 ‘
.: ’ gt |
o . i
Q 6
A
3_
No Majorana 0 ; :
—~10 10 —=10 =5 0 5 10

w/Fl




Symmetric coupling

Interacting U>0 (NRG)

4 ~Dot1 ~Dot2
oo S e
n i
8 27Peak |
1 + p - ‘-“'o'q~ ‘a- "l" ~~~
O - | e | | | - - -
—10 =5 0 51 10 —10 -5 0 5! 10
(w/T1) x (U/T'y) (w/T'1) x (U/T)
4 Dot 1 Dot 2
w0 3 - I .
O 2’ fesaa® ) ""“‘
Q P ‘: ‘\~
1. Egaame - o .""-.
0 . - ‘ .
—10 —5 0 5 19 —10 —8 0 H 10
(w/T'1) x (U/T'y) (w/T1) x (U/T'1)




Interference destroying Majorana signature
Non-Interacting

Dot1

Dot 2

|| == Spin 1
== Spin |

[
11y
L
"

]
P . d

10—-10 =5 0 D 10

w/T
- Dot 1 Dot 2
er.. I ’ IF o
o) T, % 10| ,
' O — L i/
(k) “10 -5 0 5 10-10 -5 0_ 5 10
w/Tq w/Ty




Indirect Majorana Coupling

Non-Interacting

Dot1 Dot 2
1 || == Spin 1
= Spin |

-
= e

10-10 -5 0 5 10
w/Ty

Dot 2

|| === Spin T
= Spin |




Manipulating with couplings/gate voltages.




Summary

e Coexistence of MZM and Kondo states in interacting
quantum dots

e Detecting MZMs using quantum dots: signature in the
spin-resolved densitity of states - large (€2/2) reduction
in the conductance.

e Manipulating MZMs using double quantum dots using
only gate voltages and couplings.
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