Adiabatic phase. E (K) T k= hyk)

Consider the Hamiltonian: \;r/
B

H(k)|n, k) = En(k)|n, k) — .

=
The time evolution is given by: /—G\

d .
Hn,t) =1h—n,t
’n7 > l dt|n7 > /#$‘I\

Now, suppose that k changes slowly with time :
n, k(0)) — [n, k(t)) k(b) k(t) k

Notice that |72, £) IS NOT EQUALto |12, k(%))
In fact, they are related by a PHASE FACTOR:

n, k(t)) = et On 1) (Int) = e O, k(1))




Adiabatic phase. E (K) T k= hyk)

We have:
1) ’Lhd|Z;t> _ ihe—ié’(t) d‘nadlz(t» - ZdZ(tt) |n,k(t))}
) d _dk(t)
~ln k() = == - Viln, k(1))
Using the time-dependent Schrodinger’s equation:
h% = FE,(k(t)) — ihdk(t) (n, k(t)|Vi|n, k(t))
dt dt
Finally: )
1
o) = exp (3 [ Lalk(@lat ). (o)
0
dk(t)

Lulk(t)] = ih—

—
k() k(t) ¥

(1, k(1) Vi|n, k(1)) — Enlk(t)]



Berry phase. En(k)A k= (ky, ky, k)

We can write as
iy f B, [k(t)]dt’ i
n,t) =e"7me In, k(t)) ——
/E\
The first term is a GEOMETRICAL PHASE FACTOR

Yn E@'/(n,kmyn, k) - dk /,,é\
C i

We define the “BERRY VECTOR POTENTIAL”: >

Sir Miéh%d Berry or “Berry connection”: : k
An(k) = i(n, K| Vi|n, k) K(0)= k)

Such that, if k(t)=k(0) (closed path): |y j{ A BERRY PHASE

“BERRY CURVATURE”: 2, (k) =V x A,(k) = //




How to calculate Q in a gauge-invariant way?

1) Vector identity (m #n):

Q. (k) =iV X (n,k|Vi|n, k) =1i((n,k|Vg) X (Vi|n, k))

2)  Identity (m #n):

(m, K|V |n, k) = (m, k| (Ve H) |n, k)

En_Em

Q(k)=—i Y (n, k| (Vi H) Iw(z]:;i?_x ]é:) Zk] (VieH)|n, k)

m#£n

It is much easier to apply the Vk operator in H rather than in the state!



Example: two-band system (Dirac-Weyl).

Consider the Hamiltonian of the form:

HK)=k-o  Hkkyk) = ( . %u@y ko — o )

k., = |k|cos@
ke + ik, = |Kk|sin 0et"?

Eigenvalues (Tarefa 19): Ei (k) = ::|k|

Eigenvectors (up to a phase) (Tarefa 19):



Example: two-band system (Dirac-Weyl).

Gradient of the Hamiltonian: H(k) —k-0o= VkH — o

Berry curvatures: =

After a looong calculation (Lista 5):

(tlo|=) X (~lo|+)

Q. (k)= —i

Q_(k) = —i

Q4 (k) = +

(By — E_)°
(—lo|+) x (+]o]-)
(E- — EL)
k |
(NOT gauge-dependent!) (Lista 5)
2|k|?

A “Berry curvature monopole” irradianting at the origin (k=0):

Chern number: # Q,(k)-dS =27
S



Example: two-band system (Dirac-Weyl).

d.
Berry phase: VY = yg A, (k) - dk A <
C

For a closed path C, the Berry phase is the
Berry connection flux through the open surface S:

// Using : 1/\{ s _
— [[ 9.k) - as i} XA
. Q00 = £

il [ E i L [ snoanas

We find that the Berry phase is half of the solid angle enclosed by C:

1
Y+ = 33590 0 < Qc <Adm




